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ABSTRACT. We prove an almost sure random version of a maximum limit
theorem, using logarithmic means for maxi<;<n, Xi, where {Xn,n > 1} is
a sequence of identically distributed random variables and {N,,n > 1} is a
sequence of positive integer random variables independent of {X,,n > 1}.
Furthermore, we consider the almost sure random version of a limit theorem
for kth order statistics.

1. Introduction

Let {X,,n > 1} be a sequence of independent and identically distributed
random variables with EX; = 0, EX12 =1,and let S;, = X1+ Xo+---+X,.
The almost sure central limit theorem (ASCLT) says that for any fixed x €

we have
n

1 1. [S;
1 lim —-I|—= <zx| =®&(x), a.s.,
() naoolognj;] {\/5 ] ( )

where ®(z) denotes the standard normal distribution function. This result
is a generalization of the arcsin law of Andersen and was firstly obtained by
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Brosamler [4] and Schatte [19] under additional moment conditions on X3
and by Lacey and Philipp [13] under assuming only finite variance. This
result is probably the most intensively investigated in the last decade. For
the different generalizations of (1) cf. [3].

Let us consider the following three sets of distribution functions:

Case (i) D; = {F € L : there exists the positive function g such that

1-F(t+zg(t)) — e % ast—ap, forallz € ?R},

T-F(0)

Case (ii) Dy = {F € L : xp = oo and 11‘f§(f))> — 7% ast — oo,
for all x > 0}, for some o > 0,

Case (iii) D3 = {F € L : zp < ooand % — x?,

as h — 04, for all z > O}, for some o > 0,

where F(.) denotes the distribution function of X, zp = inf{x : F(z) = 1},
and £ denotes the set of distribution functions on . It is known (cf. [14, 17])
that if F' belongs to Dy, Dy o or D3, with some o > 0, then there exist con-
stants {ay, by, n > 1} such that

(2) an<max Xj—bn>£>G, as n — 0o,
1<j<n
where G is equal to
Gi(z)=e¢ ",
0 z <0
G ) = ) e — )
2a(7) {e‘r , x>0,

or

—(—=z)* <0
6 ) m —_ )
Gaa(T) = {1 $x >0

respectively. Conversely, if (2) holds for some sequence of independent and
identically distributed random variables {X,,n > 1}, then the possible
nondegenerate limits G are G1,G2, or G3, only. Furthermore, under
assumption (2) we have

k t
3 an(Xap o) 2 Ga) Y BN e o
t=0 ’

where by X1., < Xou, < X3:y < -+ < X, we denote the order statistics of
{X1,Xs,..., X} These results are called the max limit theorems. In 1998,
Fahrner I. and Stadtmdiller V. [8], and independently Cheng S., Peng L. and
Qi Y. [6] proved the max limit schema version of ASCLT with k = 0 (cf. [7],
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too0). They proved that if (2) holds, then

n

(4) lim ! Z 1,[ [aj(max‘ X;—b;) < CL‘:| = G(x), as.

n—oo logn J 1<i<;

for any x € R. This result was generalized on case kth order statististic
by Stadtmiiller [18]. Assuming (2) and that {X,,,n > 1} is an independent
and identically distributed sequence with continuous distribution function
of X1, he proved that

n k

S MKy — by) < o] = Gy S TBG@)

|
= Jj P t!

(In order to get simpler formulas here and in what follows, we put P[Xj.,, <
x]:=1for 7 <0,k >0ork > j.) However, among the different generaliza-
tions of ASCLT there is no version of ASCLT with random indices, although
the first central limit theorem results and max limit theorem results almost
at once obtained such generalization (cf., for e.g., [16], in CLT case and [1]
in max limit theorem case). The main reason is that the random indexing
introduces the big level of complications and numerical difficulties. In this
paper we generalize the results of [6, 8] and [18] in the following directions:

(i) We drop the assumption of interindependency of {X,,,n > 1} con-
sidering the stationary sequences.

(ii) We consider the randomly indexed version of (5). Assuming inde-
pendence between the sequence {X,,n > 1} and the sequence of
random indices {N,,,n > 1}, we give the conditions under which

n

1 1
lim Z - (I[aj(XNj—k:N]- - bj) < m]

n—oo logn 4 j

6) C t
_GTJ(x)Z ! [— leogG(m)} > =0, as.

t
— !

(iii) In comparison with the result of [18], we omit the assumption on
continuity of the distribution function of Xj.

In the whole paper we will use the notations: x V y = max{z,y} and
r Ay =min{z,y}.
2. Main results

Let {X,,,n > 1} be a sequence of identically distributed random variables
with the common distribution function F' such that for some constants
{an,bp,n > 1} we have

(7) an(max ijn)gG, as n — o9,

1<j<n
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with G equal to G1,G2,4 or G3 4. Let {f(n,n > 1} be a sequence of inde-
pendent and identically distributed random variables with the distribution
function F. For x,y € R we will put

vj =ax/a;+b;, j>1,
and for some positive constants # and positive integer k:
ajn(®,y) = |PXj ki <2, Xnten <y — PlXjpy <o, Xp_pn < Y%,
(8)  aj(x) =[P[X;j_p; <] - P[XJ k3<37] -
The coefficients a;(x) defined in (8) are called the extremal index of sta-
tionary sequence {X,,n > 1} and were introduced in [15] and studied in-

tensively in [11]. These coefficients stand the analogue of mixing condition
in max-limit theory.

Theorem 1. Let {X,,,n > 1} be a sequence of identically distributed ran-
dom variables with common distribution function F satisfying condition (7)
for some numbers {an,bp,n > 1}. Let {Ny,n > 1} be a sequence of pairwise
independent random indexes independent of {X,,n > 1}. Let us assume
that for some fized p € (0,1),

n h—1

N; AN

(9) ZZ ( " h/\1> = O ((logn)?™).

h=1 j= 1
Furthermore, let us assume that

n h—1

(10) ZZ hEaN N, (vj,v) = O ((logn)* ™) |

h=1 j= 1
and

n 1 -

(11) ZEEaNj(uj) =0 ((logn)*™).

In the case when G = Ga o with some a > 0, we assume additionally that
for some 69 > 0,

N,
(12) P {jy < 50} =0 ((logj)_“) , as j — oo.
Then
1 3 1 0 a.s.
(13) log n Z 3<I [aj(XNj—k;:Nj —bj) <z] — HG,k,Nj/j(fU)> %0,
j=1

as n — 0o, where

Bl k1l Blo )t i T
HG,k,ﬁ<x>:{OG (i HoPLoaGlals 7020
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Let f(.) be a a.e. continuous bounded real function, such that f(—oco) =0,
f(+o0) =0. If hmlnf > C >0, then

n

(14) 1 Zl(f(aj(XN —k:N; / flx GkNM(d:c))ﬁO,

1
ogn = Jj

as n — oo.
Additionally, if there exists a positive bounded from 0 random variable A

such that d( A) O((logj)™*), where d(X,Y") is the Lévy—Prokhorov’s
distance between random variables X and Y (i.e. d(X,Y) = inf{e > 0 :
P[|X —Y| > €] <e€}), then

n

(15) L Z 1 <f(aj(XN]~k:Nj —bj)) — /_OO f(x)Hg7k’A(dx)> =50

logn Pl

as n — o0.

Corollary 1. Let {X,,,n > 1} be a sequence of independent and identically
distributed random variables with common distribution function F, and let
{Np,n > 1} be a sequence of pairwise independent random indezxes indepen-
dent of {X,,n > 1}. Let us assume (7), (9), and in case when G = Ga 4
with some o > 0, (12) hold. Then

n

1 1 a.s,
IOgTL Z <I[CL](XN —k:Nj b) < x] — HG,k,Nj/j(x)> 5 O’
as n — Q.

Let f(.) be a a.e. continuous bounded real function, such that f(—oo) =0,
f(+00) =0. If hmlnf L > (C >0, then

n

! Zl<f(aj(XN N / [z GkN/j(dw)>£>07

logn

as n — oo.
Additionally, if there exists a positive bounded from 0 random variable A

such thatd( N A) O((log j)~"), then

n

10;71 jzl.<f(aj(XNj—k:Nj — b])) — /_C: f($)HG,k,A(d$)> ﬁ) 0’

17

as n — oQ.

Corollary 2. Let {X,,,n > 1} be a sequence of independent and identically
distributed random variables with common distribution function F, and let
{Npn,n > 1} be a sequence of pairwise independent random indezes indepen-
dent of {Xn,n > 1}. Let us assume (7), (9), and in case when G = Ga 4
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with some o > 0, (12) hold. Then

lo;ni1<1[a]<lgax X —b) }_GNj/j(x)> as g

asn — 0o.
Let f(.) be a a.e. continuous bounded real function, such that f(—oo) =0,

f(+o00) =0. If hmlnf i>C >0, then

1 - 1 . N/] a.s.
logn ; 7 <f (aj ( 122}1{\/ Xi— / f G (dﬂc)) — 0,

as n — oo.
Additionally, if there exists a positive bounded from 0 random variable A

such that d( )\) O((logj)™"), then

1 1
lognéj(f(aj<1ga}1%)( / /(@ G)\ dx)

as n — o0.

Putting in Corollary 1 and 2 the sequence N; = j, a.s., j > 1, we obtain
the main results in [6], [8] and [18].
3. Proofs

Lemma 1. Let z,y € [0,1], a > 0 be arbitrary numbers.
(i) Fory >0, we have
2% = y°| < afz —y|*".
(ii) For a <1, we have

[z —y
2% —y?| < :
|y|?

(iii) For arbitrary t € N, 1/t > «, we have

(-~ log )" — y(~logy)| < (£ A1) ﬁ/f)| 1-at _ ylat|

Proof of Lemma 1. If « < 1 we consider the functions f(x) = z%—y* and

g(x) = (r — y)® in the interval [y, 1]. Now f(y) = 0 = g(y) and inequality
a a
fl(z) =

:L,lfa — (l’ _ y)lfa

ends the proof of (i) in the case z > y. Case x < y follows by symmetry
and case x = y is obvious.
When a € (0,1) let k be chosen such that Qk < a < 5. Then

(@202 = (2% —y®) (@ +y*) (2 +y?) (21 4yt >...<m

=g'(x),

2k71a+ 2k71

a).
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Thus, by the above proved case a > 1, we have

| —y| > 2 — yo [yt F2H 2T o e e 0Pl s g gy 2e

)

which gives (ii).
For proof of Lemma 1 (iii) we consider the case that z > y > 0 and
x(—logz)! > y(—logy)?, firstly. Let us define two functions

e/a)t
f(z) = z(—logz)" —y(—logy)" and g(x)= giozt(a;lo‘t —ylmot),

Obviously f(y) = g(y) =0 and
f'(x) = (=logx) ! (=logw — t) < (~loga)’, ¢'(x) = (e/a)'z™"".

Now we remark that the maximum of the function —z“log x in area (0, +00)
is achieved for z = e~/ and is equal e /a, which ends the proof of Lemma 1
(iii) in this case.

When x > y > 0 and z(—logx)! < y(—logy)t, then —t < logz < 0
(note that function x(—logx)! is increasing in the interval (0,e*)). Thus,
putting f(z) = —z(~loga)! + y(~logy)’, and g(z) = 4L~ (a10t —

at
y'=), we have f(y) = g(y) = 0 and f'(z) = (—logz)"'(logz +1) <
t(—logz)t ¢'(x) = t(e/a)!~tx~ such that the argumentation similar to

the above ends the proof. O

In the paper [12] (Lemma 7) the following lemma was proved.

Lemma 2.

(a) Let {X,,n > 1} be a sequence of random variables such that X, —

0, a.s., as n — 0o, and for some positive real constant K and every
n, | X,| < K, a.s. Then

1 = Xj a.s.,
72—,H0, as n — oo.
logn &~ j
7j=1
(b) Let {X,,n > 1} be an arbitrary sequence of random variables such
that for some p € (0,1), we have d(X,,0) = O((logn)™*) and
| X, < K a.s. for some positive constants K. Then

n

1 ZX] a.s,
— — 0, as n — oo.
lognj:1 J

(c) For every convergent to zero sequence of real numbers {e,,n > 1},

we have
n

1 .
Ze—?—ﬂ), as mn — oo.
logn

=17
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Lemma 3. Let {X,,,n > 1} be a sequence of independent and identically
distributed random variables such that L(X1) = F(.). Then for every posi-
tive integers j,l, k such that j N1l >k, we have

k .
(16) PXj gy <a]=>) <J>Fj_t(:c)(1 — F(2))!,

=0 \!
and
(17) PIXj ks < @, Xipa < 9] < P[Xjpj < 2] P[Xi_p < y|F(x v y) M.
Proof of Lemma 3. The evaluation (16) is proved in Lemma A.1 whereas
the evaluation (17) is a small generalization of Lemma A.2 ([18], p. 422—

424). From Lemma A.2 in case 1 <k <j<landz >y and inequality
P[X;_jj <] < P[Xj; <] =FI(z), we have

P[Xj—k3j <2, Xjg < y] = P[Xl—k:l < y]
< P[Xj_pj < 2] P[Xi_pa S y)F(zVy) 7.
g

Proof of Theorem 1. In the whole proof we will use notation & ;(k) =
I[aj(lek:l — bj) < .%'], k Z 0. We have

R |
> .= (I [aj (XN;—kny — b)) S a] = Hg,k,Nj/j(x)>

lOgTL = 7
1 Kl
- logn ; j IZ;(&J(’C) — E& ;(k))I[N; =1

- > ; D (B (k) = Hey g gy (@) IIN; = 1]
=1

logn i
=Vi(n) + Va(n), say.

Step 1. At first we consider the case G(x) > 0.

In order to prove that |V;(n)] 22 0, we need some upper estimation on the
value cov(&p ;(k),&.:(k)). However, firstly we evaluate

Injai(k;0) = PP IXh_ g < g, Xigr < 03] = PP [ Xp_ i, < 0] PP (X7 pa < wil.

By Lemma 3 and the fact that F' is nondecreasing and v;; < v; V v; we
have

Ih,j;l,i(k; (9) S ’F_e(h/\l) (Uj\/i) — 1’ Al

Now we consider the sequence ¢;, = h(1—F(vy)). By (2) and Theorem 1.5.1
in Leadbetter [14] we have for x € R, and h — oo,

cp, — —log G(x).
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Since limy, o0 1 — F(vp) = limp, o0 — log%G( 2) — ), then we may choose n,
such that 1 — F(vp,) < 7, for every h > n,. Thus

1
4>
O(IAR)
Z\/J ’LV]
Z\/]
<

1) and [1—e®| < |2]el!

Ihdlzk‘ef A 1.

From inequalities e=2* < 1 —x (valid for 0 < x
we have for iV j > n,,

29C( ) 260(“/]) (l/\h)

9 (z\/J) (l/\h) (l A h)e (V)
1V j

Vg

Ih’j;l’i(k;e) <le A1

1‘ ANl <
(18)

——— A1,
1V

and for ¢ V 57 < n,,
Injai(k;0) <1

On the other hand, by (8)
P[Xp_pn < 2]P[X;_ g1 < y|=PXn_pn < 2] P[X;_11 < y)? < an(2)+ai(y),
thus in the case h <[, and v; < v;
(19)  cov(&n;(k),&i(k) < ani(vj,vi) + Injui(k; 0) + an(v;) + ar(vs),
whereas in the case h <1, and v; > v;
(20) cov(&n (k) &14(k)) < Injai(k; 0) + an(vy) + 20q(vs).

Thus from (9)—(11) and (18)—(20)

Var(Vi(n)logn) = Y P[N;=1;,j > 1]Var (Z%)

{l;eNN} h=1
n h— n h—1
Nj NN,
z v (oy0) +2 303 S (N A1)
1j5=1 hljl

n
4 Z EEO‘Nh (vn) log h + logn + log? n, = O ((logn)? ™).
h=1

Now we put n = n(k) = k"

Cantelli lemma, we have

and by Chebyshev’s inequality and Borel—-

(21) Vi(n(k)) — 0, as k — oo,
with probability one. Furthermore, for n(k) < n < n(k+ 1)

_ logn(k) B
Va(m) = 2B VA (b)) + > Z (600(R) =B () ) 11N, = 1)

j= n(k)—l—l =
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Taking into account (%)2/”/1( (k) < %Vl(n(k‘)) < Vi(n(k)), (21)

and evaluation

n n(k+1)
1 1 log=; k -+ 1)%/r
— Z - < ®) _ _ (k+1) — 0, as k — oo,
logn <= 3~ logn(k) k2w
j=n
we get

lim Vi(n) =0 a.s.

n—oo

Let us prove Va(n) &% 0. We have by Lemma 1

Va(n)] < 10gnz Z‘PXl kit < vj] = P Xy < o] [T[N; = 1]
Jj=1 =
1Ognz Z|PXI kit < 03] = Hep gy ()M IING = 1]
7=1 =1
1 1
< —Fa kﬁ/\l *F 1 Fl N1t
< Togm 2 570 lognzl Z (s, 317 (05) = og ()

- G ()~ 10g GV ()] re“)fwj =1

1 1|7 (v)) — G(x)|"M
_E kﬁ/\l J
- logn Z an; (v5) logn Z 0tk 11 G202 (1)

Because from (7) we have F(vn) — G(z), thus by Lemma 2
[Va(n)| 2% 0, as n — co.
Thus (13) is proved in case G(z) > 0.
Step 2. Let us consider the case x such that G(z) =
By the part of Theorem proved above and monotonicity the indicator

function for arbitrary 6 > 0, x < 0, we have

n

1 1
0< Zf<§Nj7j( ) — HgkN/] ) lognz =EN J7-7

logn pclt

Z ~Ia; Xy, —:n, +bj < 6]
logj

1 1 N
< H? 8) + —I[—L < 6,] + 6.
G,k@,() logn;] [] ]+

Then from the arbitrariness of 6 > 0, Lemma 2(b) and (12), we have (13).
Step 3. We show the proof of (14) because (15) runs similarly.

For every € > 0 let us define the partition of real axis I(e) = {—oc0 =
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Co <1 < Cp < v < ey = 00} such that sup, e, e0) (@) = F(Y)] <
€/2,1i=0,1,2,...,m(e) — 1. Let us define A(z) = s;, for x € (¢;,¢iq1),0 =
0,1,2,..,m(e) — 1, where s; = SuPse(c, ¢, ) [ (1)1 =0,1,2,...,m(e) — 1. For
a sufficiently large n, we have

Z - f (@i (Xn;—ken; = b5)) <

Z ~A(aj(Xn,—k:n, — b))

log n - log n

M(e) .
= 37 kx5l (ck i) + 5

k=1
€

:/ Az HGkN/](dx) 3

/ flz Gk:N/] (dz) + / )|H90,k,Nj/j(d$)+

5/_ f(x)Hg,k,Nj/j(dx) +e

From the arbitrariness of €, we get (14).
Step 4. Now we will prove the second part of Theorem 1.

If 0 < G(x) < 1 then, considering the different cases of limiting laws
G1,G2,a, and (34, and taking into account inequality

" — e’ < [z —yl(e” +¢¥),
we always obtain

Ny

’Gi(x) ~GNo)| < ']j] i A‘ <\eﬂ VIeTt vt (G@jm i GA@)))

<c|%-y.
J

On the other hand, by Lemma 1, we have

‘ng',k,Nj/j(x) - H(a;,k,x(w)‘ < ’HG,k,Nj/j(m) - HG,k,/\(x)\eM
£ 10A1

GNil3 () [— log GNj/j(m)r — GMNx) [— log G/\(a:)}

< koM max
0<t<k

. (1=Bt)(6A1)
< C max ‘GNj/](.QJ) — G)‘(ac)‘

0<t<k
< Cd(N;/j, )PP A

for every 0 < 8 < 1/k, which, by Lemma 2(b), proves Theorem 1. For

G2,a(x) = 0 or G3o(z) = 1 the proof of the second part of Theorem 1 is
O

obvious.
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4. Examples and applications

Example 1.

(a) Let {Nj,j > 1} be a sequence of independent random variables such

that N; ~ 8; + vjPois();) (the uncentred and unnormalized Poisson’s law,
k

Ak
PIN; = Bj+kv;] = k—]!e_)‘j, k=0,1,2,...) for some sequence of nonnegative
numbers {A;,7;,7 > 1} and a sequence of numbers {3;,j > 1}. If

(22) Bj +ixi = 00),

then (9) holds. On the other hand, if for some d, > 0, u > 0, we have
- £\

(700 — Bj)(og j)* _ c.

ViV B

(23)

then (12) holds.

(b) Let {N;,j > 1} be a sequence of independent random variables such
that N; ~ ; + v;B(n;,p;) (the uncentred and unnormalized Bernouilly’s
law, P[N; = ; + k] = (?)pf(l —pj)"f_ch =0,1,2,...,n;) for some
sequence of nonnegative numbers {n;,v;,j > 1}, numbers {3;,7 > 1} and
numbers {p;,j > 1} such that 0 <p; <1, > 1. If

(24) Bj +vinp; = O(j),
then (9) holds. On the other hand, if for some d, > 0, u > 0, we have

(25) (jo — Bj)(log 3)*\/m;p;(1 — py) <c

Vi

then (12) holds.

(c) Let {Nj,j > 1} be a sequence of independent random variables such
that N; ~ B; + v;U(n;) (the uncentred and unnormalized uniform law,
PIN; = Bj + k] = n%-v k=1,2,...,n;) for some sequence of nonnegative
numbers {n;,~;,j > 1} and sequence of numbers {f;,j > 1}. If

n;, +1
(26) Bj + j2

then (9) holds. On the other hand, if for some J, > 0, > 0, we have
(490 — ;) (log j)*

1575

(27) <C,

then (12) holds.

Proof of Example 1 (a). Under such defined sequence {N;,j > 1} we
have EN; = B + ;)\, j > 1, and

N k—1 N k-1 N

N A Ny, Bi + v\ 1 _
szk ( M) 2.2 ]jk; <4 = O ((ogN)*™).
k=1 j=1 k=1 j=1 k=1
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Furthermore, it is easy to check that for arbitrary A > 0, we have
Ak )\} A ) A+ )

sup s —e <max{ —e *, ——————¢€ )

e { K e I+ D

and by Stirling formulae we have
su {Ake)‘} < ¢
kZIO) k! T V2

(607 =B3) /i yk —
P [‘Nn < 50] = E 73‘6_)\1‘ < CM j>1,
n

k=0 k! ’Yj\/rj ’ B

which ends the proof of point (a). The proof of points (b)—(c) is similar and
will be omitted. U

Thus

The different constructions of stationary sequences nonidentically dis-
tributed random variables {X,,,n > 1}, satisfying conditions «;(v;) — 0 or
a;n(vj,vp) — 0 as j,h — oo may be found in [11].
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