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Streszczenie

Lancuchy atomowe i struktury niskowymiarowe ciesza sie¢ obecnie duzym zainteresowaniem naukow-
céw. Jako najcienisze mozliwe przewodniki pradu [1-3], struktury te moga znalezé wiele zastosowari
aplikacyjnych w nanoelektronice i optoelektronice [4-6]. Laricuchy atomowe wykazuja istnienie szero-
kiej gamy zjawisk fizycznych, jak np. oscylacje przewodnictwa, rozseparowanie spinowo-tadunkowe [7],
fale ladunkowe [8] i wiele innych [9]. W niniejszej rozprawie zajmuje sie teoretycznym opisem wia-
Sciwosci elektrycznych normalnych i topologicznych tancuchéw atomowych umieszczonych na réznych
podlozach z uwzglednieniem sprzezenia spin-orbita, odpychania kulombowskiego, poziomu lokalizacji
elektronéw w podlozu oraz jego geometrii, zaleznych od czasu zaburzen, efektéw wlaczeniowych i in-
nych. W obliczeniach wykorzystuje hamiltonian ciasnego wigzania wraz z formalizmem retardowanych
funkcji Greena oraz technika operatora ewolucji. Wtasciwosci elektryczne badanych tancuchéw anali-
zowane sa na podstawie lokalnej gestosci stanéw, obsadzen tadunkowych, przewodnoéci oraz pradéw
plynacych przez laficuch, zaréwno w przypadkach stacjonarnych, jak i niestacjonarnych (zaleznych od
czasu). Niniejsza rozprawa doktorska oparta jest na cyklu 7 opublikowanych prac naukowych napisa-
nych podczas moich studiéw doktoranckich, ktére zostaly opisane w rozdziale 4. Wyniki przedstawione
w tych pracach wskazuja, iz tancuchy atomowe sa w niewielkim stopniu podatne na zaburzenia ze-
wnetrzne, a takze moga pelnié role efektywnych pomp elektronowych. Teoretyczne rozwazania przed-
stawione w tej pracy ujawniaja, ze topologiczne stany brzegowe w okreslonych warunkach moga istnieé¢
poza nietrywialng topologiczna faza tancucha atomowego i na dodatek moga przemieszczaé sie wzdluz
wewnetrznych weztéw struktury atomowej. Ponadto w niniejszej rozprawie wykazano, iz uktad dwéch
kropek kwantowych, przejawia w funkcji czasu bardzo regularng strukture wierzchotkéw w lokalnej
gestosci stanéw (tzw. transient crystal), ktéra jest odzwierciedleniem gestosci stanéw stacjonarnych
tancuchow atomowych. Dodatkowo rozprawa przedstawia narzedzia komputerowe, ktore pozwalaja
modelowaé struktury atomowe na powierzchni, badaé¢ ich wlasnoéci stacjonarne jak i zalezne od cza-

su, oraz wykonywaé bardzo szczegdélowe wykresy 3D.






Abstract

Atomic chains and low-dimensional systems are of great interest nowadays. As the thinnest electric con-
ductors [1-3], they can found many possible applications in nanoelectronics and optoelectronics [4-6].
Such systems reveal many interesting effects like conductance oscillations, spin-charge separation [7],
charge density waves [8] and others [9]. In this dissertation I focus on theoretical description of elec-
trical properties of normal and topological atomic chains on different substrates, taking into account
Coulomb repulsion, spin-orbit coupling, electron localization level and geometry of the substrate.
In these calculations, I use tight-binding Hamiltonian with Green’s functions formalism and evolution
operator technique. Electrical properties of atomic chains are determined basing on the calculations
of local density of states, charge occupations, conductance and currents in both stationary and non-
stationary (time-dependent) cases. This doctoral dissertation is based on a set of 7 scientific papers
written and published during my PhD studies, which are described in chapter 4. The results presented
in these papers reveal that atomic wires are barely affected by external perturbations and can play
a role of an effective electron pump. Additionally, theoretical findings presented in this thesis reveal
that topological boundary states in certain conditions can exist outside non-trivial topological phase
of atomic chain and travel along internal sites of the structure. Furthermore, there is shown that two
quantum-dot system reveals a periodical structure in time domain visible in the local density of states
which is related with the stationary long atomic chains density of states (we call these structures
transient crystals). Lastly, the dissertation shows computer tools which allow one to model atomic
structures on a surface and examine their electrical properties in both stationary and time-dependent

cases and perform highly detailed 3D plots.






Struktura pracy

W sklad niniejszej rozprawy wchodzi autoreferat, w ktérym zaprezentowalem cele rozprawy doktor-
skiej, opisalem wykorzystane metody teoretyczne do zrealizowania postawionych celéw, przedstawitem
hipotezy badawcze, a takze oméwilem najistotniejsze wyniki opublikowane w cyklu artykutow nauko-
wych stanowiacych gltéwna czesé rozprawy, ktérych kopie zostaly zalaczone do autoreferatu. Niniejsza

rozprawa sklada sie z nastepujacych czedci:

1. Wstep wprowadzajacy czytelnika w problematyke rozprawy, w ktérym zawarte sg informacje
na temat eksperymentalnych technik wytwarzania tancuchéw atomowych oraz metod pomiaru ich
wlasciwosci elektrycznych. W rozdziale tym zostana omoéwione réwniez motywacje, ktére sklonily

mnie do napisania niniejszej rozprawy, a takze postawione zostang cele rozprawy doktorskie;j.

2. Rozdzial drugi, dzigki ktéremu mozemy zapoznac si¢ z pojeciem jednowymiarowego izolatora
topologicznego oraz zaznajomié sie z modelem Su-Schrieffera-Heegera (SSH), ktéry stanowi popularna
realizacje tego typu nanostruktury. W czesci tej opisane sa réwniez wykorzystywane przeze mnie teo-
retyczne metody badan wlasciwosci elektrycznych tanicuchéw atomowych- formalizmy retardowanych
funkcji Greena oraz operatora ewolucji. Ponadto, w rozdziale tym przedstawione sa obliczenia ana-
lityczne wlasciwosci elektrycznych regularnych struktur atomowych na powierzchni, ktére umozliwia

czytelnikowi lepsze zrozumienie problematyki rozprawy.

3. Rozdzial trzeci zawierajacy opis programu komputerowego Nano Modeller, ktory zostal napi-
sany do realizacji zadan stanowiacych cele rozprawy doktorskiej. Program ten umozliwia modelowanie
struktur atomowych na powierzchni, obliczanie ich dynamicznych i statycznych wlasciwosci elektrycz-
nych, sporzadzanie zaawansowanych wykresow tychze wlasciwosci, a takze zawiera szereg dodatkowych

funkcjonalnosci, ktére zostana w tym rozdziale szczegbélowo opisane.

4. Rozdzial czwarty bedacy sekcja, w ktorej zaprezentowalem szczegdtowe cele i hipotezy badaw-
cze pracy doktorskiej, a takze omdéwilem najwazniejsze wyniki badan zawartych w cyklu publikacji
naukowych, napisanych w toku studiéw doktoranckich. Ponadto w rozdziale tym znajduje si¢ wykaz

konferencji naukowych, podczas ktorych mialem mozliwo$é zaprezentowania wynikéw swoich badan.

5. Podsumowanie wieniczace niniejsza rozprawe, w ktorym uwypuklone sa najistotniejsze wnioski

plynace z pracy doktorskiej, oraz nakreslone sg kierunki dalszych badan.

6. Cykl publikacji naukowych- sekcja zawierajaca zalaczone do autoreferatu kopie opublikowa-

nych artykutéw naukowych opisanych w rozdziale 4.
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Rozdziatl 1

Wstep

1.1 Motywacje badan

Jednym z probleméw, z ktéorym borykaja si¢ wspolczesni inzynierowie oraz naukowcy zajmujacy sie
badaniami nad nowoczesnymi urzadzeniami elektronicznymi jest zachowanie pelnej ich wydajnosci,
przy jednoczesnym zachowaniu kompaktowych rozmiaréw. Sledzac rozwéj komputeréw na przelomie
ostatnich dekad, mozemy zauwazy¢ ich ewolucje z monstrualnych machin o niskiej wydajnosci i duzym
zapotrzebowaniu na energie, jak np. ENIAC, ktéry zajmowal powierzchnie okolo 170 m? i zuzywat
150 kW pradu [10] do kompaktowych i wydajnych urzadzeni przenosnych takich jak laptopy, czy telefo-
ny komérkowe [11]. Mozemy zatem zadaé sobie pytanie, czy w kolejnych dekadach znéw doswiadczymy
réwnie spektakularnego skoku w rozwoju technicznym? Adresatami tego pytania w moim odczuciu
powinni byé fizycy, ktérzy dzieki odkryciom praw, jakimi rzadzi sie Swiat na skali nano, moga przyczy-
ni¢ sie do kolejnego kroku milowego w tej dziedzinie. Zmniejszajac rozmiar przewodnikéw bedacych
komponentami urzadzen, w granicy uzyskamy struktury ztozone z pojedynczych atoméw. Dlatego tez
niezwykle pozadane jest zbadanie wtaéciwosci elektrycznych jednowymiarowych struktur ztozonych
z pojedynczych atoméw, ktore moga okazaé sie cegietkami tworzacymi urzadzenia przysziosci.
Niezwykle interesujacymi materiatami, nad ktérych wlasciwosSciami tocza sie obecnie intensywne
badania naukowe, sa izolatory topologiczne, czyli materialy, ktore posiadaja cechy zaréwno izolatorow-
zawierajac przerwe energetyczna, jak i przewodnikow poprzez obecnos¢ stanéw metalicznych na kra-
wedziach lub powierzchniach. Przewodnictwo powierzchniowe mozna zaobserwowaé¢ w materiatach,
w ktérych oddzialywanie spin-orbita odgrywa istotna role (np. selenek bizmutu [12,13]). Kierunek
pradow plynacych na powierzchni takiego materiatu jest silnie skorelowany ze spinem elektronéw,
przez co dzieki zjawiskom interferencyjnym noéniki pradu napotykaja na znikomy opor. Z tego po-
wodu materiaty te posiadaja duzy potencjat aplikacyjny, gdyz moga one znalezé zastosowanie jako
komponenty komputeréw kwantowych jako bezdysypacyjne tranzystory [14], elementy uktadéw opto-
elektronicznych [15], czy tez magnetoelektronicznych [16]. Co ciekawe, takie materialy moga wyka-
zywaé istnienie egzotycznych kwaziczastek, ktére sa z zapatem poszukiwane w ostatnich dekadach

przez fizykéw, jak np. kwaziczastki Majorany w ukladach quasi-1D [17,18], ktérych wykorzystanie w
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komputerach kwantowych moze przelozy¢ sie na znaczny wzrost ich mocy obliczeniowej, ze wzgledu
na olbrzymi potencjal kubitéw Majorany [19]. Poza majoranami przewidywania teoretyczne sugeruja
mozliwo$é pojawienia sie w izolatorach topologicznych monopoli magnetycznych [20], ktérych istnienie

od lat zaprzata glowy naukowcow.

Duze zainteresowanie materialami topologicznymi sprawilto, iz naukowcy zaczeli zastanawiac sie,
nad tym, czy mozliwe jest uzyskanie izolatoréw topologicznych w strukturach, w ktérych oddziaty-
wanie spin-orbita nie odgrywa istotnej roli. W 2011 r. pojawita sie praca teoretyczna gloszaca, iz
powstanie izolatora topologicznego moze by¢ zdeterminowane geometria atoméw znajdujacych si¢ na
powierzchni krysztalu, a nie jak do tamtej pory uwazano oddzialywaniem spin-orbita [21]. Rozwazania
te znalazly bardzo szybko eksperymentalne potwierdzenie w postaci krysztatéw Pb, Sn i Se co zostato
dokonane przez polskich naukowcéw z warszawskiego IF PAN [22], jak réwniez krysztaléw SnTe [23]-
prostego zwiazku, ktérego topologiczne wlasciwosci byly postulowane w roku 2012 [24]. W ostatnich
latach wlasciwosci topologicznych doszukuje sie tez w innych materiatach, jak np. CagAs [25], czy tez
naturalnie wystepujacych mineralach jak PtoHgSes, czy PdoHgSes [26] - co pozwala mieé nadzieje, ze

w niedalekiej przyszlosci materialy topologiczne beda stosowane powszechnie.

Majac na uwadze potencjat aplikacyjny izolatoréw topologicznych, a takze zwazajac na postepu-
jacy w inzynierii proces miniaturyzacji komponentéw elektrycznych, mozna zadaé sobie pytanie, czy
istnieje mozliwos¢ wytworzenia najcieniszych przewodnikow pradu, ktore wykazuja witasciwosci izola-
tora topologicznego? Odpowiedzi na to pytanie postaram si¢ udzieli¢ w rozdziale drugim, omawiajac
topologiczne tancuchy atomowe. Zanim jednak to nastapi, warto wyjasni¢ samo pojecie tancucha ato-
mowego. Lancuchy atomowe to nanostruktury, w ktérych ruch elektronéw zostal ograniczony do tylko
jednego kierunku [27,28]. Zachowanie elektronéw poruszajacych si¢ w jednym wymiarze okazuje sie
by¢ diametralnie inne od zachowania elektronéw mogacych poruszaé sie¢ swobodnie. Modele uzywane
do opisu elektronéw w materiatach litych, jak np. model cieczy Fermiego w swej podstawowej formie
zawodzi w opisie ruchu ograniczonego do jednego wymiaru [29-31]. Dzieje sie tak, poniewaz elektrony
nie moga dluzej unika¢ siebie nawzajem podczas przemieszczania, co mozemy przyréwnaé¢ do ruchu
samochodéw przez waska ulice jednokierunkowa, gdzie auta tracg mozliwosé wyprzedzania sie¢ bocz-
nym pasem jezdni. Funkcje falowe w lancuchu atomowym staja sie wysoce skorelowane, nakladajac
sie na siebie nawzajem [9]. Tak silna interakcja prowadzi do zdumiewajacych konsekwencji fizycznych,
ktore ujawniaja si¢ w postaci mnogosci nietypowych faz i zjawisk widocznych w lancuchach atomo-
wych. Do takich zjawisk mozemy zaliczy¢ m.in. kwantowanie przewodnictwa pojawiajace sig, gdy dwa
rezerwuary elektronéw polaczone sa zlaczem, ktorego rozmiary w dwoch wymiarach sg mniejsze od
$redniej drogi swobodnej elektronéw [32], rozseparownie spinowo-tadunkowe [33] polegajace na tym, ze
elektrony w jednym wymiarze ,rozszczepiaja' sie na trzy indywidualne kwaziczastki: spinon, orbiton
i holon niosgce spin, wzbudzenia orbitalne i tadunek elektronu, ktére niekiedy moga zachowywaé sie
jak niezalezne od siebie czastki, oraz wiele innych [34, 35]. Wydaje si¢ zatem, ze materialy jednowy-
miarowe stanowig swoista ,kopalnie zlota” ze wzgledu na mnogoéé nowych efektéw, ktérych trudno

jest sie doszukaé¢ w materiatach litych.
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1.2 Cele rozprawy doktorskiej

Ze wzgledu na bogactwo ,nowej fizyki”, jaka pojawia sie w materiatach topologicznych, jak i normal-
nych strukturach jednowymiarowych, za cel niniejszej rozprawy doktorskiej postawilem sobie doktad-
ne przeanalizowanie wtasciwosci elektrycznych normalnych i topologicznych struktur 1D na réznych
powierzchniach (laficuchéw atomowych, badz taicuchéw zlozonych z kropek kwantowych, ktére nazy-
wane sa sztucznymi atomami [36,37] i maja te zalete, iz ich parametry, w odréznieniu od rzeczywistych
atoméw, mozna w pelni kontrolowaé). Zbadam takie wladciwosci elektryczne jak lokalna gestosé sta-
noéw, konduktancja, obsadzenia tadunkowe, czy tez ptynace w ukladzie prady, uwzgledniajac nie tylko
efekty stacjonarne, ale rowniez analizujac dynamike stanéw elektronowych w procesach, ktére sg za-

lezne od czasu.

Zwracajac uwage nie tylko na odkrywczy charakter badan, ale réwniez biorac pod rozwage aspekt
aplikacyjny, nalezy zauwazy¢, iz struktury jednowymiarowe jako elementy nowoczesnych urzadzen nie
beda mogly stanowi¢ monolitu i by¢ w pelni odizolowane od otoczenia, lecz beda musialy pozostawaé
w kontakcie z innymi strukturami systemu. Lancuchy atomowe jako niezwykle cienkie oraz wrazliwe
struktury moga zostaé catkowicie zdominowane przez wiekszy o rzedy wielkosci rezerwuar elektronéw,
jakim jest podloze i z tego powodu elektrony tancucha moga np. wnikna¢ w gtab podloza, przez co
ten zmieni swoje wladciwosci elektryczne. Dlatego tez jednym z celéw niniejszej rozprawy jest roz-
strzygniecie, jak bardzo rézne podloza wplywaja na wladciwosci transportowe taiicuchéw w stosunku
do swobodnych tancuchdéw, lub takich, ktore spoczywaja na powierzchniach izolatorowych. Badajac
wplyw podloza, stawiam sobie réwniez za cel uwzglednienie jego geometrii, majac w $wiadomosci fakt,
iz nie tylko lite materiaty moga stanowié¢ rezerwuar elektronéw dla tancuchéw atomowych, ale réwniez
materialy dwuwymiarowe takie jak grafen, czy silicen, ktére ciesza sie rosnacym zainteresowaniem
grona naukowego ze wzgledu na swoje cenne wlasciwosci.

Kolejnym celem rozprawy jest uwzglednienie zaburzen, ktére podobnie jak podloze moga mieé
znaczacy wplyw na wlasciwosci struktur jednowymiarowych. Do zaburzen, jakie bede rozpatrywat,
zaliczaja sie: adatomy- dodatkowe (najczesciej niepozadane) atomy pojawiajace sie w procesie tworze-
nia tancuchéw atomowych, defekty i naruszenia ciaglosci tancucha mogace powstaé jako konsekwencja
mechanicznej ingerencji w sp6jnosé struktury lub wskutek ruchéw termalnych, zmiana oddzialywan
miedzy stanami elektronowymi atoméw tancucha mogaca powstaé w wyniku zmiany stalej siecio-
wej przy rozciaganiu tancucha atomowego lub modyfikacji parametréw wiazki laserowej w przypadku
sieci optycznych, czy tez poprzez obecnos¢ pél zewnetrznych. W badaniach zwréce uwage na dyna-
mike zmian stanéw elektronowych w normalnych lancuchach atomowych, a takze rozpatrze dynamike
stanéw topologicznych w tancuchach topologicznych tuz po zainicjowaniu zaburzenia i okresle czas
niezbedny do tego, by uktad byl w stanie powrdci¢ do stanu réwnowagi. Jest to niezwykle istotne z
praktycznego punktu widzenia, bowiem pozwala oszacowaé czas, ktéry musi upltynaé, by uklad byt

ponownie gotowy do dalszego dzialania.

Mam nadzieje, ze moje badania przyczynia sie do rozwoju dalszych badan nad strukturami jedno-

wymiarowymi w réznych fazach topologicznych i rzuca nieco Swiatla na fizyke materii skondensowane;j.
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1.3 Metody wytwarzania i badania lanncuchéw atomowych

Poczyniony postep w dziedzinie fizyki materii skondensowanej i nanotechnologii przyniést wiele réz-
norodnych metod otrzymywania laficuchéw atomowych, czy tez uktadéw kropek kwantowych [38—41].
Wéréd powszechnie stosowanych metod wytwarzania jednowymiarowych uktadow kwantowych mozna
wyrdznic:

o MCBJ (ang. Mechanically Controlled Break Junction),

o metody litograficzne do wytwarzania kropek kwantowych,

« epitaksja z wiazki molekularnej MBE (ang. Molecular Beam Epitazy) na powierzchniach wicy-

nalnych,

e metody optyczne.

MCBJ jest to metoda oparta na wykorzystaniu piezoelektrykow oraz metalicznego drutu o zadanej
grubodci [42]. Piezoelektryki pod wplywem przylozonego napiecia powoduja rozciaganie drutu, co
prowadzi do jego stopniowego zwezania, a w konsekwencji sprawia, iz w centralnej czesci uktadu
dochodzi do powstawania lancuchéw atomowych [43-45], co pokazano na rysunku 1.1. Technika ta
pozwala w prosty sposob uzyskiwaé struktury jednowymiarowe wprost z materialéw litych. Z punktu
widzenia niniejszej rozprawy niewatpliwa zaletg metody MCBJ jest to, iz Swietnie nadaje sie ona do
badania przewodnictwa elektrycznego w funkeji dlugoéci lancucha atomowego, a wada natomiast jest
niedostatecznie dtugi ,,czas zycia” tancuchdéw, spowodowany tym, iz rozciaganie prowadzi ostatecznie
do przerwania lancucha. Z tego powodu wykorzystanie metody MCBJ nie daje mozliwosci uzyskania
stabilnych ukladéw atomowych, co przektada sie na brak mozliwoéci ich obserwacji w dostatecznie

dlugim czasie [46].

— \

|
I
5

Fosforobraz Poliimid

Elektroda z glinu  Elektroda ze ztota

Rysunek 1.1: Schemat przykladowej realizacji techniki MCBJ, w ktérym przedstawiono makroskopowy
drut wykonany ze zlota umieszczony na gietkiej plytce fosforobrazowej, oddzielonej od tancucha warstwa

glinu. Zrédto rysunku [47].

Inna metoda pozwalajaca na uzyskiwanie jednowymiarowych uktadéw kwantowych jest wykorzy-

stanie uktadéw kropek kwantowych, zwanych takze sztucznymi atomami. Kropki kwantowe wytwarza
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sie najczesciej metodami trawienia litograficznego [48] (wertykalne kropki kwantowe) lub na dwu-
wymiarowym gazie elektronowym, poprzez ograniczenie ruchu elektronéw specjalnymi elektrodami
zewnetrznymi [49, 50], co pokazano na rysunku 1.2. Metoda ta pozwala na modyfikowanie sprzezen
i potozen poziomdw energetycznych elektronéw ukladu 1D, ktére moga by¢ precyzyjnie kontrolowa-
ne poprzez elektrody zewnetrzne. Uklady jednowymiarowe wytworzone ta metoda charakteryzuja sie
duza trwaloécia, przez co mozliwe jest badanie zjawisk stacjonarnych i zaleznych od czasu, takich
jak efekty wlaczeniowe (transient effects), czy tez dynamiczne zaburzenia zewnetrzne, co jest istotne

w kontekscie niniejszej rozprawy.

Metaliczne elektrody

1 ‘\\ - ]
DOC:

. a— DOC:I

N\ | ~
N\ —> I:':I
Gaz elektronowy :

Kropki kwantowe

Rysunek 1.2: Jednowymiarowy gaz elektronowy (po lewej) oraz taficuch ztozony z kropek kwantowych (po
prawej) wytworzone przez ograniczenie kierunku ruchu elektronéw polem elektrycznym bramek (elektrod).

Ilustracja na podstawie [49].

Kolejna technika wytwarzania struktur jednowymiarowych polega na wykorzystaniu powierzchni
wicynalnych, czyli powierzchni anizotropowych cechujacych sie wystepowaniem charakterystycznych
powierzchni schodkowych, w ktérych sklad wchodza tarasy o szerokosci kilku i wysokosci jednego ato-

mu [51], co pokazane zostalo na rysunku 1.3. Powierzchnie te mozna uzyskaé poprzez ciecie plaskiej

A_A_NAAAL \)LJ\

Rysunek 1.3: Schemat krysztalu ucietego pod katem 6 z widoczng struktura tarasowa o szerokosci [ = 3

i wysokosci h = 1 atoméw, na ktérej powstala powierzchnia wicynalna S.
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prébki pod odpowiednim katem (np. prébka Si(111) ucieta pod katem 12,5° tworzy powierzchnie wi-
cynalna Si(553) [52]). Na tak przygotowana powierzchnie naklada sie atomy przy pomocy epitaksji
z wiazki molekularnej w warunkach ultrawysokiej prézni, rzedu 107 - 10'1°Pa. Atomy pochodza-
ce z komérek efuzyjnych [53] osiadaja na podloze, tworzac uklady jednowymiarowe, uktady quasi-
dwuwymiarowe, lub cienkie warstwy.

Nastepna metoda wytwarzania struktur 1D jest wykorzystanie sieci optycznych, ktére moga postu-
zy¢ do pulapkowania ultrazimnych atoméw za pomoca fal stojacych powstatych w wyniku interferencji
wiazek laserowych. Tego typu fale tworza w przestrzeni periodyczny potencjal ograniczajacy swobo-
de uwiezionych w nim atoméw [54]. Z punktu widzenia niniejszej rozprawy niebywala zaleta sieci
optycznych jest mozliwo$é manipulacji odleglo$cia miedzy sasiednimi komérkami (stala sieci), ktéra
to zwiazana jest z dlugoscia fali laserowej. Z tego wzgledu stala sieci moze ulec zmianie poprzez zmo-
dyfikowanie dlugosci fali emitowanej przez laser, badz tez w przypadku, gdy zmieniona zostanie faza
pomiedzy interferujacymi wiazkami [55].

Oproécz wymienionych metod warto rowniez wspomnie¢, iz lancuchy atomowe moga byé¢ wytwarza-
ne przy pomocy skaningowego mikroskopu tunelowego, majacego mozliwo$¢ manipulowania pojedyn-
czymi atomami na powierzchni. Przy jego pomocy mozna utozyé¢ na powierzchni tancuchy atomowe
o dowolnej dlugosci oraz geometrii, jak np. tancuchy zygzakowate, ktére sa jednym z obiektow zain-
teresowania niniejszej rozprawy. Dodatkowo aparat ten pozwala na kontrolowane zaburzanie uktadu

jednowymiarowego poprzez umieszczanie na nim adatoméw.

Eksperymentalne techniki badan tancuchéw

Istnieje wiele technik pomiaru nanostruktur. Wsréd powszechnie stosowanych do$wiadczalnych me-
tod dajacych sposobno$¢ badania wtasciwosci nanostruktur wytworzonych na réznych powierzchniach

znajdujg sie m.in.

e Odbiciowa dyfrakcja wysokoenergetycznych elektronéw- RHEED (ang. Reflection High Ener-
gy Electron Diffraction) - technika dyfrakcyjna, przy ktorej emitowane sa wiazki elektronéw
o energiach rzedu kilku-kilkudziesieciu keV', ktére padaja na badana powierzchnie pod niewiel-
kim katem 0°- 5°. W wyniku odbicia elektronéw od powierzchni prébki na ekranie powstaje

obraz dyfrakcyjny [56,57].

o Dyfrakcja elektronéw niskoenergetycznych- LEED (ang. Low-Energy Electron Diffraction) - me-
toda badania powierzchni materialéw krystalicznych, polegajaca na bombardowaniu powierzchni
analizowane]j probki niskoenergetyczna wiazka elektronéw (rzedu kilkudziesieciu 4eV') i obser-

wacji obrazu dyfrakcyjnego [58,59].

o Katowo-rozdzielcza spektroskopia fotoemisji- ARPES (ang. Angle-Resolved Photoemission) -
metoda pozwalajaca na okreslenie pasmowej struktury elektronowej badanej powierzchni, przy
wykorzystaniu zjawiska fotoemisji umozliwiajaca okreslanie energii wiazania i wektora falowego

elektronéw [60,61],

o Mikroskopy ze skanujaca sonda- SPM (ang. Scanning Probe Microscopy) [62,63]
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— Skaningowy mikroskop tunelowy- STM (ang. Scanning Tunneling Microscope) - technika
wykorzystujaca znane z mechaniki kwantowej zjawisko tunelowania. Przyrzad ten daje moz-
liwos¢ uzyskania obrazu topograficznego badanej nanostruktury z rozdzielczoscia atomowsa,
na podstawie analizy pradu tunelowego, ktérego zrédtem s elektrony tunelujace z podloza

do ostrza mikroskopu i na odwrét [64,65].

— Mikroskop sit atomowych- AFM (ang. Atomic Force Microscopy) urzadzenie pozwalajace na
obrazowanie badanych nanostruktur z duzg rozdzielczoécia siegajaca utamkéw nanometrow
dzieki pomiarowi sily oddzialywan elektrostatycznych miedzy badana probka a ostrzem

mikroskopu [66].

W metodach dyfrakcyjnych RHEED i LEED oraz technice ARPES analizie poddawany jest sygnat
z obszaru makroskopowego, co wyklucza te metody do badania pojedynczych tancuchéw atomowych.
7 drugiej strony metody te znajduja zastosowanie do badania regularnych matryc uktadéw 1D otrzy-
mywanych na powierzchniach wicynalnych.

Najlepszymi technikami spoéréd wyzej wymienionych sa metody SPM. Pomimo wielu podobienistw,
jakie tacza mikroskopy STM i AFM istnieja miedzy nimi pewne réznice, ktére sa szczegdlnie istotnie z
punktu widzenia niniejszej pracy doktorskiej. Niewatpliwa zaleta AFM jest fakt, iz mikroskop ten jest
w stanie bada¢ zaréwno materiaty przewodzace, jak i nieprzewodzace prad, co nie zawsze jest mozliwe
przy uzyciu STM. Kolejng réznica sa wielkosci fizyczne badane przez oba mikroskopy. AFM bada
sity oddzialywania miedzy probka a ostrzem, STM natomiast prad tunelowy miedzy probka a sonda
pomiarows urzadzenia. Technika ta Swietnie sprawdza sie do badania tancuchéw atomowych, poniewaz
mikroskopy STM dysponuja rozdzielczoscia atomowa rzedu 0,1nm [64]. Oprécz badania topografii
powierzchni, mikroskop STM moze pracowaé¢ w trybie STS (ang. Scanning Tunneling Spectroscopy)
[67], co pozwala na uzyskanie informacji o przewodnictwie oraz lokalnej gestosci stanéw badanych
uktaddéw (% ~ LDOS), ktéra jest najwazniejsza i najczeSciej analizowana wielko$cia w niniejszej
rozprawie. Ostrze mikroskopu STM moze zosta¢ potraktowane jako dodatkowa elektroda zewnetrzna

w ukladzie (rezerwuar elektronéw) i by¢ uwzglednione w rozwazaniach teoretycznych.
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Rozdziatl 2

Opis teoretyczny

W rozdziale tym przedstawione zostana stosowane przeze mnie techniki obliczeniowe do badania tancu-
chéw atomowych. Poniewaz w sferze moich zainteresowan oprocz normalnych taricuchéw atomowych,

s takze jednowymiarowe struktury topologiczne, omdéwione zostana tutaj ich najwazniejsze cechy.

2.1 Podstawy topologii

By zrozumieé, czym sg topologiczne lancuchy atomowe, najbardziej rozsadnym wydaje sie rozpocze-
cie od wyjasnienia terminu topologia. W matematyce jest to dzial zajmujacy si¢ badaniem takich
wlasciwosci obiektéw, ktére nie ulegaja zmianie nawet po radykalnym ich zdeformowaniu (figur geo-
metrycznych, bryl i obiektéw o wiekszej liczbie wymiaréw) [68,69], przy czym przez deformowanie
rozumie si¢ tutaj dowolne odksztalcanie (zginanie, rozciaganie, skrecanie), ale bez rozrywania i zle-

piania r6znych czesci (homeomorfizm) [70]. Wladciwosci te matematycznie opisuje sie za pomoca liczb

.

&

Rysunek 2.1: Wizualizacja obiektéw homeomorficznych: kubek (pierwszy z lewej), torus (pierwszy z prawej),

oraz niektére z mozliwych form posrednich powstalych podczas procesu ciaglej deformacji.

charakterystycznych dla danej klasy topologicznie rownowaznych obiektéw, ktore zwane sg niezmien-

nikami topologicznymi. Proces deformacji najlatwiej wyobrazi¢ sobie przyjmujac, ze obiekt wykonano
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z gumy. Rozciagajac przedmiot wykonany z gumy, dokonujemy ciaglych deformacji, ktére zmienia-
ja ksztalt obiektu. Pomimo przyjmowania réznych form, nasz obiekt pozostaje ciagle tym samym
przedmiotem, czyli rézne jego formy sa sobie topologicznie réwnowazne. To oznacza, ze rozciagajac
(Sciskajac) gume, jesteSmy zdolni przej$é od jednego ksztaltu do innego. Sytuacja zmienia sie, gdy
wskutek nadmiernego rozciagniecia nasz przedmiot peka. Woéwczas nie jesteSmy juz w stanie ciggtymi
transformacjami wréci¢ do pierwotnej postaci przedmiotu. Méwimy wowczas, ze te dwa stany nie sg
sobie topologicznie réwnowazne. Innym, najbardziej rozpowszechnionym przykladem jest pokazany
na rysunku 2.1 kubek i donut (torus). Obiekty te charakteryzuja sie istnieniem jednej dziury (Srodek

donuta oraz ucho kubka), co stanowi niezmiennik topologiczny tej klasy obiektGw.

Wspomniana liczba dziur nie jest jedynym niezmiennikiem topologicznym charakteryzujacym dana
klase réwnowaznych topologicznie obiektéw. Wéréd najbardziej popularnych liczb wyréznia sie m.in.
charakterystyke Eulera. Charakterystyka ta zostala poczatkowo zaproponowana jako niezmiennik wie-
loscianéw wypuktych. Z czasem jednak definicja tego niezmiennika zostala poszerzona o dowolne wie-

losciany (w tym torus). Liczbe ta definiuje si¢ w nastepujacy sposéb [71]:
x=W-K+S§, (2.1)

gdzie W oznacza liczbe wierzchotkéw wieloscianu, K liczbe krawedzi, natomiast S liczbe Scian. Cha-
rakterystyka ta dla wielo$cianéw wypuklych, jak réwniez dla sfery wynosi xy = 2, co oznacza, ze bryly
te sg topologicznie sobie réwnowazne. W przypadku torusa x = 0, co sprawia, ze bryla ta nalezy do

innej klasy obiektéw topologicznych niz sfera i wielo$ciany wypukle.

Kolejnym przykladem niezmiennika topologicznego jest tzw. winding number. Niezmiennik ten
okredla ile razy skierowana krzywa zamknieta C' obiega ustalony punkt P i jest zdefiniowany dla
punktéw, ktére nie leza bezposrednio na krzywej [72]. Niezmiennik 6w przyjmuje wartosci catkowite
dodatnie (jesli krzywa obiega punkt w kierunku przeciwnym do wskazéwek zegara), ujemne (jesli
krzywa obiega punkt P w kierunku zgodnym z ruchem wskazdwek zegara) oraz zero (jesli punkt P

lezy na zewnatrz krzywej C'), co pokazane zostalo na rysunku 2.2.

C C C

A\ V7 ®
o N P
D <
D> <
W=+2 wW=-=-2 w=0

Rysunek 2.2: Winding number w krzywej skierowanej C' wzgledem punktu P. Lewa ilustracja odpowiada
w = 2 - krzywa obiega punkt dwa razy w kierunku przeciwnym do wskazéwek zegara. Srodkowa grafika
odpowiada w = —2 - dwa obiegi C' wokét P w kierunku zgodnym z ruchem wskazéwek zegara. Prawa ilustracja

odpowiada w = 0, co oznacza, iz punkt P lezy poza krzywa.
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Poza wymienionymi niezmiennikami wystepuje szereg innych liczb, ktore czesto znajduja zastoso-
wanie do opisu klasy materialéw topologicznych jak m.in. niezmiennik Zy [73], faza Berry’ego [74],

czy tez liczby Cherna [75].

2.2 Model topologicznego tancucha atomowego

Przelomem w pracach naukowcéw badajacych ciala state bylo odkrycie, iz te same zasady, ktére opi-
suja krzywe, figury geometryczne, czy bryly nadaja sie do sklasyfikowania hamiltonianéw, ktére pod
wplywem ciaglych, powolnych (adiabatycznych) zmian zachowuja np. przerwe energetyczna, ktéra
mozemy utozsamiaé¢ z dziurka w donucie (torusie). Zmiany, pod ktérych wplywem przerwa energe-
tyczna zostaje zamknieta, sprawiajg, iz w materiale zachodzi topologiczne przejscie fazowe, bedace
granica miedzy dwoma réznymi klasami porzadku topologicznego.

Materialy topologiczne, jak to zostalo wspomniane we wstepie, stanowig obecnie jedna z prezniej
rozwijajacych sie dziedzin fizyki materii skondensowanej. Uwaga naukowcéw nie skupia sie tylko wokdt
materialéw litych, materialéw dwuwymiarowych, takich jak grafen, silicen, antymonen, ale réwniez
wokol materialéw takich jak struktury jednowymiarowe (lancuchy atomowe/ laicuchy kropek kwan-
towych). Moim gtéwnym obiektem zainteresowania sa obiekty jednowymiarowe, w tym tez takie, ktére
wykazuja wlasciwosci materialow topologicznych.

W literaturze spotykamy wiele modeli topologicznych tancuchéow atomowych, wsrod ktérych mo-
zemy znalez¢ lancuch z niesparowanymi fermionami Majorany- model Kitayeva [76-78], laicuch z ma-
gnetycznymi atomami na nadprzewodniku ze stanami Yu-Shiby-Rusinova [79-81], czy tez laricuch Su-
Schrieffera-Heegera, ktory w niniejszej rozprawie stanowi gtéwny model jednowymiarowego izolatora
topologicznego ze wzgledu na swoja prostote i liczne sposoby eksperymentalnej realizacji [2,3,52,82,83].

Z tego powodu opisowi modelu Su-Schrieffera-Heegera poswiecony zostanie kolejny podrozdziat.

2.2.1 Model Su-Schrieffera-Heegera

Lancuch Su-Schrieffera-Heegera (SSH) jest modelem jednowymiarowego izolatora topologicznego z ba-
za dwuatomowa. Wykazuje on istnienie dwéch faz topologicznych. Fazy te wyrdznia obecno$é (faza
nietrywialna) lub brak (faza trywialna) stanéw topologicznych na koncach laiicucha atomowego oraz
przerwa energetyczna w jego wnetrzu [84]. Na rysunku 2.3 pokazano laricuch SSH umieszczony na
powierzchni zlozony z N atoméw, w ktérym wyodrebniono N/2 komérek dwuatomowych (na rysunku
N/2 = 3). Kazdy atom (wezel) laficucha atomowego, opisany jest stanem elektronowym o energii ;,
ktory moze byé sprzezony z rezerwuarem elektronéw (elektroda podloza). Sprzezenie miedzy wezlami
a podlozem opisuje parametr VEa, ;- Pomigdzy stanami elektronowymi wzdtuz laficucha istnieja nieze-
rowe calki przeskoku Vj,,, ktére dla sprzezen miedzykomérkowych oznaczamy symbolem w, natomiast
w obrebie pojedynczej komérki jako v.

Hamiltonian pojedynczego laticucha atomowego uwzglednia energie elektronéw elektrod- czton
A w réwnaniu 2.2, energie elektronéw na poszczegdlnych weztach tancucha atomowego- czlon B,

sprzezenia miedzy elektroda (elektrodami) a laricuchem- czlony C, D oraz sprzezenia miedzy stanami
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Rysunek 2.3: Model taicucha SSH z baza dwuatomowsa (zaznaczone prostokatng ramka) umieszczonego
na podlozu. Sprzezenia miedzy stanami elektronowymi sasiadujacych ze soba atoméw Vi, (calki przeskoku)
przyjmuja dwie wartosci: v - catka przeskoku w obrebie komérki, oraz w - catki przeskoku miedzy sasiednimi
komérkami. Poziomy energetyczne stanéw elektronowych na poszczegélnych weztach oznaczono symbolami

€1,€m. Za sprzezenie l-tego wezla z elektroda a odpowiada parametr Vg, ;.

elektronowymi atoméw taricucha- czton €. W modelu SSH zakladamy, iz wzajemny wplyw maja na
siebie jedynie sgsiadujace ze soba wezly, tzn. Vi, # 0 <= [ = m + 1, w przeciwnym wypadku
Vim = 0. Ponadto V},,, przyjmuje jedna z dwoch nieujemnych rzeczywistych wartoéci: v dla sprzezen
w obrebie tej samej komérki oraz w dla sprzezen miedzy stanami elektronowymi atoméw z sasiednich

komoérek [85].

N N
FI:Z ko (AJ,% aE Z(slalal‘kzvlﬂllaq ‘”JFZ( kal) Ea*ZVlma;dm>
=1 m=1

E.a

A C D &

(2.2)

W badaniach sktadajacych sie na niniejsza rozprawe uzywana byla rozszerzona wersja hamiltonia-
nu, ktéra uwzglednia oddzialywania spin-orbita, odpychania kulombowskie, czasowe zalezno$ci calek

przeskoku, rézne geometrie ukladu i inne efekty zwiazane z podlozem i zaburzeniami zewnetrznymi.

2.2.2 Fazy topologiczne w modelu SSH

Obecno$¢ faz topologicznych w strukturach jednowymiarowych jest $cidle zwiazana ze sprzezeniami
v oraz w. By dostrzec te zaleznosé rozpatrzmy tancuch atomowy odizolowany od podioza, w kto-
rym energie poszczegélnych wezlow sa sobie réwne i wynosza €; = 0. Wéwcezas jedynym czynnikiem
hamiltonianu 2.2, na ktéry musimy skupi¢ uwage, jest jego cze$¢ &, ktora nazywana jest tez hamilto-
nianem przeskoku. Wychodzac z zalozenia, ze w naszym lancuchu elektrony moga poruszaé sie tylko
pomiedzy sasiadujacymi stanami, moZemy zapisaé (przyjmujac dla wygody oznaczenia operatoréw
kreacji/anihilacji w i-tej koméree jako a b(ﬂ)
N [N/2] [N/2]—-1
H:ZZ lmalam—v Z ;rl;i—I—w Z IA)Z&Z»H. (2.3)

=1 m=1 i=1

Dokonujac przejscia do reprezentacji pedowej hamiltonianu przeskoku a, — ag, uwzgledniajac, ze

elektrony w tancuchu moga poruszaé sie tylko w jednym kierunku (E — k), oraz przyjmujac, ze stala
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sieci ma wartos¢ 1 dostajemy [84,85]:

7:[ = Z’U (&L?}k + ZA)}CCALZ) +w (e_iki)L@k + eikalék) . (2.4)
k

Wykorzystujac tozsamosé Eulera, mozemy zapisaé otrzymany po transformacie Fouriera hamiltonian

w postaci kanonicznej:

H= Z(v + wcosk) (IA),TC&;C + &Z(A)k) + jwsin k (—lA)Ldk + &LIA);C) . (2.5)
k

Traktujac operatory kreacji/anihilacji jako wspdlrzedne wektoréw w przestrzeni pedowej, mozemy

zapisa¢ hamiltonian 2.5 w postaci:

(2.6)

0 (v 4+ wcosk) + i(wsin k) ax
(v+wcosk) —i(wsink) 0 .

Definiujac R, (k) = v + wcosk, Ry(k) = wsink, R, = 0 oraz wykorzystujac macierze Pauliego

dostajemy hamiltonian w kompaktowe]j formie [86]:

(2.7)

Hy = Ry (k) -6, + Ry(k) -6, = R(k) - 6. (2.8)

Wykreslajac wektor R(k) w przestrzeni {r,,r,}, biorac liczby falowe omiatajace pierwsza strefe Bril-
louin’a —7 — m, zauwazamy, iz zatacza on pewna krzywa zamknieta, co zostalo pokazane na rysun-
ku 2.4. Co ciekawe polozenie tej krzywej zalezy od wartosci sprzezen v i w. Jak widzimy na lewej
ilustracji, ktéra odpowiada sprzezeniom v > w skierowana krzywa zamknieta, ktéra wyznaczyl grot
wektora R ani razu nie obiega punktu O, bedacego érodkiem ukladu wspdtrzednych. Na ilustracji
prawej, gdzie v > w skierowana krzywa zamknieta otacza punkt O dokladnie jeden raz. W tym mo-
mencie mozemy dostrzec podobienstwo tych krzywych do krzywych ukazanych na rysunku 2.2. Jak
mozemy sie domysleé, nie jest to przypadkowe podobienstwo i na rysunku 2.4 przedstawione sa dwie
rézne fazy topologiczne laricucha atomowego, ktore scharakteryzowane sa réznymi wartosciami nie-
zmiennika winding number. Ilustracja lewa odpowiada trywialnej fazie topologicznej tancucha SSH,
dla ktérej warto$¢ niezmiennika wynosi 0. Prawa ilustracja pokazuje nietrywialng faze topologiczna,
ktorej odpowiada winding number = 1. Nalezy rowniez wspomnieé, ze w przypadku v = w otrzymu-
jemy normalny tancuch atomowy, dla ktérego liczba winding number jest niezdefiniowana. Jak zatem
widzimy narzedzie matematyczne stuzace pierwotnie do badania obiektéw geometrycznych stanowi

doskonaly ,,detektor" rozrézniajacy fazy wystepujace w taincuchach atomowych.
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Rysunek 2.4: Skierowane krzywe zamkniete zatoczone przez grot wektora R(k) powstale na skutek ciagtej
transformacji liczby falowej k omiatajacej pierwsza strefe Brillouin’a. Lewa ilustracja odpowiada tancuchowi

SSH w trywialnej fazie topologicznej, prawa za$ nietrywialnej.

2.3 Stacjonarne wlasciwosci elektryczne tancuchéw atomowych

2.3.1 Funkcje Greena w opisie uktadéw atomowych

Funkcje Greena pelnia wazna role w fizyce, a w szczegdlnodei fizyce kwantowej [87-90]. Funkeje te sa
powszechnie stosowanym narzedziem do opisu probleméw wielocialowych. Niewatpliwa zaleta owych
funkcji jest przejrzystosé i prostota opisu skomplikowanych systeméw mikroskopowych, oraz ich bez-
posredni zwiazek z wielkosciami mierzonymi eksperymentalnie.

Formalizm funkcji Greena moze by¢ stosowany zaréwno do opisu uktadéw w stanie rownowagi ter-
modynamicznej, w procesach nieréwnowagowych, jak i do opisu zjawisk niestacjonarnych, zmiennych
w czasie (np. w obecnosci zewnetrznych pdl elektromagnetycznych) [91,92]. W literaturze wystepuje
liczna grupa funkcji Greena, ktére znajduja zastosowanie do rozwigzywania specyficznych probleméw
fizycznych. Do grupy tej naleza m.in. funkcja Greena Matsubary, przedwczesna, opdzniona, wigksza,
mniejsza, jak i wiele innych, ktére czesto sa od siebie zalezne. W tej rozprawie obliczenia wlasnosci
elektrycznych lancuchéw atomowych beda oparte o tzw. op6Zniona (retardowana) funkcje Greena,

ktéra dla fermionowych operatoréw definiowana jest nastepujaco [93,94]:

Glialt,¥) =< A BIY) =1 0(t,¢) ([A(1), B

~—

IR (2.9)

gdzie 0 oznacza funkcje schodkowa Heavyside'a 6 (t —t') = — 5= ffooo dE#

, w ktorej energia
zawiera infinitezymalny czynnik urojony E+ = E+in, ktéry eliminuje nieciagloéci mogace wystepowaé
na rzeczywistej osi energii. Dodatkowo funkcja ta jest zwiazana z funkcja delta Diraca nastepujaca
zaleznoscia %G(t,t’ ) = (¢, t'). Zwracajac uwage na fakt, iz Slad macierzy jest wielkoscia zachowana

przy cyklicznych permutacjach operatoréw A\(t) i B (t'):

Tr (A\(t)ﬁ (t’)) =Tr (eim;le_imeimlﬁe_im/) =Tr (eim//l\efm(t*t/)ﬁe_im) (2.10)

_ (eH (=) e—iHt (H’)E) = Tr (2 (t—t) E(O)) ,
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mozemy zapisaé retardowana funkcje Greena, ktora fizycznie interpretowana jest jako odpowiedz ukla-
du fermionéw w czasie ¢’ na zaburzenie wystepujace w chwili ¢, jako funkcje jednego parametru cza-

sowego t, kladac t' = 0:
GR (1,1 = 0) = GR (1) =< A(t); B = —i(t) ([A(t), B]) (2.11)

Rézniczkujac po czasie rownanie 2.11, oraz dokonujac prostych przeksztalcen, otrzymujemy réwnanie

ruchu retardowanej funkcji Greena w domenie czasowej [95, 96] :

d N N N I R
i Gl = o(0) (), B]) — o) ([ [Aw), ] . B]). (2.12)
ktére po dokonaniu transformaty Fouriera mozemy przedstawi¢ w postaci widmowej (energetycznej):

B((4; BY)p = (|A.B|)+ ([, B]: B)) . (2.13)

Réwnanie 2.13, noszace nazwe réwnania ruchu dla retardowanej funkcji Greena w postaci energetycz-
nej jest niezwykle cennym réwnaniem, gdyz znajomosé tej funkcji Greena pozwala wyznaczy¢ takie

wladciwosci elektryczne jak [97-99]:
o Lokalna gestos$¢ stanéw i-tego stanu tancucha atomowego:

LDOS,(E) = pi(E) = —-3(GR(E")). (2.14)

3

¢ Obsadzenia ladunkowe stanu i:

Er

— 00

gdzie Er oznaczaja energie Fermiego elektrody/podloza.
o Transmitancja [95,100]:
T(E) = tr(T.GRT3GHY), (2.16)

gdzie macierze f‘a,g odpowiadaja za sprzezenie lancucha z a-ta i 5-ta elektroda, co zostanie

doktadniej opisane w dalszej czedci rozprawy.

+ Prad miedzy elektrodami o energiach Fermiego EY i E? :

2¢ [T

e
== (fa = f5) T(E)dE = 27; /E ?f T(E)dE, (2.17)

— 00

gdzie f, g to funkcje Fermiego tychze elektrod. Catka po pelnym zakresie energetycznym zasta-

piona zostala do zakresu energii Fermiego miedzy elektrodami w temperaturze 0K.

2.3.2 Lancuch atomowy na powierzchni

W tym podrozdziale pokazane zostanie zastosowanie réwnania ruchu retardowanej funkcji Greena do

opisu laficucha atomowego zlozonego z N wezléw, sprzezonego z elektrodami/podlozem. Obliczymy
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funkcje Greena zwiagzana z weztami tancucha, dla ktérych wystepujace w hamiltonianie fermionowe

operatory kreacji i anihilacji i-tego atomu, oznaczone s odpowiednio jako a; oraz a . Operatory

L e aad = latatl — o laat 1 = [4f _ o

te spelniajg zaleznosci antykomutacyjne: [ai,aj]+ = [ a,, jL_ = 0 [a“akakr = [al,aka]+ = 0

{d“ H = i 4; [a,ga,at } = 0q,3. Dla operatoréw kreacji/anihilacji elektronu w obrebie wezléw
+ 3 sz + 5

tanicucha atomowego rownanie ruchu ma postac:
Bl = ([ala] )+ (al. A sa) (2.18)
Zapisujac komutator operatora anihilacji z hamiltonianem 2.2:

[di, ngad;%a&,;a + Z (Elal a; + Z Ve, laﬂ a + Z T, z al ag,, + Z V; mal Am )] , (2.19)
% 1=1

k,a
%,_/
A C D &

dostajemy nastepujace niezerowe jego elementy:

czlon B:

N
ai, Zalajal] = &0, (2.20)

czton D
N )
630X (Vi) dla,| = 00,007, (2.21)
R e Ko
czlon &:
N N N
[ai, S Vm,za}am} =" Vimbm. (2.22)
=1 m=1 m=1

Wykorzystujac obliczone komutatory i wlasciwosei antykomutacyjne operatoréw kreacji/anihilacji mo-

zemy zapisa¢ réwnanie ruchu 2.18 w postaci:
N
R R R
EGl; =6i;+ Gl + > VimGE Z ( o l) GE (2.23)
m=1

Jak widzimy réwnanie 2.23 zawiera element mieszany Gl};a i ktory mozemy wyznaczy¢, korzystajac

po raz wtéry z réwnania ruchu dla retardowanej funkcji Greena.

EGE <[@Ea,afh> + <<[aga,ﬁ}i ;a}>>R. (2.24)

ko,j J B

Podobnie jak w réwnaniu 2.18 musimy obliczy¢ komutator operatora anihilacji stanéw elektronowych

elektrod i hamiltonianu:

{a,g D Eryplihs akzﬁ—l—Z(aealal—ﬁ—ZVkQBlaa a+Y (Veysn) aa25+2vlmaa ﬂ (2.25)

2B B k'8 k.8 NG ,
A C D £

W wyniku otrzymujemy dwa niezerowe elementy: pierwszy z czlonu A : {aka, Zk2 P akzﬁak2ga’k2ﬁ:| = €5, 080

natomiast drugi z cztonu C : {&,;a, El]\;l E,;zﬁ VEQB,l&L*Qﬂ&l] = Zl]\;l Vi@ Po obliczeniu wszystkich komu-

tatoréw mozemy przystapi¢ do zapisania réwnania ruchu 2.24 w nowej postaci:

EGkRa = CEalFay T Z e (2.26)
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Dokonujac prostych przeksztalcen rownania 2.26, mozemy znalez¢, postaé mieszanych elementéw macierzo-

wych retardowanej funkcji Greena:

Ny
R Ea,l  ~R
GE. = Gl (2.27)
=1 ka
Wstawiajac otrzymany wynik do réwnania 2.23, uzyskujemy réwnanie, w ktérym pojawia si¢ nastepujaca suma
zwana energia wlasna (selfenergy):
Vead(Viam)” Lim (E)
o, a,m -3 E) = A E . »m R 2.28

> G = S (B) = Aum(B) £ i (2.28)

k,a
Tutaj funkcja I'y », (E) opisuje efektywne sprzezenie pomiedzy stanami elektronowymi atoméw tancucha a kon-

tinuum stanéw elektrody i jest zdefiniowana w nastepujacy sposob:
Fl,m(E) =27 Z V,;ayl(V,;a‘m)*é (E — Eﬁa) . (2.29)
Ea

Funkcja ta jest zwiazana z gestoScia stanéw elektronowych podloza i odpowiada za poszerzenie/rozmycie
stanéw tancucha spowodowane ich sprzezeniem z kontinuum stanéw k. Funkeja Ay, (E) natomiast jest trans-
formatg Hilberta funkcji 'y, (E) [101]:

I TN el Y0 0 e

Dla powierzchni charakteryzujacych si¢ ptaska (lub wolnozmienna) gesto$cia stanéw w funkcji energii, bez
lokalnych ekstreméw, czy tez przerw energetycznych (warunki takie sg spelnione dla nanostruktur Pb na po-
wierzchni Si(553)-Au [102]) mozna zastosowaé tzw. przyblizenie nieskoficzenie szerokiego pasma- WBL (ang.
Wide-Band Limit). Zakladajac niezaleznos¢ sprzezen Vi, , od wektora falowego funkcja I'ipn (E) jest stala
i niezalezna od energii. Oznacza to, ze jej transformata Hilberta jest réwna zero, tak wiec funkcja 3 zachowuje
jedynie swa urojona czesé [103]. Przyblizenie WBL nie jest spelnione dla powierzchni/elektrod charakteryzu-
jacych sie nieciggloéciami typu van Hove’a w strukturze DOS, jakie pojawiaja sie w sieciach 2D: prostokatnej
lub heksagonalnej, ktére byty przedmiotem moich badan w pracy doktorskiej. W przyblizeniu WBL funkcja
spektralna I' mimo, iz jest niezalezna od energii, to moze zaleze¢ od polozen poszczegdlnych atoméw uktadu
lezacych na wspélnej elektrodzie. Funkcja ta dla [ = m opisuje procesy wymiany elektronéw pomiedzy danym
stanem lancucha a podlozem, natomiast dla [ # m dotyczy proceséw zlozonych wymiany elektronéw miedzy
stanami na wezle [ i wezle m poprzez podloze. Zaktadajac, ze odlegtoéci miedzy sasiednimi atomami sg rowne,
z réwnania 2.29 otrzymujemy [103-105]:

sin (krari,m)

Ty =Ts (2.31)

krarym
gdzie I's opisuje efektywne sprzezenie miedzy tancuchem atomowym a podtozem, kr jest liczba falowa na
poziomie Fermiego, a jest stala sieci, natomiast 7; ., jest bezwymiarowym parametrem opisujacym odlegtosé
miedzy atomami. [loczyn kra odpowiada za lokalizacje elektronéw w podtozu. W przypadku kra — 0 elektro-
ny w podlozu sg silnie zdelokalizowane, co sprawia, ze elektron, ktory przetunelowal do podloza moze pojawié
sie na dowolnym wezle tanicucha, co odpowiada podlozom metalicznym. W przypadku bardzo duzych wartosci
kra > 1 elektrony traca mozliwo$é¢ przemieszczania si¢ miedzy weztami tancucha za posrednictwem elektro-
dy, co odpowiada podtozom izolatorowym, I'; ., = 0;,,»'s i oznacza, ze kazdy atom lancucha jest efektywnie
sprzezony z osobng elektroda.

Réwnanie ruchu retardowanej funkcji Greena dla tancucha atomowego 2.23 stanowi uktad sprzezonych

réwnan algebraicznych i wygodnie jest zapisaé go w postaci macierzowej A-Gh=1 , gdzie GE jest macierza
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retardowanych funkcji Greena, I macierza jednostkowa, natomiast macierz A zdefiniowana jest w nastepujacy

sposéb:
E—El +21’1(E) —V1’2—|—21,2(E) 21,3(E) ElyN(E)
R Vo1 +321(E) E—e2+322(E) —Voz+X23(E) ... Yo, n(E)
A= ) ) . ) ) . (2.32)
ENJ(E) EN,Q(E) EN73(E) E*€N+ZN,N(E)

Obliczanie funkcji Greena sprowadza sie do znalezienia macierzy odwrotnej do A, co niestety nie zawsze jest
zadaniem trywialnym, np. przy uwzglednieniu oddziatywan kulombowskich, czy dla zadanych gestosci stanéw
elektrody podtoza. Na szczescie dla regularnych taricuchéw atomowych spoczywajacych na powierzchniach
izolatorowych, scharakteryzowanych niezaleznym od energii efektywnym sprzezeniem I istniejg metody po-

zwalajace wyznaczy¢ analitycznie retardowane funkcje Greena, co pokazane zostanie w kolejnym podrozdziale.

2.3.3 Analityczne rozwigzania dla uktadéw atomowych

Celem lepszego zaznajomienia si¢ z wlasciwosciami elektrycznymi tancuchéw atomowych, w podrozdziale tym
oméwione zostang cechy prostych uktadéw jednowymiarowych umieszczonych na powierzchni, dla ktérych moz-
na podaé rozwiazania analityczne na retardowane funkcje Greena. Najprostszymi strukturami na powierzchni
(pojedyncza elektroda), od ktérych zaczniemy analize, sa: pojedynczy atom oraz uktad dwuatomowy, co przed-

stawione jest na rysunku 2.5.

Rysunek 2.5: Proste struktury atomowe: pojedynczy atom (lewy panel) oraz uktad dwuatomowy (prawy
panel) spoczywajace na powierzchni, scharakteryzowanych niezaleznym od energii efektywnym sprzezeniem I'.
€1, €2 oznaczaja poziomy energetyczne elektronéw na poszczegdlnych weztach, natomiast Via oznacza catke

przeskoku miedzy wezlami.

W przypadku pojedynczego atomu znalezienie retardowanej funkcji Greena jest zadaniem trywialnym. Wynosi

1

o Znajac postaé tejze funkcji, mozemy policzy¢ lokalna gesto$é standw zwiazana z
- 7

ona bowiem GF =

atomem na powierzchni, korzystajac z rownania 2.14.

1 . 1 1 <
E)y=——Im |G =——1I = —. 2.33
Pl( ) ﬂm[ 11} TFm[E—m—i—ig] 7T[(E,7€1)2+1~Tz] ( )

Gestosé ta przyjmuje postaé¢ funkcji typu Lorentza, ktérej maksimum odpowiada energii £ = €1, natomiast
szeroko$¢ potéwkowa zwiazana jest z wartoscig efektywnego sprzezenia stanu elektronowego atomu z podtozem,
T, co przedstawia krzywa fioletowa na rysunku 2.6 (dla I' — 0 otrzymujemy granice atomowa gestosci stanéw).

Znajac lokalng gestosé stanéw, jestedmy w stanie policzy¢ prawdopodobienistwo obsadzenia stanu elektro-
nowego atomu, zwane tutaj obsadzeniem tadunkowym lub krécej tadunkiem na atomie.

Ep Ep T _
n= / p1(E)dE = l/ 2 dE = %atg (2(EFF81)> + % (2.34)
- - T

30



Jak widzimy, obsadzenie tadunkowe jest bezposérednio zwigzane z r6znicg pomiedzy energia Fermiego elektrody
a poziomem energetycznym elektronu na wezle. Przyjmujac €1 = EF, stan elektronowy atomu na powierzchni
jest obsadzony z prawdopodobienstwem réwnym % Wynika to z faktu, iz lokalna gestosé stanéw jest syme-
tryczna wzgledem € i co za tym idzie, doktadnie potowa gestosci standéw znajduje sie ponizej energii Fermiego.
W przypadku, gdy Er > €1 cala gestosé¢ standéw znajduje sie ponizej energii Fermiego i obsadzenie wynosi

n = 1. W przeciwnym wypadku (Fr < €1) stan atomu na powierzchni pozostaje nieobsadzony, co pokazuje

krzywa fioletowa na rysunku 2.7.

Roéwnanie ruchu dla uktadu dwuatomowego jest réwnaniem macierzowym, ktérego elementami sa macierze

kwadratowe 2 x 2 (w przypadku przyblizenia WBL i dla podloza izolatorowego I';; = §;;T).

E—¢e +iL -V GE GE
T 2 R (2.35)
—Va1 E—ey+i% G G

Macierz retardowanych funkcji Greena mozna wyznaczy¢ w nastepujacy sposéb:

, (2.36)

gdzie AP jest macierzg dopelnien algebraicznych A, natomiast det(fl) = (E —e1+ zg) (E —e2+ zg) - V3.
W celu wyznaczenia lokalnej gestosci stanéw dla pierwszego i drugiego atomu musimy wyznaczy¢ elementy

diagonalne macierzy G*:

1
GE = , (2.37)
(E—Si'i‘ig) T Vi

E*Eiiﬁrig)

co pozwala nam znalezé lokalng gesto$é¢ standw:

(2.38)

Wykreélajac tak wyznaczone wielkoéci, widzimy, iz lokalne gestosci stanéw opisane réownaniem 2.38 przybieraja
forme krzywej posiadajacej dwa lokalne maksima odseparowane od siebie o podwdjna wartosé catki przeskoku
miedzy atomami, 2Vi2, co przedstawione zostalo jako krzywa zielona na rysunku 2.6. W przypadku, gdy
€1 # o wierzchotki te charakteryzuja sie rézng intensywnoscia, natomiast dla bardzo stabego sprzezenia Vi
uktad dwuatomowy zachowuje si¢ jak para niezaleznych atoméw, ktérych lokalna gesto$é standéw odpowiada

krzywej fioletowej.
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Rysunek 2.6: Lokalna gesto$¢ stanéw na pierwszym atomie dla ukladéw atomowych na powierzchni: 1-
uklad jednoatomowy (krzywa fioletowa), 2- uktad dwuatomowy (krzywa zielona). Energie wszystkich atoméw
wynoszg €; = 0, efektywne sprzezenia miedzy atomami a podtozem wynosza I' = 1 (przyjmujac za jednostke
energii 0,1eV (I' =1 <= I' =0,1eV). W przypadku uktadu dwuatomowego caltka przeskoku Viz wynosi 6
(0.6eV).

Obsadzenia tadunkowe juz nawet w przypadku tak prostej struktury, jaks jest ukltad dwuatomowy, nie sa
opisane przejrzystymi formutami analitycznymi. Z tego powodu podanie tychze formul zostanie zaniechane. Na
rysunku 2.7 ukazany jest wykres obsadzen tadunkowych na pierwszym wezle takiego uktadu (krzywa zielona)

zestawiony z obsadzeniami ladunkowymi w ukladzie jednoatomowym (krzywa fioletowa).

Analizujac obsadzenia w uktadzie dwuatomowym, mozna zauwazy¢ dwa punkty przegiecia, ktore wystepuja
dla Er = £Vi5. W obszarze wewnatrz dynamika wzrostu obsadzen jest wyrazZnie nizsza, co jest bezposrednio
zwigzane z ksztaltem lokalnej gestosci stanéw, ktoéra przy dostatecznie duzym sprzezeniu Vi2 charakteryzuje

si¢ ptaskim minimum w tym zakresie energii (wierzchotki LDOS(E) sa od siebie wyraZnie odseparowane).

Rysunek 2.7: Obsadzenia tadunkowe na pierwszym atomie jako funkcja energii Fermiego dla ukta-
du jedno- i dwuatomowego na powierzchni. Wszystkie parametry uktadu sa identyczne jak na

rysunku 2.6.
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Dla regularnych tanicuchéw atomowych (atomy jednego pierwiastka, o stalych sprzezeniach V;; = V| bez
adatoméw i zewngtrznych zaburzen), ktére spoczywaja na powierzchniach izolatorowych scharakteryzowa-
nych niezalezng od energii funkcjg spektralna I' macierz A zdefiniowana w réwnaniu 2.32 przyjmuje forme

tréjdiagonalnej macierzy Toeplitza [106]:

A= (2.39)

NxN
Dla tego typu macierzy znane sa w literaturze formuly na wartoéci wtasne majace postac¢ a + 2v/bccos (nk—fl) ,
k=1,...,N;gdziea=FE—eo+ ig; b= c¢= -V [107,108], co umozliwi nam odnalezienie analitycznej postaci

retardowanych funkcji Greena, co z kolei pozwoli na wyznaczenie lokalnej gestosci stanéw, ktéra zgodnie
z definicjg 2.14 wymaga od nas znajomosci jedynie diagonalnych elementéw macierzy G Korzystajac ze

wspomnianej wlaéciwosci trojdiagonalnych macierzy Toeplitza, mozemy przedstawié elementy te w postaci:

det A= Ldet AN B Hifl (B —eo+ 2Vcosj7“) HNfl (E — €0+ 2Vcos NTf_i)

j=1 m=1

detA B [T, ,(E — o +2Veos{Z7)

Gl = . (2.40)

Mianownik retardowanej funkcji Greena 2.40 jest iloczynem N wyrazen, ktérych minima odzwierciedlaja ener-
gie wlasne lancucha atomowego. Kazdy wierzchotek LDOS odpowiada energii jednego stanu molekularnego
tancucha. Warto jednak zwrécié uwage na tancuchy o dtugosciach takich jak: N = 3,5,7,8,9,11, ..., dla kté-
rych cze$é wyrazen z mianownika G7; powiela sie w liczniku utamka, przez co liczba wierzchotkéw LDOS na
wewnetrznych weztach lancuchéw ulega zmniejszeniu.

Uktady jednowymiarowe ztozone z kilku atoméw spoczywajace na powierzchni moga by¢ rozpatrywane
jako molekuly z efektywnymi stanami molekularnymi sprzezonymi z rezerwuarem elektronéw. Stany te wy-
razane sa w postaci kombinacji wszystkich stanéw atomowych lancucha atomowego. Jednakowoz mozliwa
jest sytuacja, w ktérej stan wlasny hamiltonianu nie uwzglednia ktoregos z weztéw tancucha i jest nazywany
stanem ciemnym. Stany te (opisane po raz pierwszy na gruncie optyki kwantowej [109]), odpowiedzialne sg
za wstrzymanie przeptywu pradu elektrycznego poprzez blokade ruchu zputapkowanego elektronu [110]. Sta-
ny ciemne byly tematem licznych prac naukowych dotyczacych uktadéw atomowych w zewnetrznych polach
laserowych czy mikrofalowych oraz sprzezonych kropek kwantowych [111,112], jednak jak dotad brakowalo
prac, ktére badalyby mozliwoéé istnienia stanéw ciemnych w stacjonarnych tancuchach atomowych. Istnie-
nie stanéw ciemnych ma bezposredni zwiazek z wielkoSciami mierzalnymi eksperymentalnie, gdyz stany te
wplywaja na wartosci pradéw tunelowych plynacych przez poszczegdlne wezty tancucha w badaniach STM.
Ostrze mikroskopu tunelowego ma mozliwoé¢ detekcji stanéw, ktére mieszcza si¢ w Scisle okreslonym zakre-
sie energetycznym, zwiazanym z napieciem ostrze-prébka i moze obejmowaé stany ciemne, co sprawia, iz w
eksperymencie atomy, ktérych lokalna gestosé stanéw wykazuje istnienie tychze stanéw, nie sa widoczne dla
zadanej polaryzacji STM.

Badania eksperymentalne oraz teoretyczne nad stanami ciemnymi w odniesieniu do struktur atomowych
sa efektem wysitku zespotu naukowcéw z Katedry Fizyki Powierzchni i Nanostruktur UMCS, do ktérego ja

rowniez naleze. Obliczenia teoretyczne znalazly odzwierciedlenie w badaniach eksperymentalnych, a wyniki
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tychze prac postuzyly do przygotowania manuskryptu pt. Dark states in atomic chains, ktérego autorami sa
M. Dachniewicz, M. Kurzyna, T. Kwapinski oraz M. Jalochowski. Manuskrypt jest obecnie na etapie finalizacji

i niebawem zostanie wystany do publikacji.

2.4 Czasowo-zalezne wlasciwosci elektryczne uktadéw atomo-
wych

Do tej pory oméwione zostaly wlasciwosci stacjonarnych uktadéw atomowych (niezaleznych od czasu), ktére
mozna bylo wyznaczyé przy uzyciu formalizmu retardowanych funkcji Greena. W tym podrozdziale skupimy
sie na uktadach, ktére ewoluuja w czasie i sg w stanie nieréwnowagowym. Pozwoli to nam na zbadanie dy-
namiki efektéw wlaczeniowych, oraz umozliwi przeanalizowanie wpltywu nagle pojawiajacych sie zaburzen na
wlaéciwosci elektryczne tychze ukladéw. Formalizm funkcji Greena w procesach nieréwnowagowych jest do$é
ztozony ze wzgledu na wystepowanie dwéch argumentéw czasowych GT(t,t"). Uwzglednienie w wyrazeniu na
energie wlasng konkretnej gestosci stanéw elektrod prowadzi do samozgodnych réwnan na op6zniong funkcje
Greena z podwdjnymi catkami czasowymi. Tak wiec zbieznosci rozwigzan tych réwnan nalezy poszukiwaé
jednoczesnie dla dwdch parametréw czasowych, co nawet dla pojedynczego atomu (czy kropki kwantowej)
jest zadaniem doé¢ trudnym [113,114], a dla uktadu kropek kwantowych (taricuch6w) komplikacje dodatkowo
narastaja. Pewne ulatwienie w poszukiwaniu rozwigzan na opdznione funkcje Greena stanowi przyblizenie
WBL [115]. Dla ukladéw wieloatomowych w stanie nieréwnowagowym znacznie wygodniej jest postuzyé sie
metodg operatora ewolucji, ktéra jest nieco prostsza w swej konstrukcji. Formalizm ten pozwala opisa¢ ewo-
lucje czasowa stanéw kwantowych sprzezonych z kontinuum stanéw podltoza/elektrod i byt z powodzeniem
stosowany do opisu rozpraszania atoméw na powierzchni czy transportu przez kropke kwantows lub tancuch

kropek kwantowych wspomagany fotonami [114-117].

2.4.1 Ewolucja ukladéw kwantowych

Stan ukladu kwantowego jest w pelni opisany przez odpowiadajaca mu funkcje falows. Jezeli zatozymy, iz
funkcja ta ewoluuje w sposéb deterministyczny, to nalezy stwierdzié, iz funkcja falowa w chwili ¢ - |¢(t)) zalezy
od swojego stanu poczatkowego w chwili o, |1(t0)), wowczas wywnioskowaé mozemy, iz musi istnie¢ pewien
operator (propagator), zwany operatorem ewolucji, ktéry przeprowadza uklad z momentu to do pewnego

innego punktu na osi czasu t:
[U(t)) = U(t, to) [¢(to)) - (2.41)

W fizyce wystepuja trzy réwnowazne sposoby opisu uktadéw kwantowych, czyli tzw. obrazy mechaniki kwan-
towej. Sa nimi obrazy Schrodngera, Heisenberga oraz obraz oddzialywania. W obrazie Schrédingera dynamika
uktadu kryje sie w ewolucji funkcji falowej, operatory za$ nie zaleza od czasu |[¥s(t)) = U (¢,t0) |¢s (to)),
A(t) = const. W obrazie Heisenberga z kolei funkcje falowe sa niezmienne w czasie (g (1)) = |[¢m (to)) =
|5 (to)) = |const), natomiast to operatory odpowiadaja za dynamike ukladu, a ich ewolucja opisana jest

réwnaniem Heisenberga:

d i DA
ZrAu(t) =+ [Hu, Au(0)] + (a—:)H (2.42)
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Obraz oddziatywania taczy ze soba te dwa rézne podejécia do mechaniki kwantowej. W obrazie tym zaréwno

funkcje falowe:

1 (1) = UJ (,t0) [$s (1)) , (2.43)
jak i operatory:

LA () = [fh(t), ﬁg’)} +RUL (¢, t0) (%fls(t)) Uo (t, to) , (2.44)

podlegaja ewolucji czasowej. Operator ewolucji w tymze obrazie pelni bardzo wazng, role, poniewaz znalezienie
réwnan ruchu dla operatora ewolucji pozwala nam na wyznaczenie wlasciwoséci badanego systemu kwantowego.
W obrazie oddzialywania ewolucja stanéw kwantowych, jak i operatoréw opisywana jest przez dwie rézne czesci

hamiltonianu:
H(t) = Ho + V(2). (2.45)

Czesé H, opisujaca ewolucje standéw kwantowych, nazywana jest hamiltonianem swobodnym. Czes¢ ta zwia-
zana jest najczesciej ze stanami elektronowymi, ktére nie sa poddane dziataniu sit zaleznych od czasu (a wiec
stacjonarnymi, ktérych rozwigzania réwnani Schrodingera mozemy tatwo wyznaczy¢). Druga czesé, V (t), od-
powiedzialna za ewolucje uktadu w czasie opisuje wzajemne oddziatywania miedzy stanami elektronowymi, a
takze oddzialywania elektronéw z zewnetrznymi zaburzeniami zaleznymi od czasu. W ogdlnosci czesé Ho moze
jawnie zalezeé¢ od czasu, a operator ewolucji Uy zwiazany z ewolucja stanéw kwantowych opisana przez Hy mo-
zemy zapisaé jako: Uy (t,t0) = T exp [—% f:ﬂ E[o(T)dT:| , gdzie T oznacza uporzadkowanie czasowe wyrazenia.
Tak okreslony operator ewolucji Uy opisuje ewolucje czasowg czesci perturbacyjnej: V(t) = UJ (t,t0) VU, (t,%0),
ktéra postuzy nam do opisu uktadu sprzezonych stanéw elektronowych w tancuchach atomowych. Réwnanie
ruchu operatora ewolucji dla catego hamiltonianu, ﬁ, w obrazie oddzialywania przyjmuje postac:

) .
iU (t,t0) = V(U (¢, to) (2.46)

Roéwnanie to postuzy do obliczenia odpowiednich elementéw operatora U i wyznaczenia obsadzen tadunkowych,

praddéw i gestosei stanéw w tancuchach atomowych (w naszych obliczeniach przyjmujemy i = 1).

2.4.2 Formalizm operatora ewolucji w opisie uktadéw atomowych

W celu znalezienia réwnan opisujacych ewolucje stanéw elektronowych pojedynczego tancucha atomowego
w kontakcie z rezerwuarem elektronéw podloza dzielimy hamiltonian 2.2 na cze$é¢ zwiazang z energiami na

poszczegdlnych weztach atomowych, Hy, oraz na czed¢ zwigzang z oddziatywaniami V(t)

H= Z&'CICi + Zalgac%ac% + Z Z VEa(CT,;aCi + c;fc,;a) + Z Z Vijelej . (2.47)
i . i Ea i

Ho V(t)

Zaktadamy, iz do chwili ¢t = to uklad nie ewoluowal w czasie (byl odizolowany od rezerwuaru elektro-
néw i wszystkie sprzezenia wynosily zero). Dla czasu t > to wlaczone zostaly nagle wszystkie sprzezenia
i funkcje falowe ewoluujg w czasie. Baze funkcyjng naszego ukltadu stanowisg funkcje wlasne hamiltonianu
Ho: I =3,10) (il + 35, |ka) (kal.

Jedng z wielkoéci, ktéra jest szczegdlnie istotna w prowadzonych przez mnie badaniach jest obsadzenie

tadunkowe stanu elektronowego na i-tym wezle laficucha n;(t). Wielko$é ta réwna jest wartosdci oczekiwanej
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operatora liczby czastek N, czyli ni(t) = (i(t)| N |i(t)), gdzie operator liczby czastek N ma postaé:
V=) it Y g, (2.48)
i o
W réwnaniu 2.48 pierwszy operator opisuje obsadzenia tadunkowe w obrebie tanicucha, natomiast drugi w
obrebie elektrody (elektrod). Majac tak zdefiniowany operator liczby czastek mozemy zapisaé¢ réwnanie na
warto$é¢ oczekiwana obsadzen na i-tym atomie tancucha:

nit) = (il U (t) Z(nﬁan) )= U )R +Z G U Og, U @) i) . (2.49)

J J A B

Wyrazenie to sklada sie z dwéch czeéci, A - zwiazanej z atomami w obrebie lancucha7 oraz B - zwiazanej z

rezerwuarem elektronéw. Zaczynajac od czesci A mozemy zapisaé:

— (U (AU ) |i) = (U (IR, TU () [i) = (2.50)

Glute) (Zu z|+Z|ka ka)m(le )+ k28 kam) U(t) i) =

k2,8

GlUt @) (Zu l|+Z|ka ka)n]Zﬂ U@ i) +
+ Ut (8) (Zu lH—ZUm ka|>n]Z|E2ﬂ><Ezﬁ|U(t)i>—

k2,8

=0

GUT@)D N W Y 1) EU@ )+ G UTE-)Y [Ra) (kalag Y 1) 11U ) i) =
l v Ea 14

=0

SGUT@ D a1 E1UE) i) = G UT @) 15) (7 1) GIUE) 1) = ny () [Us (8],
———

[N

6156, 117
gdzie n;(to) jest obsadzeniem ladunkowym stanu j dla czasu poczatkowego to. Cze$é elektrodowa wyrazenia

2.49 oznaczona jako B, obliczana jest sposéb analogiczny do A i posiada nastepujaca postac:

B = (i| UM (t)ng, U (#) |i) = ng, (t) Uz, (D). (2.51)
Po wyznaczeniu formul opisujacych cztony A oraz B mozemy zapisa¢ réwnanie na obsadzenia tadunkowe na

i-tym wezle atomowym w nastepujacej formie:
an t0)|Us; (1) +ana t0)| Uz, (1) (2.52)

Zakladajac, iz poczatkowe obsadzenia stanéw elektronowych n;(to) = 0 mozemy sprowadzi¢ réwnanie 2.52 do
postaci:
2
=D a0 Uga I (2.53)
E,(x
Sume po ko w powyzszym wyrazeniu mozemy zastapi¢ catka po energii z odpowiednia gestoscig stanéw

elektrody a: Do(E) (Uz, (t) = Uia(E,t)). Po uwzglednieniu funkcji Fermiego w temperaturze zerowej pocho-
dzacej od poczatkowego obsadzania stanéw elektrody, ng_ (0), wyrazenie na obsadzenia tadunkowe przyjmie

postaé:
Ep
:/ > Da(E) |Uia (E, 1) dE. (2.54)

LDOS;(t,e)
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Znajomos$¢ odpowiednich elementéw macierzowych operatora ewolucji pozwala wyznaczyé nam nie tylko ob-
sadzenia ladunkowe, ale tez lokalna gesto$é standéw na kazdym wezle tanicucha.

Korzystajac z rownania 2.46 mozemy zapisa¢ rownanie ruchu dla wystepujacych w réwnaniu 2.53 opera-
toréw ewolucji U,z (¢):

% G U) [ka) = GIVIU) [ka) =Y GV 7)) Usga )+ Y 6|V [k28) Ug, g0 (1) - (2:55)

J M k2,8 B

Podobnie jak w réwnaniu 2.49 prawa strona réwnania sklada sie z dwéch cztonéw A i B, gdzie:

A= (1| Ve U (1) = (i] OV TeT O ) U (1) = (2.56)
<zeiﬁ°t<Z|Z><z|+Z|Ea><Ea|> (le zHZw kz/)’l) e O UL (1),
l P

Elementy macierzowe (i|e iHot |ka> = 0, poniewaz hamiltonian Hy nie opisuje interakcji miedzy stanami elek-
tronowymi atoméw tancucha a elektrodami. Pozwala to zapisaé:

A= Gl V) () e ) U, (1) = (2.57)

NG

D Giadir O V) e ) Uy (1) = Gl €0 i) GV 13) (G e 0" 1) U () =

IR

eisit‘/i —igjt U~

]k:a

(t) = Vije'© U ().

Kontynuujac obliczenia musimy wyznaczy¢ réwniez czton B odpowiedzialny za interakcje pomiedzy stanami

taficucha i elektrody (podloza):

= (i| V |F2B) U, pica (t) = (il 0 IV Te™ 0 |EaBy Uy o (1) = (2.58)
<ieiH°i(Z|m> (m| +Z\E3n> <E3n|) (Dm m'[+ > [Fax) m) TS B) U, e (1) =
m ks, Ea,x
SN e my (ml V [Fax) (Fax| e 0" [B28) U, oo (B) =
Eax ™
DN 0k gy i (il €0 [m) (m| V [Bax) (Bax| e " [R2) U, o () =
Eax ™
(i] € U (i) (i| V' | ko B) (BaB] e~ T |y B) Ug, gk (t) = €'V, 1 g™ UE sia(t) =
el 5“2B)tVi,EQBUE2BEa(t).

Po dokonaniu obliczen cztonéw A oraz B, mozemy przeksztatcié réwnanie ruchu dla operatora ewolucji U, ¢ (t)
2.55 do nastepujacej postaci:
0 . - i(e; t i(e;—epr )t
iz (i U(0) [ka) = VU () + €Y, Ui (0)- (2.59)
J k2,8
Jak widzimy réwnanie to zawiera operator ewolucji U,;Q ﬁ,;a(t), dla ktérego réwniez nalezy zapisa¢ osobne

réwnanie ruchu:

z‘% (Fa|U(t) [k2f) = (ka| VU |k28) = (ka| e ot Ve oty |y ) = (2.60)
(ka| et [V Te 0t [T |kn B) = (Rl ’Hot(zm (m|+ " |Ksn) ksﬂ)V(Zm'> (m'|+
E3,n m’

+2 25, 1K) (Rax| ) ettt (Z [m”) (m"| + Y [ksA) (Rs| ) U [k2B) -

Fs,A
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Uwzgledniajac, ze (ko eHot |m) = 0 oraz (ka|V |k28) = 0 otrzymujemy:

. 8 7 iH 7 7 y ’ /
i Usypia(t) = D _ (Fal "™ [Fsn) (k| v(Z m') (m’| + (2.61)
Es3,n m/

+3 0k [Fax) (Fax] ) H(Z [m") (" 4" k) (ks ) U |k:5)

E5,)\
. 8 " iH o " > / —iH " 7
i Ui = D0 D S (fal €5 [Ran) (o] V ') (| 50" ") (" U [ ) =

’ "o
mL M kg,n

Z ei(Em/ _EEQ)th/7EaUm/7EQB(t)-

m’

Formalne rozwiazanie powyzszego réwnania przybiera postaé:
t
. i y—ep )t
Uz, sta(®) = 05,550 — z/ TR TV A (T (2.62)
o

Podstawiajac wyrazenie na element Uz ;z, do rownania 2.59 dostajemy ostatecznie rownanie ruchu dla ope-

ratora ewolucji Uz, .

t
5 (| Ut) [kay = e DV U 2 (8) + Vo€’ k)t — |V, 1 |2 [ Da(t —)e' " 00U, ¢ (tdt'. (2.63)
J 0

Formula ta ma postaé¢ réwnania rézniczkowo-catkowego Voltery II rodzaju [118-120], w ktérym Dq(t) jest
transformata Fouriera gestosci stanéw elektrody a. Dla regularnych struktur atomowych (V;; = V,e; = ¢; =
€0) spoczywajacych na powierzchniach izolatorowych scharakteryzowanych niezalezng od energii funkcja spek-

tralng I' w przyblizeniu WBL powyzsze réwnanie przyjmie postac:

. a . 7 i(e; —es i(e; —e—~ .
i (G U () ko) = Z TNV U () + Ve’ TR 15U (0). (2.64)
J
Roéwnanie to w istocie stanowi uktad sprzezonych ze soba rownan rézniczkowych na elementy U zapisanych dla
kazdego wezla i oraz dla kazdego wektora falowego k (czyli energii) kazdej elektrody w ukladzie. Zaktadajac
istnienie tylko dwoch elektrod opisywanych przez 500 wektordw k oraz laticucha atomowego zlozonego z
N = 20 wezldéw, otrzymujemy do rozwigzania 2 x 500 x 20 = 20000 réwnan rézniczkowych dla jednego tylko
parametru czasu t, zatem niezwykle wazne jest poszukiwanie rozwigzan analitycznych dla rozpatrywanych
uktadéw. W przypadku omoéwionych powyzej zalozen mozliwe jest rozwigzanie réwnania 2.64 przy uzyciu
transformaty Laplace’a:
V.o
sFi(s) = —iz VFj(s) — Lha
J

m — 2Fi(8), (2.65)

gdzie Fi(s) = L {Ui,;a (t)} Jak mozna zauwazyé transformata Laplace’a pozwala zapisaé¢ uktad réwnan réz-
niczkowych 2.64 w postaci uktadu réwnan algebraicznych. W tym przypadku mozemy zapisa¢ réwnanie 2.65
w postaci nastepujacego rownania macierzowego:

T . ivl.fc'a
s++ WV - 0 Fi(s) T sSieo—cry)
iV o s+ L ... 0 Fy(s) __Voka
2 2 sfi(eofe,;a)

(2.66)
e L Ve

0 0 s+ 3 F.(s) Tio—er)

Podobnie jak w réwnaniu 2.40 zauwazamy obecno$é¢ tréjdiagonalnej macierzy Toeplitza, co pozwala nam
analitycznie rozwigza¢ réwnanie 2.66. Nastepnie nalezy znalez¢ transformaty odwrotne do obliczonych funkcji

F;(s), co tez nie jest zadaniem trywialnym (i w zaleznosci od czasowego zaburzenia ukladu nie zawsze jest
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mozliwe). Ostatecznie, analityczne wyrazenia na zalezne od czasu elementy operatora ewolucji przyjmuja

nastepujacg postac:

( ]Vj_l‘/]ka Hl 1 (SO + E + 2ZV Cos N£§+1) ei(sofsga)t
Hl 1 (50 N+1)

N o(_ ] i—1 ( 4+ I )
WDV VITWVig, L 5+ 2iV cos 5o e~ BtV cos FpEE
Z r
1 (sm — 0 Hl:u#m (sm + 5 +2iV cos N+1)

Ua(t) = + (2.67)

gdzie so =i(c0 — €5,), Sm = —5 — 2iV cos {7 dla m > 0.

Powyzsze rozwiazanie na U'Ea(t) pozwala obliczyé LDOS na j-tym wezle, obsadzenia ladunkowe jak
réwniez prad przeptywajacy przez dowolng z elektrod jo(t) = —e3; Z 2o Mo (). Przedstawiajac schemat wy-
prowadzenia tego rownania, chcialem pokazaé skale trudnosci, jaka napotykamy przy prébach znajdowania
zaleznych od czasu rozwigzan analitycznych w rozwazanych uktadach. Warto podkredli¢, ze dla t — oo drugi
czlon réwnania 2.67 dazy do 0 i pozostaje jedynie czlon pierwszy, ktéry zalezy od czasu poprzez wyrazenie
ei(co= Eka)t, a zatem obliczajac modul kwadrat operatora ewolucji (np. w réwnaniu 2.52 ), otrzymujemy wy-
razenie niezalezne od czasu. Obliczone w ten sposéb wyrazenia na lokalng DOS na wezle j-tym, jak réwniez
obsadzenia tadunkowe zgadzaja si¢ z wynikami otrzymanymi przy pomocy formalizmu retardowanych funkcji
Greena.

Warto nadmienié¢, iz prébujac opisa¢ analitycznie tancuchy atomowe poza przyblizeniem WBL na podto-
zach, ktore nie sa scharakteryzowane wolnozmienng DOS bez lokalnych maksimoéw, czy tez probujac uwzgled-
ni¢ oddzialtywania kulombowskie, napotykamy na trudne do ominigcia przeszkody, dlatego tez poza szczegdl-
nymi przypadkami réwnania ruchu nie sg mozliwe do rozwiazania bez uciekania si¢ do metod numerycznych.
Ten wniosek popchnat mnie do tego, by opracowaé narzedzie informatyczne, ktérego jedna z funkcjonalnosci

bedzie wlaénie numeryczne rozwigzywanie réwnan ruchu, i ktére opisze w kolejnym rozdziale.
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Rozdziatl 3

Nano Modeller

Jak pokazaly wczesniejsze czesci rozprawy, formuly analityczne opisujace wlasciwosci elektryczne struktur
atomowych sa mozliwe do wyprowadzenia jedynie w szczegélnych przypadkach, tzn. dla regularnych i sy-
metrycznych tancuchéw, ztozonych z identycznych atoméw. W przypadku bardziej skomplikowanych uktadéw
cechujacych sie nietrywialng geometria, niejednorodnymi sprzezeniami, czy tez réznym rodzajem atoméw wcho-
dzacych w sktad tancucha, niezbedne bylo opracowanie metod do numerycznego rozwigzywania réwnan ruchu.
Wszystkie obliczenia numeryczne wykonane w trakcie studiéow doktoranckich zostaly uzyskane przeze mnie
przy pomocy mojego autorskiego programu komputerowemu o nazwie Nano Modeller, ktéry zostal stworzony
jako narzedzie do szybkiego i efektywnego realizowania celéw rozprawy. Jest to program napisany w jezyku
Java 1.8, ktéry stuzy do modelowania uktadéw kilkuatomowych, tancuchéw atomowych, jak réwniez bardziej
skomplikowanych nanostruktur, oraz wyznaczania ich dynamicznych i statycznych wtasciwosci elektrycznych
takich jak: lokalna i catkowita gesto$¢ stanéw, obsadzenia tadunkowe, transmitancja, czy prad plynacy przez
uklad. Program ten zostal podzielony na dwie warstwy: warstwe uzytkownika- GUI (ang. Graphical User
Interface) [121], oraz warstwe obliczeniowa. Warstwy te dzialaja w my$l paradygmatu programowania réw-
noleglego i sa od siebie niezalezne, zatem uzytkownik ma mozliwo$é tworzenia/modyfikowania modeli bez
koniecznosci oczekiwania na zakonczenie procesu obliczen, ktéry dziata w tle. Warstwy te komunikuja sie
za pomoca standardu XML (ang. Ezxtensible Markup Language) [122]. Uwspdlniony plik XML, do ktérego
warstwy posiadaja dostep, pelni role bazy danych, przechowujac wszystkie dane wprowadzone przez uzytkow-
nika w trakcie pracy. Zaleta odseparowania warstw od siebie jest mozliwo$¢ wykorzystania ich niezalezenie
od siebie np. poprzez zintegrowanie warstwy uzytkownika z inna warstwa obliczeniowa wspierajaca standard
XML napisang w innym jezyku programowania (np. C++, C, Fortran, Python). Program Nano Modeller do
poprawnego dzialania wymaga wczeSniejszego zainstalowania na komputerze srodowiska Java w wersji 1.8
lub wyzszej, a takze oprogramowania obstugujacego pliki w formacie plt. Nano Modeller oferuje wsparcie dla
programu Gnuplot [123] obstugujacego tego rodzaj plikéw, poprzez dostarczenie uzytkownikowi specjalnych
funkcjonalnos$ci do intuicyjnego i wygodnego tworzenia wykreséw w tym formacie.

Na rynku istnieje wiele zaawansowanych programéw komputerowych umozliwiajacych prowadzenie za-
awansowanych obliczert numerycznych oraz modelowanie nanostruktur, takich jak np. Materials Studio [124],
MBN Explorer [125], LAMMPS [126] i wiele innych. Niestety wiekszo$¢ tego typu programéw wymaga zakupu
licencji (czesto zbyt kosztownej jak na kieszen doktoranta) i nie zawiera wszystkich funkcjonalnosci, jakie byty
mi potrzebne do moich badan, co sktonito mnie do opracowania wlasnego programu, ktéry mégtbym dowolnie

modyfikowaé i udoskonalaé¢ w zaleznosci od zaistnialych potrzeb.
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Na rysunku 3.1 przedstawiony zostal ekran gtéwny programu Nano Modeller, ktéry podzielony zostal na 7
segmentéw A-G, ktére na rysunku zostaly oznaczone réznymi kolorami. Kazdy z segmentéw grupuje w swoim

obrebie rézne funkcjonalnosci programu.
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Rysunek 3.1: Ekran gléwny programu Nano Modeller. Ekran ten zostatl podzielony na 7 segmentéw, ktére

pogrupowane zostaly pod wzgledem oferowanych funkcjonalnosci.

(A) Sekcja Menu - umozliwia dostep do ustawien programu, zawiera informacje o programie, jak réwniez
daje wglad do jego dokumentacji.

(B) Modele uzytkownika, czyli inaczej utworzone projekty struktur atomowych. Program umozliwia przecho-
wywanie projektéw wielu struktur, co pozwala na wygodny powrdt do stworzonych w przeszitosci modeli
bez koniecznoéci ponownego wprowadzania danych. Uzytkownik ma mozliwoé¢ aktywacji i dezaktywacji
danych projektow. Funkcjonalnosé ta jest szczegdlnie przydatna, gdy chcemy wyznaczyé dynamiczne
wlaéciwosci elektryczne dla wybranych struktur atomowych liczac wiele rzeczy bez koniecznosci urucha-
miania programu dla kazdego aktywnego projektu z osobna. Przyciski ,,UP" and ,DOWN" pozwalaja
na okreslenie kolejnosci wykonywania obliczent dla danych aktywnych modeli. Obliczenia realizowane
sg od ,,géry do dotu", wiec uzytkownik powinien umieszczaé¢ najbardziej interesujgce go modele na
szczycie listy. Pole tekstowe na dole sekcji oznacza czas, przez jaki prowadzone majg by¢ obliczenia dla

poszczegdlnego modelu.

(C) Eksplorator plikéw - pozwala na wygodne zarzadzanie miejscem zapisywania danych dla poszczeg6lnych

projektéw (modeli) uzytkownika.

(D) Sekcja zarzadzania projektem, ktéra odpowiada za nastepujace funkcjonalnosei:

o dodawanie elektrod (rezerwuaréw elektronéw),

e usuwanie elementéw nanostruktury (atomoéw, rezerwuaréw, sprzezen),
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e zapisywanie projektu,

o czyszczenie sekcji roboczej (segment G), tzn. usuniecie calej nanostruktury (pozwala zaczaé projekt

od nowa),
e ods$wiezenie projektu- przywraca model do ostatnio zapisanej postaci,
o wyrownanie elementéw do siatki,

e przybliz/oddal- zmiana perspektywy sekcji roboczej, co jest szczegdlnie przydatne dla diugich i

ztozonych taricuchéw (np. N = 100).

(E) Sekcja danych obliczeniowych- umozliwia wprowadzanie danych ukladu, takich jak m.in. krok czasowy
At dla obliczen czasowo-zaleznych, krok energii AF, sprzezenie z podlozem, poziom zdelokalizowania

elektronéw w podlozu, zakres energii stosowanej w obliczeniach, styl elementu.

(F) Sekcja obliczen- ta sekcja odpowiada za odwolywanie sie do warstwy obliczeniowej programu. Poszcze-

gblne elementy tej sekcji to:

« Wykonaj obliczenia statyczne- wydanie tej komendy spowoduje przestanie warstwie obliczeniowej
polecenia wyznaczenia réwnania ruchu dla retardowanej funkcji Greena. Program znajduje macierz
odwrotng do macierzy 2.32. i na jej podstawie obliczane sg stacjonarne wlasciwosci taricucha, tj.
np. lokalna gesto$é stanéw (réwnanie 2.14), czy tez obsadzenia ladunkowe (réwnanie 2.15). Wybér

wielko$ci, ktore maja zosta¢ wyznaczone, moze by¢é modyfikowana w ustawieniach programu.

o Pokaz lokalng gestos¢ stanéw. W celu uzycia tego przycisku wpierw ukonczone musza zostaé obli-
czenia ,zlecone do wykonania" przyciskiem powyzej. Jesli obliczenia zostaly juz wykonane, zazna-
czamy poprzez klikniecie mysza interesujacy nas wezel i za pomoca tego przycisku wyswietlamy

wykres interesujacej nas wielkosci.

¢ Normalizacja- pozwala nam na sprawdzenie, czy obliczona gestosé stanéw jest znormalizowana. Jest
to przycisk kontrolny, ktory utatwia weryfikacje dokladnosci obliczen dla uktadu przy zadanych
parametrach- szczegblnie wazny z punktu widzenia programisty w procesie rozwijania aplikacji i

wprowadzania nowych funkcjonalnosci.
e Przyciski wstecz i powtdrz, ktére umozliwiaja cofniecie. powtérzenie ostatnio wykonanej operacji.

e Obliczanie ewolucji czasowej uktadu- wcisnigcie tego przycisku spowoduje przestanie warstwie ob-
liczeniowej polecenia wyznaczenia rownania ruchu dla operatora ewolucji i podobnie jak w przy-
padku statycznym obliczenie interesujacych nas dynamicznych wlasciwosci tancucha, takich jak

kolejno widoczne na rysunku:

zalezna od czasu lokalna gestoéc¢ stanéw,

— prad plynacy w ukladzie,

— calkowita gesto$é¢ standw,

— obsadzenia tadunkowe,

— lokalna gesto$¢ stanéw dla okreslonej w ustawieniach energii (przekr6j wykresu 3D),

— lokalna gesto$é stanéw dla ustalonego czasu (przekr6j wykresu 3D) - moze stuzyé do pordw-

nania obliczenn dynamicznych z obliczeniami stacjonarnymi,

— przekrdj wykresu obsadzen tadunkowych.
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(G) Sekcja robocza- gtéwna sekcja interfejsu uzytkownika. Na niej tworzone sa nanostruktury, dla ktérych

obliczane sa wladciwosci elektryczne.

Skupiajac si¢ na sekcji roboczej (G), mozemy przystapi¢ do utworzenia interesujacej nas struktury ato-
mowej. Dwukrotne kliknigcie myszka w obszarze sekcji roboczej spowoduje dodanie pierwszego atomu, ktéry
graficznie reprezentowany jest jako gwiazdka. Klikajac przycisk ,,Add electrode" z sekcji D, badz uzywajac skro-
tu Ctrl + podwdjne klikniecie powoduje dodanie elektrody do sekcji roboczej. W celu utworzenia wigzania
miedzy dwoma elementami (atom-atom - linia ciggta, atom-elektroda - linia przerywana) nalez pojedynczym
kliknieciem myszy zaznaczy¢ pierwszy element, a nastepnie ze wcidnietym przyciskiem Ctrl klikngé drugi ele-
ment. W taki sposéb jesteSmy w stanie utworzy¢ pierwszy model tancucha atomowego. Przyktadowy model

dwoch sprzezonych atomoéw, z ktérych kazdy polaczony jest z elektroda przedstawia rysunek 3.2.
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Rysunek 3.2: Struktura atomowa ztozona z dwdéch atoméw pomiedzy elektrodami wykonana za pomoca

programu Nano Modeller.

W celu ustalenia innych parametréw naszego ukladu, nalezy jednokrotnie kliknaé myszka interesujac nas
element. W momencie, gdy element ten zostanie podéwietlony, sekcja oznaczona litera E na rysunku 3.1 ulega
zmianie i umozliwia teraz wprowadzenie parametréw zaznaczonego elementu, tak jak zostalo to pokazane na
rysunku 3.3. Panel A rysunku 3.3 przedstawia zaznaczong elektrode, dla ktérej mozemy zmienié¢ skok czasowy
dla obliczer numerycznych, efektywne sprzezenie z tancuchem atomowym, energie Fermiego, typ elektrody,
oraz kolor elementu. ,Rodzaj elektrody" jest to etykieta, ktéra umozliwia pogrupowanie elementéw, ktére w

zamysle uzytkownika powinny cechowaé sie tymi samymi wlasciwosSciami. Uzupelnienie tego pola tym samym
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napisem dla réznych elektrod umozliwia zaaplikowanie wprowadzonych parametréw od razu dla wszystkich
elektrod posiadajacych te samg etykiete np. ,,el". Jezeli pole to jest puste, to po kliknieciu przycisku ,,Zasto-
suj do wszystkich", wszystkie elektrody z pusta etykietg otrzymaja te same parametry. To samo zachowanie
dotyczy pozostatych elementéw, ktorymi sa energie jednoelektronowe oraz sprzezenia. Panel B przedstawia
zaznaczony atom, dla ktérego mozemy zmienié¢ energie stanu elektronowego, warto$é¢ sprzezenia spin-flip, po-
czatkowe obsadzenie tadunkowe, oraz podobnie jak w przypadku elektrody jego typ i kolor. Oproécz tego
mozemy zdecydowaé, czy konieczne jest zapisywanie w pliku danych dla tego atomu. Na panelu C zaprezen-
towane jest zaznaczone sprzezenie miedzy atomami, dla ktérego mozemy zmienié¢ jego wartosé. Zauwazmy,
ze gdy ustawimy dwa rézne typy sprzezenia w tancuchu, to mozemy w tatwy sposéb otrzymacé topologiczny
tancuch SSH. Jezeli klikniemy sekcje roboczg bez zaznaczania zadnego elementu nasza sekcja E z rysunku 3.1
wréci do pierwotnej postaci, jak widzimy to na panelu D rysunku 3.3. Daje to nam mozliwosé ustawiania pa-
rametréw podloza, ktére mozemy traktowaé jako dodatkows elektrode, ktérg w zaleznosci od potrzeb mozemy

uwzglednia¢ w obliczeniach.

Nano
Modeller

Energy Data saving

@(mmt e
@Static LDOS (1)

YAN
DARK GREEN @Static normalisation(i)|

IDARK YELLOW

ELLOW
7

R el 1 P I
o I
PURPLE @mu o all atoms

L

BLACK

6Apply 9 il el
@(ﬂunt static properties @(uunt Stefiie ErepEsiie

@Static LDOS(i) @Static LDOS (i)

@Static fErelieattia(5) @ Static normalisation(i)|

g

Rysunek 3.3: Wycinki ekranu gléwnego programu Nano Modeller przedstawiajace zaznaczone elementy

réznego typu: A) elektroda, B) atom, C) wiazanie miedzy atomami, D) podloze, dla ktérych uzytkownik ma

mozliwo$¢ wprowadzenia zadanych parametréw.

Tworzenie skomplikowanych struktur o duzej ilosci elementéw jest czasochlonnym zadaniem. Prébujac
stworzy¢ model N-atomowego laricucha, uzytkownik musi wykona¢ N operacji dodawania atoméw, oraz co

najmniej N — 1 operacji laczenia atoméw (zadawanie sprzezen pomiedzy stanami atomowymi). W przypadku

45



modelu 100-atomowego tancucha atomowego daje nam to taczna liczbe 199 operacji do wykonania. Wychodzac
naprzeciw utrudnieniom pojawiajacym sie w procesie projektowania, Nano Modeller oferuje funkcjonalno$é
pozwalajaca na powielanie prostych struktur (komérek elementarnych) oraz daje mozliwo$é wygodnego ich
obracania (odbicie lustrzane w kierunku wertykalnym i horyzontalnym), co pozwala na efektywne zagospoda-
rowanie sekcji roboczej. By powieli¢, badZ zmieni¢ orientacje interesujacej nas struktury, nalezy zaznaczy¢ ja,
trzymajac wcisniety prawy przycisk myszy, a nastepnie wybraé¢ z menu kontekstowego odpowiedni przycisk,

tak jak zostalo to pokazane na ilustracji 3.4.
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Rysunek 3.4: Zaznaczony uklad trzech atomoéw, ktéry moze postuzy¢ jako komérka elementarna do szybkiego

skonstruowania dlugiego taricucha atomowego. Klikniecie prawym przyciskiem myszy powoduje wyswietlenie

sie menu kontekstowego posiadajacego przyciski: kopiuj, wklej, odbij pionowo, odbij poziomo.

Jak zostalo wspomniane na poczatku rozdziatu, program Nano Modeller dzieki wspélpracy ze srodowi-
skiem graficznym Gnuplot, daje uzytkownikom mozliwo$é tworzenia wykreséw funkcji dotyczacych wtasciwosci
elektrycznych dowolnego atomu, a takze catego uktadu w sposéb szybki i intuicyjny. By méc wykredli¢ intere-
sujacg nas zalezno$é, musimy w pierwszej kolejnoéci upewnic sie, czy wszystkie niezbedne obliczenia zostaly
juz zainicjalizowane (program posiada ikong¢ postepu obliczen, co pomaga uzytkownikowi okreslié¢ niezbedny
czas pracy warstwy obliczeniowej). Jezeli obliczenia sa wykonywane, zaznaczamy interesujace nas atomy (mo-
zemy wybraé dowolna ich liczbe) i klikamy przycisk ,,Show <nazwa wielkosci>" (program umozliwia dostep do
danych w czasie rzeczywistym, tzn. uzytkownik nie musi czekaé¢ do zakonczenia pracy warstwy obliczeniowej,
by méc podejrzeé wyniki), badZ wybieramy sam przycisk jezeli dana wielkoéé charakteryzuje caty uklad, jak
np. catkowita gestos¢ stanéw. Nano Modeller w sposéb zautomatyzowany dostosuje rodzaj i liczbe wykreséw
do potrzeb uzytkownika, co mozemy zauwazyé¢ na rysunkach 3.5 i 3.6, gdzie wykres$lone zostaly lokalne ge-
stosci stanéw dla jednego i dwdch atoméw odpowiednio dla przypadku niezaleznego oraz zaleznego od czasu:
wykresy funkcji jednej i dwéch zmiennych odpowiednio. Parametry wykreséw takie jak np. nazwa osi, zakres
danych, kolor wykresu, tytul i wiele innych moga by¢ dostosowane do potrzeb uzytkownika w ustawieniach

programu.
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Data saving
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Rysunek 3.5: Wyswietlanie wykreséw funkeji jednej zmiennej - LDOS(FE) jednego, oraz dwéch atoméw

jednoczesnie w programie Nano Modeller zintegrowanym ze srodowiskiem graficznym Gnuplot.
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Rysunek 3.6: Wykresy funkcji zaleznej od czasu lokalnej gestosci stanéw w postaci map cieplnych dla po-
jedynczego atomu (panel gérny), oraz dwéch atoméw (panel dolny) powstale w programie Nano Modeller

zintegrowanym ze srodowiskiem graficznym Gnuplot.
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Zarzadzanie parametrami wykreséw, jak réwniez sposobem zapisywania danych przez program odbywa sie
poprzez okno ustawien programu Nano Modeller, ktérego zrzut ekranu zostal zaprezentowany na rysunku 3.7.
Okno opcji programu posiada dwie wydzielone czesci. Pierwsza z nich pozwala na zarzadzanie pamiecig. W
tej sekcji mozemy ustali¢ czestotliwo$é dostepu warstwy obliczeniowej do pamieci komputera poprzez ustale-
nie interwaléw zapisu danych do pliku. W celu zaoszczedzenia miejsca na dysku mozemy zmniejszy¢ rozmiar
wynikowego pliku z danymi poprzez zazadanie zapisywania wynikéw obliczenr z okreslona czestotliwoscia. Do-
datkowo mozemy ustali¢ czas, od ktérego powinno zaczaé sie zapisywanie danych do pliku. Ta funkcjonalnosé
moze przyda¢ sie w momencie gdy dynamika dojécia uktadu do stanu réwnowagowego nie jest dla nas istotna
i poczatkowe dane zbednie zajmowalyby miejsce na dysku. Kolejng mozliwoscia oferowang przez program, sa
zmienne uzytkownika, ktérych okno zaznaczone jest niebiesks strzatka na rysunku 3.7. Dzieki nim obstuga
programu staje sie prostsza, poniewaz mozemy zmieniaé¢ parametry calego tancucha w jednym miejscu. Nalezy
tez zwrdci¢ uwage, ze niektére symbole sg zarezerwowane i sa zmiennymi predefiniowanymi przez program,
jak np. zmienna ,t" oznaczajaca czas. Druga sekcja okna opcji pozwala nam na spersonalizowanie wykreséw
interesujacych nas zaleznosci, takich jak np. rozmiar, styl, potozenie tekstu (nazwy osi, tytul), obecnosé siatki,
zageszczenie punktéw na osiach (rozdzielczo$é wykresu), zakres osi, czy tez ustawienia wyswietlania wykreséw
wielu zaleznosci jednoczeénie. Dodatkowo uzytkownik ma mozliwo$¢ podania wtasnego skryptu, ktéry powi-
nien zosta¢ wykonany przez program (odpowiednik terminala programu Gnuplot), a takze recznego wybrania

palety barw i odpowiadajacych tym barwom warto$ci numerycznych dla wykreséw tréjwymiarowych.
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Rysunek 3.7: Okno ustawienr programu Nano Modeller. Pierwsza sekcja ,Data Options" pozwala na zarza-
dzanie pamiecia zajmowang przez wynikowe pliki z obliczeniami, druga zas ,,Plot options" pozwala na dosto-
sowanie wykresow do potrzeb uzytkownika. Widoczne z prawej strony okna oznaczone kolorowymi strzatkami

sg opcjami szczegétowymi.
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Rozdziatl 4

Wykaz dziatalnosci naukowe;j

4.1 Wykaz publikacji naukowych

Wyniki badan naukowych, ktére skladaja sie na niniejsza rozprawe doktorska, ukazaly sie w postaci 7 ar-
tykuléw w recenzowanych czasopismach naukowych, ktorych kopie zostaty dotaczone na koricu autoreferatu.
Uczestniczytem we wszystkich etapach powstawania wymienionych prac, a méj wktad w ich powstanie wy-
nosi 50%. Artykuly te stanowia tematyczny cykl publikacji dotyczacych badan normalnych i topologicznych
tancuchéw atomowych na réznych powierzchniach, w przypadkach stacjonarnych oraz zaleznych od czasu. W
niniejszym podrozdziale wymienione zostang szczegdlowe cele i hipotezy badawcze, oraz streszczone wyniki
badan zawartych w poszczegdlnych pracach naukowych. Chcialbym zaznaczyé, ze publikacja nr 7, mimo iz
koncentruje si¢ na warstwie informatycznej (zwiazanej z wizualizacja danych), to zawiera réwniez wyniki doty-
czace uktadéw jednowymiarowych, a zaproponowana w niej metoda wizualizacji wynikéw byta kluczowa przy
odkryciu struktur transient crystal opisanych w publikacji nr 4. Z tego powodu zostala ona zawarta w cyklu
publikacji naukowych.

Poza wymienionymi opublikowanymi artykutami stanowiacymi tematyczny cykl publikacji naukowych
wchodzacymi w sktad rozprawy doktorskiej jestem réwniez wspétautorem publikacji dotyczacej teoretycznych
i eksperymentalnych badan nad stanami ciemnymi w uktadach 1D, ktéra obecnie jest przygotowywana do pu-
blikacji: Dark states in atomic chains, Marek Dachniewicz, Marcin Kurzyna, Tomasz Kwapinski, Mieczystaw
Jalochowski.

Ponadto jestem wspotautorem artykutu naukowego z dziedziny inzynierii oprogramowania, w ktérym zba-
dany zostal poziom uzyteczno$ci interfejséw uzytkownika aplikacji mobilnych: A comparative analysis of in-
terface quality of mobile access to the services of selected banks, Marcin Kurzyna, Damian Matysiak, Marek

Mitosz, Journal of Computer Science Institute, 5, 159-166, (2017).
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1. Non-local electron transport through normal and topological ladder-like atomic systems
Marcin Kurzyna, Tomasz Kwapinski, Journal of Applied Physics 123(19), 194301 (2018)
Cele badan

Fancuchy atomowe, jako najciensze przewodniki pradu moga znalezé wiele zastosowan w urzadzeniach
elektrycznych przyszlosci. Nalezy zatem zweryfikowaé, czy ich wtasciwosci elektryczne nie zmieniajg sie w
sposéb diametralny w kontakcie z podtozem, czy tez przy obecno$ci zaburzen zewnetrznych, ktore sg nie-
odzownym elementem realistycznych struktur. Juz w samym procesie wytwarzania tancuchéw atomowych np.
z wykorzystaniem powierzchni wicynalnych, trudno ustrzec si¢ od nadmiarowych atoméw (adatoméw) lub
defektéw stanowiacych zaburzenia uktadu. Ponadto osadzajac wigksza ilo$é atoméw, mozemy doprowadzié
do wytworzenia podwdjnych taficuchéw atomowych (czy nawet potréjnych) [3]. Rozlozenie atoméw w takim
tanicuchu jest zalezne od stalej sieci podloza oraz rozkladu atoméw w lancuchu sasiednim. Takie otoczenie
moze prowadzi¢ do powstania w tancuchu geometrii SSH, a tym samym pojawienia si¢ fazy topologiczne;j.

Istotna kwestia jest znalezienie réznic we wlasciwosciach elektrycznych miedzy taiicuchami atomowymi w
réznych fazach topologicznych i zweryfikowanie, jaki ma to wplyw na stabilno$¢ uktadéw jednowymiarowych.

Hipotezy badawcze

(a) Losowo osadzajace sie na tancuchu adatomy zaburzaja przewodnictwo elektryczne tanicucha, przez co ich

obecno$¢ znacznie ogranicza zastosowania aplikacyjne najcienszych przewodnikéw pradu.

(b) Stany brzegowe taficuchéw atomowych w nietrywialnej fazie topologicznej sa stanami chronionymi, zatem

nie ulegaja one destrukcji pod wpltywem zaburzen adatomami czy tez przy kontakcie z podtozem.

(c) Obsadzenia fadunkowe w przypadku topologicznych taicuchéw atomowych nie zmieniaja si¢ pod wpty-

wem obecnoéci adatoméw.

‘Wyniki badan

Dokonujac obliczen z wykorzystaniem formalizmu retardowanych funkcji Greena oraz hamiltonianu cia-
snego wiazania udato nam sie odkry¢ dlugookresowe oscylacje konduktancji taricucha atomowego jako funkcji
liczby adatoméw. Wynik ten oznacza, iz konduktancja praktycznie nie zmienia sie jezeli w ukltadzie wystepuje
pojedyncze zaburzenie, ktére w sposéb niekontrolowany moze pojawié si¢ podczas procesu wzrostu lancucha.
Zmiany sa widoczne, dopiero gdy na gtéwnym tancuchu atomowym osadza si¢ duzo wigksza iloé¢ dodatkowych
atomoéw. Jednakze pojawienie si¢ takiej ilosci adatoméw nie jest juz zjawiskiem niekontrolowanym, co oznacza,
ze konduktancja tancucha atomowego moze by¢ w pelni kontrolowana przez operatora eksperymentu, co jest
niezwykle istotne z praktycznego punktu widzenia. Otrzymane wyniki spowodowaly, iz musieliémy zweryfi-
kowac¢ nasza pierwsza hipoteze badawcza, ktéra w ogélnoscei (na szczescie) okazala sie byé bledna. Daje to
zielone $wiatto przyszltym badaniom, ktére ukierunkowane sg pod katem zastosowan aplikacyjnych tancuchéw
atomowych.

Dodatkowo przeanalizowaliSmy zachowanie tancuchéw atomowych w nietrywialnej fazie topologicznej i
zauwazyliSmy, iz obecno$¢ adatomow, czy tez obecnosé réznego rodzaju podlozy nie wplywa na strukture
stanéw topologicznych, co odréznia stany te od stanéw atomowych w zwyklych nietopologicznych tancuchach
atomowych, ktére to sa zauwazalnie modyfikowane przez otoczenie. Obecno$é adatoméw (domieszek) w tan-
cuchu moze zatem postuzy¢ do detekeji brzegowych stanéw topologicznych, gdyz ich energie nie zmieniaja sie¢
pod wplywem zaburzen. Spostrzezenia te pozwalaja uznaé nasza druga hipoteze badawcza za stuszna.

Ponadto wykazalidmy, iz struktura obsadzen tadunkowych zaburzonych topologicznych tancuchéw atomo-

wych rézni sie znaczaco od obsadzenn w idealnych taricuchach. Normalne tancuchy atomowe wykazuja istnienie
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fal tadunkowych w obrebie calego tancucha, zwanych oscylacjami Friedela. Idealne taricuchy SSH natomiast nie
przejawiaja zadnych oscylacji ze wzgledu na przerwe energetyczng na wewnetrznych weztach uktadu. Sytuacja
zmienia si¢ jednak przy obecnosci adatoméw. Wéwcezas tancuchy SSH réwniez wykazuja oscylacje tadunkowe,
ale co wazne, jedynie na tych weztach, ktére majg bezposredni kontakt z dodatkowym tanicuchem zbudowanym

z adatoméw. Z tego wzgledu musieliSmy odrzuci¢ ostatnia hipoteze badawcza.
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2. Electronic properties of atomic ribbons with spin-orbit couplings on different substrates
Marcin Kurzyna, Tomasz Kwapinski, Journal of Applied Physics 125(14), 144301 (2019)
Cele badan

Model SSH jest modelem struktury atomowej z ograniczong liczba stopni swobody nie tylko za wzgledu
na ograniczenie ruchu elektronéw do jednego wymiaru, ale rowniez ze wzgledu na spin. W uktadach jednowy-
miarowych ruch elektronéw wzdtuz tancucha atomowego moze by¢ spinowo-niezalezny.

Aby uwzglednié efekty typu spin-orbita pojawiajace si¢ w realnych strukturach jednowymiarowych oraz
quasi-jednowymiarowych (taficuchy, struktury drabiniaste i wstazki atomowe), nalezy rozszerzy¢ bazowy ha-

miltonian sprzezonych tancuchéw SSH o dodatkowe dwa cztony:

Huo = (Vb D (@7 ) (62)00ra] —Vio D _(a7) (i8y), pral | + Y Var(@d)'ar" +he.  (4)
o0’ 1,5 i i,o
Pierwszy z nich opisuje sprzezenie spin-orbita miedzy wezlami tego samego tancucha (||, wzdluz taicucha),
badz miedzy weztami z réznych taricuchéw (L), dla taricuchéw podwéjnych, wstazek atomowych lub struktur
drabiniastych. Drugi czton odpowiada za odwrécenie spinu na poszczegélnych weztach tancucha atomowego
(sf ang. spin-flip). W hamiltonianie 4.1, 65,6, oznaczaja macierze Pauliego, VSU,, ViV, ¢ oznaczaja odpo-
wiednio efektywne sprzezenia spin-orbita w dwéch kierunkach, oraz wartosé sprzezenia spin-flip. Uwzglednienie
tego dodatkowego oddzialywania wymaga, by rozszerzy¢ macierz A 2.32, wystepujacg w rownaniu ruchu dla
retardowanej funkcji Greena, o czlony, ktére sg zalezne od spinu elektronu: odpowiednio o oraz —o:
i b

AsC=| A , (4.2)
Dfa,o' Afo'

gdzie elementy macierzy D%~ zdefiniowane sg nastepujaco:
Dy iar = —Vsgdijdaar — VI (8i -1 — 8ij51)0aar + FiVapda,ar+10:541 (4.3)

Oddziatywanie spin-orbita byto uwzgledniane w badaniach nad tancuchami atomowymi, w tym nad tan-
cuchami topologicznymi [127,128]. Brakowalo nam jednak w literaturze rozwazan uwzgledniajacych réwniez
wplyw podloza, na ktérym te obiekty sa tworzone oraz wzajemnego oddzialywania dodatkowych tancuchdéw

atomowych na wiasciwosci elektryczne sprzezonych tancuchéw atomowych.

Hipotezy badawcze
(a) Zrédlem asymetrii lokalnej gestosci stanéw jest zaréwno delokalizacja elektronéw w podtozu, jak i od-
dzialywanie spin-orbita.

(b) Obsadzenia ladunkowe widoczne na poszczegdlnych wezlach taficuchéw atomowych moga by¢é

spinowo-spolaryzowane.

(c) Topologiczne taficuchy atomowe wykazuja spinowo-spolaryzowane obsadzenia ladunkowe jedynie na

swych brzegach.

Wyniki badan
Korzystajac z metody funkcji Greena dla hamiltonianu ciasnego wiazania, wykazalidmy, iz poziom zlokali-
zowania elektronéw w podtozu ma wplyw na symetri¢ lokalnej gestosci stanéw struktur atomowych umieszczo-

nych na tejze powierzchni. Ukazane zostalo, iz podtoza metaliczne, o duzym stopniu delokalizacji elektronow
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powoduja wzrost asymetrii lokalnej gestosci stanéw na weztach tanicucha. Co ciekawe struktury atomowe lezace
na podtozach izolatorowych z silnie zlokalizowanymi elektronami réwniez moga wykazywaé¢ asymetrie LDOS
ze wzgledu na oddziatywania spin — flip oraz spin-orbita, ktére oprocz tamania symetrii uktadu, réwniez roz-
szczepiajg wierzchotki funkcji spektralnej, ktora na dodatek staje sie spinowo-zalezna. Tak wiec nalezy przyjaé
pierwsza hipoteze badawczg za stuszna. Co wazne, oddzialywania te powodujg réwniez rozszczepienie stanéw

topologicznych nietrywialnych tancuchéw SSH.

Analizujac dluzsze tanicuchy atomowe w réznych fazach topologicznych, wykazaliémy, iz normalne, nie-
topologiczne tanicuchy atomowe cechuja sie¢ polaryzacja spinows, obsadzen tadunkowych jedynie na koricowych
weztach tancucha ze wzgledu na spinowo-niezalezna charakterystyke LDOS w $rodku tancucha, co byto zgod-
ne z druga hipoteza badawcza. Badajac topologiczne tancuchy SSH, odkryliSmy, iz w przypadku obecnosci
oddziatywan spin-flip oraz spin-orbita struktury te wykazuja istnienie fal tadunkowych w obrebie catego tan-
cucha, co zdecydowanie rézni si¢ od wynikéw bez uwzglednienia tych oddzialywan, gdzie oscylacje Friedela
nie wystepuja. Z tych wzgledéw musieliémy odrzuci¢ ostatnia hipoteze badawcza.

Dodatkowo badajac strukture lokalnej gestosci stanéw wstazek atomowych wzdtuz tancuchéw, odkry-
liSmy, iz polozenia lokalnych ekstreméw funkcji spektralnej w poszczegdlnych tanicuchach wstazki atomowej
silnie zaleza od oddzialywan spin-flip oraz spin-orbita. Jezeli oddzialywania zwigzane ze spinem sa niewielkie,
wéwezas minima i maksima LDOS sa ze soba w fazie. Zwigkszenie wartoéci tych oddziatywan natomiast pro-
wadzi do odwrotnej sytuacji, gdyz wéwczas dla duzych wartosci tychze oddzialywan ekstrema te pozostaja ze

soba w antyfazie.
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3. Edge-state dynamics in coupled topological chains
Marcin Kurzyna, Tomasz Kwapinski Physical Review B 102(19), 195429 (2020)
Cele badan

By tancuchy atomowe mogty postuzyé w przyszloéci jako elementy zlozonych systeméw nanoelektro-
nicznych, kluczowe jest zbadanie dynamiki ich wladciwosci elektrycznych w momencie zainicjowania kontaktu
tychze struktur z rezerwuarem elektronéw (podlozem), a takze przeanalizowanie ich zachowania w odpo-
wiedzi na zaburzenia zewnetrzne takie jak np. zmiana oddzialywan miedzy stanami elektronowymi atomdw
tancucha, kontakt z innymi taficuchami atomowymi lub tez mechaniczna ingerencja w integralno$é¢ tancucha
(przerywanie, pekanie, wytracanie atoméw). Badajac dynamike stanéw elektronowych taicuchéw atomowych,
warto rozwazy¢ rézne fazy topologiczne tychze struktur. W szczegdlnosci warto zwréci¢ uwage na dynamike
formowania si¢ stanéw topologicznych w nietrywialnych tancuchach SSH i okresli¢ charakterystyczne skale
czasowe tego procesu oraz zrozumie¢ mechanizmy nim rzadzace. Warto réwniez zastanowié sie, jaki bedzie
efekt dynamicznej zmiany parametréw tancucha atomowego prowadzacej do zaistnienia topologicznego przej-
$cia fazowego w ltancuchu, a takze jaki wptyw na siebie bedg mialy oddziatujace ze sobg tancuchy atomowe
w réznych fazach topologicznych. Istotne jest, by uwzglednié¢ réwniez korelacje elektronowe i zbadaé czy rola

odpychania kulombowskiego jest tak samo wazna dla normalnych, jak i topologicznych tanicuchéw atomowych.

Hipotezy badawcze

(a) Czas potrzebny do uformowania sie stabilnej (stacjonarnej) struktury stanéw elektronowych lanicucha
atomowego, w ktérym zainicjowano kontakt z rezerwuarem elektronéw, badz poddano zaburzeniom ze-

wnetrznym zalezy od poziomu delokalizacji elektronéw w podtozu.

(b) Stany topologiczne nietrywialnych taficuchéw atomowych moga przemieszczania sie w czasie migdzy
sasiednimi weztami tancucha atomowego, w tym tez istnieje mozliwo$¢ krétkotrwalego wyindukowania

stanéw topologicznych w tancuchu atomowym w trywialnej fazie topologicznej.

(c) Kontakt topologicznego taficucha atomowego z normalnym laficuchem atomowym nie wplywa na obsa-
dzenia tadunkowe na poszczegélnych weztach tancucha SSH ze wzgledu na istnienie wzdluz niego przerwy

energetycznej.

‘Wyniki badan

W badaniach dynamiki uktadéw atomowych skupiliSmy sie na zaleznych od czasu obsadzeniach tadun-
kowych, pradach ptynacych przez tancuch oraz w gtéwnej mierze na lokalnej gestosci stanéw elektronowych.
PrzeanalizowaliSmy zachowanie uktadu w przypadku nagtej zmiany oddzialtywan stanéw elektronowych tancu-
cha, tak by parametry te odpowiadaly dwém réznym fazom topologicznym tancucha atomowego. W przypadku
naglego przej$cia miedzy zwykla (nietopologiczna) a nietrywialng faza topologiczna taricucha zauwazyli$my,
iz obecno$¢ stanu topologicznego nie jest widoczna natychmiastowo w lokalnej gestosci stanéw, lecz pojawia
sie on dopiero po pewnym czasie. Dodatkowo sam proces formowania stanu topologicznego jest Scisle uzalez-
niony od obecnoéci, czy tez rodzaju podloza, na ktérym znajduje si¢ taricuch atomowy. W przypadku braku
podtoza lub dla podloza izolatorowego uktad wykazuje wysoka niestabilnosé, a proces dochodzenia do stanu
rownowagi jest rzedy wielkosci dhuzszy niz w przypadku podtozy metalicznych, co potwierdza nasza pierwsza
hipotez¢. Ponadto dostrzegliSmy, iz formujacy si¢ stan topologiczny w ukladzie tworzy si¢ wprost ze stanéw
bocznych charakterystycznych dla zwyktych tancuchéw atomowych, i co za tym idzie przez pewien czas uktad
jednowymiarowy bedacy w nietrywialnej fazie topologicznej, zachowuje informacje o swoim poprzednim sta-

nie. Dodatkowo badajac reakcje tancucha atomowego na jego przerwanie, dostrzegli$émy, iz zabieg ten wptywa
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jedynie na atomy, ktore byty swoimi sgsiadami przed zerwaniem sprzezen uktadu, a co zaskakujace praktycznie
nie wplywa na pozostate, bardziej oddalone atomy.

W dalszej czeéci badan skupiliémy sie na wptywie sprzezenn miedzy dwoma tancuchami atomowymi, mo-
gacymi charakteryzowaé sie réznymi fazami topologicznymi, na lokalng gestosé stanéw uktadu. Zauwazylidmy,
iz dynamika zmian stanéw brzegowych jest uzalezniona od wielu czynnikéw, miedzy innymi od tego czy od-
dzialywajace ze soba lanicuchy maja zgodne, czy tez rézne fazy topologiczne. Co zaskakujace najciekawsza
fizyka pojawia si¢ w przypadku tancuchéw bedacych w réznych fazach, gdyz ich wzajemny wplyw na siebie
moze skutkowaé migracja stanu topologicznego do tancucha w fazie trywialnej, a takze penetracja tegoz stanu
w glab tancucha. Kolejnym waznym czynnikiem jest réwniez parametr sprzezenia miedzy tancuchami i co
ciekawe, kluczowej roli nie odgrywa tutaj sama wartos¢ tegoz sprzezenia, lecz dynamika jego zmiany. Analizu-
jac rézne tempa laczenia ze soba tancuchéw zauwazyliSmy istotne réznice w lokalnej gestosci stanéw miedzy
zlaczeniem, w ktérym sprzezenie pomiedzy tancuchami odbywa sie adiabatycznie a takim, w ktérym parametr
ten zmienia sie skokowo (efekt typu quench). Interesujace jest to, iz jedynie dla nagtego potaczenia zachodzi
migracja w czasie stanu topologicznego do lancucha w fazie trywialnej oraz jego penetracja na pozostate wezty
tancucha. Tym samym udalo nam sie potwierdzi¢ druga hipoteze badawcza.

Uwzgledniajac oddzialywania kulombowskie miedzy weztami tancuchéw oraz dopuszczajac mozliwos$é
wzajemnego oddzialywania na siebie tancuchach bedacych w réznych fazach topologicznych, odkryliSmy, iz
odpychanie sie elektronéw powoduje wytworzenie si¢ oscylacji tadunkowych w topologicznym tancuchu ato-
mowym, ktére do tej pory nie byly przewidziane w literaturze i co wazne, oscylacje te pozostaja w antyfazie z
obsadzeniami tadunkowymi zwyktego tancucha atomowego. Fakt ten sktonil nas do odrzucenia trzeciej hipo-

tezy badawczej.
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4. Nontrivial dynamics of a two-site system: Transient crystals
Marcin Kurzyna, Tomasz Kwapinski, Physical Review B 102 (24), 245414 (2020)
Cele badan

Analiza efektéw wilaczeniowych i dynamiki dojscia uktadéw do stanu réwnowagi w nanostrukturach jest
zagadnieniem waznym z punktu widzenia zastosowan tych struktur w nanoelektronice. Wigkszo$¢ prac podej-
mujacych te tematyke skupia sie na badaniu charakterystyk pradowych i obsadzerr tadunkowych bez po$wie-
cenia nalezytej uwagi funkcji gestosci stanéw elektronowych ze wzgledu na trudnosé obliczania tejze funkcji
(np. stosujac metode réwnan ruchu Heisenberga dla operatoréw fermionowych, znajdujemy od razu wartosci
oczekiwane operatora liczby czastek na wezle, a nie lokalna gesto$é stanéw [129]). Z tego powodu naszym
celem jest dokonanie analizy dynamiki funkcji spektralnej prostych uktadéw atomowych przy uwzglednieniu
oddziatywania kulombowskiego oraz kontaktu z réznymi podlozami. Biorac za obiekt badan krétki tancuch
stanowiacy uktad dwéch stanéw (np. kropek kwantowych) podlaczonych nagle do rezerwuaru elektronéw,

zbadamy dynamike tworzenia si¢ w czasie struktury LDOS na obu wezlach.

Hipotezy badawcze

(a) Lokalna gesto$é stanéw uktadu z dwiema kropkami kwantowymi polaczonymi nagle z rezerwuarem elek-
tronéw wykazuje efekty interferencyjne (lokalne maksima w LDOS), ktére zwiazane sa z ,,odbijaniem

sig" fali elektronowej od brzegéw tancucha i ktére zanikaja z czasem.

(b) Uktad 2-atomowy w stanie nier6wnowagowym moze stanowié efektywna jednoparametrowa pompe elek-

tronowa

‘Wyniki badan

Przy uzyciu formalizmu operatora ewolucji, przeanalizowaliémy dynamike tworzenia lokalnej gestosé sta-
néw uktadu ztozonego z dwéch sprzezonych kropek kwantowych, ktéry nagle zostal potaczony z zewnetrzna
elektroda. Zauwazylidémy, iz owa funkcja cechuje sie duza regularnoscia w domenie czasu i co ciekawe tworzy
si¢ w niej nietrywialna struktura lokalnych ekstreméw LDOS. SprawdziliSmy, ze struktura ta odpowiada sta-
cjonarnej gestosci stanéw dla uktadu N-atomowego. Tego rodzaju dynamiczny system stanowi pewna forme
krysztaléw czasowych, nazwanych przez nas transient crystals, ktére charakteryzuja sie¢ istnieniem regularnie
zmieniajacej sie struktury zanikajacej w czasie.

W pracy tej pokazujemy takze, ze zaobserwowana przez nas struktura periodyczna jest réwniez dobrze
widoczna w obecnosci réznych podtozy oraz przy uwzglednieniu odpychania kulombowskiego miedzy weztami.
Sktania nas to do uznania pierwszej hipotezy badawczej za stuszna, cho¢ dopiero doktadna analiza periodycznej
struktury LDOS w domenie czasu (przeprowadzona przy pomocy metod opisanych w publikacji nr 7) pozwolita
na sformutowanie wnioskéw dotyczacych istnienia w czasie krysztaléow typu transient.

Ponadto w pracy demonstrujemy, iz uktady stanowiace takie krysztaty moga petni¢ role jednoparametro-
wej pompy elektronowej, w ktorej istnieje mozliwos¢ kontrolowania kierunku przeptywu pradu przy pomocy
napigcia bramki. Jest to niezwykle istotne z aplikacyjnego punktu widzenia, albowiem pompy jednoparametro-
we w odréznieniu od zwyklych pomp elektronowych cechuja sie¢ kompaktowymi rozmiarami oraz ograniczona
liczba punktéw stycznosci z rezerwuarami elektronéw, co prowadzi do ograniczenia roli proceséw dyssypacyj-
nych [130,131]. Otrzymane wyniki sklonily nas do zaakceptowania drugiej postawionej przez nas hipotezy

badawczej.
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5. FElectron Pumping and Spectral Density Dynamics in Energy-Gapped Topological Chains
Marcin Kurzyna, Tomasz Kwapiniski, Applied Sciences 11(2), 772 (2021)
Cele badan

Kontynuujac badania przedstawione w publikacji nr 4, gdzie przedstawiliSmy uktad dwéch kropek kwanto-
wych pelnigcy role efektywnej, jednoparametrowej pompy elektronowej postaramy sie sprawdzié, czy uzyskanie
podobnego efektu mozliwe jest dla tancuchéw topologicznych. Topologiczne tancuchy atomowe charakteryzuja
sie istnieniem przerwy energetycznej wzdluz calego tancucha, dlatego tez mozna domniemywadé, iz struktury
te nie sa dobrymi przewodnikami pradu. Sytuacja ta moze si¢ zmieni¢ w obecnosci zaleznych od czasu pdl
zewnetrznych. Postaramy sie zatem znalez¢ warunki, dla ktérych w uktadach z przerwa energetyczna bedzie
moégl przeptywaé prad elektryczny.

Dodatkowo celem rozszerzenia badan opisanych w publikacji nr 3 zbadamy, czy istnienie stanéw topo-
logicznych moze by¢ zaobserwowane w tancuchach scharakteryzowanych trywialna badz normalng fazg to-
pologiczna poprzez uzycie innego mechanizmu wyindukowania stanéw topologicznych, niz ten polegajacy na
zainicjowaniu kontaktu dwdch tancuchéw atomowych w réznych fazach topologicznych.

Hipotezy badawcze

(a) Topologiczne taficuchy atomowe moga pelnié role efektywnych pomp elektronowych pod wplywem ze-

wnetrznych, zaleznych od czasu zburzen zewnetrznych.

(b) Nagtla zmiana sprzezen miedzy stanami elektronowymi weztéw tancucha (przejécie z fazy nietrywialnej do
trywialnej) nie prowadzi do natychmiastowego zaniku stanéw brzegowych, lecz pozwala na ich egzystencje

w fazie trywialnej przez okreslony czas.

(c) Hipoteza (b) sprawdza si¢ jedynie dla tancuchéw SSH w trywialnej fazie topologicznej i nie moze byé

rozszerzona na taficuchy nietopologiczne (v = w).

Wyniki badan

Korzystajac z formalizmu operatora ewolucji oraz hamiltonianu ciasnego wiazania, zbadaliSmy funkcje
spektralne, obsadzenia tadunkowe, oraz prady przeptywajace przez topologiczne laricuchy SSH zaburzone ze-
wnetrznymi perturbacjami rozchodzacymi si¢ wzdluz taicucha w postaci pulséw gaussowskich (typu train
impulse). Pokazujemy, iz tak zaburzane ancuchy topologiczne moga petnié¢ role efektywnych pomp elektro-
nowych i co ciekawe, najwiecej tadunku przepltywa przez tancuch SSH w trywialnej fazie topologicznej, ktéry
scharakteryzowany jest przerwa energetyczna w obrebie calego tancucha. Ponadto wykazujemy, iz w prze-
ciwienstwie do normalnych uktadéw jednowymiarowych, tancuchy topologiczne daja mozliwo$¢ sterowania
kierunkiem przeptywu pradu za pomoca kontroli przytozonego napiecia bramki (podtoza), co sktania nas do
uznania pierwszej hipotezy badawczej za stuszng.

Dodatkowo zbadaliSmy dynamike lokalnej gestosci standéw zaburzonego tancucha atomowego, w ktérym
na skutek zmian sprzezen miedzyweztowych nastapito topologiczne przejécie fazowe z fazy nietrywialnej do fazy
trywialnej, badz do fazy nietopologicznej. WykazaliSmy, iz pod wplywem takiej zmiany stan topologiczny jest
w stanie przetrwaé¢ w ukladzie przez pewien czas i na dodatek przemieszcza si¢ on miedzy weztami taicucha,
powoli zanikajac, co z kolei przemawia za prawdziwoscia postawionej przez nas drugiej hipotezy badawczej.
Analizujac przejscie z nietrywialnej fazy topologicznej do fazy nietopologicznej (v = w) dostrzegli$my, iz w
takim przypadku stan topologiczny nie dosy¢, ze jest w stanie przetrwaé w ukladzie przez pewien czas, to na
dodatek czas ten jest zauwazalnie dtuzszy niz w przypadku przejé¢ z nietrywialnej do trywialnej fazy tancucha

SSH, co sklonito nas do odrzucenia ostatniej hipotezy badawczej.
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6.  Topological Atomic Chains on 2D Hybrid Structure
Marcin Kurzyna, Tomasz Kwapinski, Materials 14(12), 3289. (2021)
Cele badan

Struktury dwuwymiarowe takie jak np. grafen, sg postrzegane jako materialy przysztosci ze wzgledu
na swoje niezwykle pozadane z aplikacyjnego punktu widzenia wiasciwosci (lekkosé, elastycznosé, wytrzy-
malo$é, duza ruchliwo$é noénikéw tadunku, przewodnictwo). Istotne jest wiec rozwazenie réznych struktur
dwuwymiarowych jako potencjalnych rezerwuaréw elektronéw dla normalnych i topologicznych tancuchéw
atomowych. Tego typu podloza 2D scharakteryzowane sg nietrywialnymi, zaleznymi od energii funkcjami ge-
stosci stanéw z charakterystycznymi lokalnymi maksimami, zwanymi nieciagtoSciami van Hove’a. Istotne jest
wiec uwzglednienie w obliczeniach podtozy o réznych geometriach (m.in. podtoza o komérce prostokatnej czy
heksagonalnej) na wlasciwosci elektryczne struktur jednowymiarowych bedacych z nimi w kontakcie. Majac
na uwadze rézne geometrie podloza, mozemy zadaé sobie pytanie, czy aspekt geometrii moze réwniez doty-
czy¢ samych tancuchéw atomowych. Odpowiedz jest twierdzaca, gdyz tancuchy atomowe moga wystepowaé
w postaci charakterystycznych tamanych, zwanych w literaturze geometriami zygzaka oraz krawedzi krzesta
(ang. armchair-edge), ktére mozemy zaobserwowaé w laricuchach uzyskanych z nanowstazek grafenu. Z tego
powodu celem naszych badan jest uwzglednienie nie tylko geometrii podloza, ale rowniez geometrii samych

tancuchéw na ich wlasciwoéci elektryczne.

Hipotezy badawcze

(a) Topologiczne stany brzegowe w nietrywialnych taficuchach SSH moga istnieé w obszarze przerwy ener-

getycznej dwuwymiarowego podtoza.

(b) Stany topologiczne pojawiajace sie¢ na skrajnych weztach tancucha atomowego sa topologicznie chronione

i nie zaleza od struktury gestosci stanéw podtoza.

‘Wyniki badan

Korzystajac z formalizmu retardowanych funkcji Greena, pokazujemy, iz dwuwymiarowe elektrody scha-
rakteryzowane wierzchotkami van Hove’a w funkcji spektralnej w sposéb istotny modyfikujg strukture energe-
tyczna topologicznego tancucha atomowego sprzezonego z ta powierzchnia i moga prowadzi¢ do rozszczepienia
stanu topologicznego. Dodatkowo wykazujemy, iz stany topologiczne mogg istnie¢ poza granicami pasma ener-
getycznego elektrod, co potwierdza pierwsza hipoteze. Ciekawy wynik uzyskaliSmy dla tancucha SSH, gdzie
stan topologiczny zlokalizowany byt w poblizu krawedzi DOS dwuwymiarowego podloza. Stany koncowe w
takich tanicuchach moga sktadaé si¢ jednoczesnie z szerokiego wierzchotka typu Lorentza (wskutek sprzezenia
tanicucha atomowego z podlozem) oraz waskiego, silnie zlokalizowanego wierzchotka (granica atomowa).

Biorac pod uwage nietrywialna geometrie topologicznych tancuchéw atomowych, odkryliSmy, iz poprzez
polaczenie tancuchéw typu zygzak lub armchair-edge do elektrod scharakteryzowanych réznymi funkcjami
spektralnymi, mozliwe jest zbudowanie uktadu, ktérego lokalne gestosci stanéw wykazuja przestrzenng asy-
metrie, i w ktérym same stany topologiczne widoczne na skrajnych atomach tancucha, moga ulegaé rozsepa-

rowaniu energetycznemu.
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7. Braid Plot—A Mized Palette Plotting Method as an FExtension of Contour Plot
Marcin Kurzyna, Tomasz Kwapinski, IEEE Computer Graphics and Applications 42(01), 95-104 (2022)
Cele badan

Mozliwo$é dokonywania nowych odkryé wymaga nierzadko posiadania odpowiednich narzedzi do tego
celu. Trudno sobie wyobrazi¢ wspélczesna medycyne, biologie, genetyke bez mikroskopéw, czy tez astronomie
bez teleskopéw. Narzedzia te pozwolity naukowcom spojrzeé¢ z zupelnie innej perspektywy na otaczajacy ich
Swiat i dostrzec nowe zjawiska. W naszej pracy naukowej réwniez staneliSmy przed podobnym problemem.
Dobranie odpowiedniej skali do wizualizacji danych liczbowych, sprawia, iz mozemy zauwazy¢ pewne prawi-
dlowosci, jakimi rzadzi sie badane zjawisko lub tez kompletnie przeoczy¢ intrygujace zachowanie uktadu jesli
zakres osi wykresu jest zbyt maty, lub tez przeciwnie zbyt duzy, co mozna odnies¢ do §wiata makro- widzianego
golym okiem, oraz $wiata mikro- widzialnego przy uzyciu mikroskopu. Jak sie¢ okazalo, badanie wlasciwosci
elektrycznych tancuchéw atomowych moze uwypukli¢ pewne zjawiska w zaleznoéci od skali, z ktérej poziomu
interpretujemy to, co widzimy.

Hipoteza badawcza

LDOS uktadéw atomowych przejawia w domenie czasowej subtelne, regularne struktury, ktére mogg by¢é
bez trudu zaobserwowane na wykresie o dowolnie dobranych skalach osi jedynie przy wykorzystaniu nowej
metody wizualizacji danych liczbowych polegajacej na naprzemiennym wykorzystywaniu dwéch lub wiecej
kontrastujacych ze soba palet barw.

Wyniki badan

Opracowanie nowej metody wizualizacji danych mialo swdj poczatek w dostrzezeniu gtéwnej wady wy-
kreséw tréjwymiarowych, na ktérych wartosci czesto reprezentowane sa przez kolory (np. wartodci ujemne:
chtodne kolory- blekitny, niebieski; wartosci dodatnie: kolory ciepte- z6tty, czerwony). Im wigkszej doktadnosci
wykresu zadamy, a co za tym idzie wiekszej czulosci na subtelne zmiany, tym wiecej odcieni poszczegdlnych
barw musimy uzy¢ do jego wykonania. Problem polega na tym, ze paleta koloréw przy duzej ich ilosci dla
ludzkiego oka przyjmuje charakter ciagly i co za tym idzie, kolory mieszaja sie ze soba, co z kolei uniemozliwia
rozroznienie drobnych réznic w wykresie badanej zaleznoéci. W przypadku klasycznych wykreséw, by zmiany
byly dobrze dostrzegalne, wartosci sasiadujacych ze soba argumentéw (x,y), ( + Az, y + Ay) musza znacznie
sie od siebie réznié, a co za tym idzie, kolory reprezentujace te warto$ci muszg ze soba kontrastowaé. Opiera-
jac sie na tej obserwacji, doszliSmy do wniosku, iz jezeli niewielkie zmiany maja by¢ widoczne dla ludzkiego
oka, to kolory odpowiadajace tym niewiele réznigcym sie warto$ciom réwniez musza ze soba kontrastowad.
By tego dokonaé¢, postanowiliémy uzy¢ nie jednej palety barw, a kilku, w ktérych to paletach kazda para
koloréw jest od siebie w pelni rozréznialna przez ludzkie oko. Do sporzadzenia wykresu palety barw uzywane
sg naprzemiennie z wysoka czestotliwoscia, w efekcie czego dostajemy bardzo dokladny obraz, w ktérym to
kazda drobna zmiana jest zauwazalna. Opracowana przez nas metoda nosi nazwe wykresu warkoczowego (ang.
braid plot), gdyz opiera sie ona na przeplataniu ze soba koloréw. Dzieki tej metodzie udato nam si¢ znalezé
wiele interesujacych zjawisk fizycznych m.in. periodyczne struktury na wykresie LDOS ukltadéw atomowych,
ktére to byly niedostrzegalne przy uzyciu klasycznych metod wizualizacji i tym samym potwierdzi¢ hipoteze
badawcza. Omawiana publikacja byla zatem kluczowa dla odkrycia struktur typu transient crystal i zawiera
przykladowe rysunki prezentujace te struktury, natomiast szczegdétowa analiza tychze struktur zostata zawarta

w publikacji nr 4.
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4.2 Wykaz konferencji naukowych

W trakcie studiéw doktoranckich bratem czynny udzial w krajowych oraz miedzynarodowych konferencjach
naukowych, na ktorych prezentowalem wyniki swoich badan. Ponizej zaprezentowana jest pelna lista moich

wystapien:

1. 10th Workshop on Applications of Scanning Probe Microscopy — STM/AFM |,
Zakopane 28.11. - 02.12 2018

(a) Topological and normal atomic chains with different substrates- prezentacja ustna

(b) Electron resonant states in clusters and atomic chains— poster

2. 9th International Workshop on Surface Physics,
Trzebnica, 24-28.06 2019, Dynamic properties of topological atomic chains - poster

3. CMD2020GEFES (Condensed Matter Division (CMD) of the European Physical Society
(EPS) and the Condensed Matter Physics Division (GEFES) of the Spanish Royal Physics
Society (RSEF)),

Madryt 31.08.20 - 04.09.20

(a) Dynamic electrical properties of coupled topological chains — prezentacja ustna

(b) Quench dynamics in two-atom system on a surface- poster

4. Sympozjum Mlodych Naukowcéw Wydzialu Fizyki Uniwersytetu Warszawskiego,

Warszawa 24-28.08.20, Wlasciwosci elektryczne topologicznych laricuchéw atomowych— prezentacja ustna

5. Oxford Instruments Virtual Symposium Quantum Technology, Semiconductors and Power

Generation, Oksford 8-10.06.21, FElectrical properties of topological atomic chains- prezentacja ustna

6. Sympozjum Mlodych Naukowcéw Wydzialu Fizyki Uniwersytetu Warszawskiego, Warszawa
30.08-03.09.21

(a) Braid plot- a new method of preparing threedimensional plots- prezentacja ustna

(b) Atomic chains the thinnest electrical conductors- poster, praca wyrézniona

Badania naukowe prowadzone przeze mnie podczas studiéw doktoranckich zostaly czesciowo sfinansowane
ze $rodkéw projektu NCN OPUS 16 nr 2018/31/B/ST3/02370, w ktérym bralem udzial jako doktorant-
stypendysta.
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Rozdzial 5

Podsumowanie

Przeprowadzone badania sktadajace sie na niniejszg rozprawe pozwolity odkry¢ wiele interesujacych wlasciwo-
$ci najcieniszych przewodnikéw pradu, jakimi sg tancuchy atomowe. Wykorzystujac formalizmy retardowanych
funkcji Greena oraz operatora ewolucji, przeanalizowane zostaly tutaj uktady atomowe w réznych fazach to-
pologicznych w przypadku stacjonarnym, jak i zaleznym od czasu, gdzie mogliSmy $§ledzi¢ dynamike zmian
w czasie (ewolucje) wybranych wielkosci fizycznych. W badaniach uwzglednione zostaly takie czynniki jak:
rodzaj podltoza, na ktérym znajduja sie tancuchy, oddzialywania kulombowskie, oddzialywania spin-orbita
oraz spin-flip, stacjonarne i zalezne od czasu zaburzenia zewnetrzne, czy tez geometria tancuchéw i elektrod.
Do najwazniejszych wynikéw niniejszej rozprawy mozna zaliczy¢:

e Odkrycie dlugookresowych oscylacji przewodnictwa tancuchéw atomowych zaburzonych adatomami.

e Wykazanie silnego wplywu podlozy metalicznych oraz oddzialywan spin-flip i spin-orbita na asymetrie

lokalnej gestosci stanéw w lancuchach atomowych.

e Znalezienie indukowanych stanéw topologicznych w tancuchach niebedacych w nietrywialnej fazie topo-

logicznej i zbadanie ich dynamiki czasowej (propagacji) w réznych uktadach atomowych.

e Odkrycie nietrywialnej periodycznej struktury LDOS w uktadzie dwéch sprzezonych kropek kwanto-

wych, nazywanej transient cristal.
o Wykazanie, ze topologiczne taricuchy atomowe moga pelnié role efektywnych pomp elektronowych.

o Wykazanie asymetrii energetycznej stanow topologicznych na dwéch koncach nietrywialnego tancucha

atomowego pod wplywem kontaktu z dwuwymiarowymi elektrodami

Uwazam, ze cele pracy zostaly osiagniete, a postawione hipotezy badawcze zostaly zweryfikowane. Uzyskane
w tej rozprawie rezultaty moga by¢ zweryfikowane eksperymentalnie przy uzyciu skaningowego mikroskopu
tunelowego, gdyz mierzalny prad tunelowy bezposrednio zalezy od lokalnej gestosci stanéw elektronowych,
ktéra byta gtéwng wielkodcia analizowana w tej rozprawie. Ponadto w toku rozprawy udato si¢ opracowaé
narzedzie informatyczne umozliwiajace modelowanie nanostruktur oraz prowadzenie obliczen numerycznych
ich wtasciwoéci elektrycznych- Nano Modeller. Dodatkowo opracowana zostala nowa technika wizualizacji
danych, nazywana wykresem warkoczowym, ktéra umozliwiaja wizualizacje niewielkich perturbacji na tle
duzych zmian.

W przysztosci planuje rozszerzyé zakres swoich badan o analize wlasciwosci elektrycznych normalnych
i topologicznych tancuchéw atomowych w kontakcie z nadprzewodnikami, a takze uwzglednié¢ rozszerzony

model SSH oraz czastki Majorany. Planuje réwniez dalej rozwijaé¢ program Nano Modeller wzbogacajac go
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o nowe funkcjonalnosci (np. uwzglednianie rzeczywistych atoméw z wieloma orbitalami) oraz udoskonalajac
efektywnoéé jego dziatania.

Mam nadzieje, ze uzyskane w tej rozprawie wyniki wnosza pewien wktad do fizyki materii skondensowanej,
w tym fizyki izolatoréw topologicznych i fizyki uktadéw niskowymiarowych, oraz umozliwig wykorzystanie
normalnych i topologicznych tancuchéw atomowych do celéw aplikacyjnych w nowoczesnych urzadzeniach

elektronicznych.
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We propose a locally protected ladder-like atomic system (nanoconductor) on a substrate that is
insensitive to external perturbations. The system corresponds to coupled atomic chains fabricated
on different surfaces. Electron transport properties of such conductors are studied theoretically
using the model tight-binding Su-Schriffer-Hegger (SSH) Hamiltonian and Green’s function for-
malism. We have found that the conductance of the system is almost insensitive to single adatoms
and oscillates as a function of the side chain length with very large periods. Non-local character of
the electron transport was observed also for topological SSH chains where nontrivial end states sur-
vive in the presence of disturbances as well as for different substrates. We have found that the care-
ful inspection of the density of states or charge waves can provide the information about the atom
energy levels and hopping amplitudes. Moreover, the ladder-like geometry allows one to distin-
guish between normal and topological zero-energy states. It is important that topological chains do
not reveal Friedel oscillations which are observed in non-topological chains. Published by AIP

Publishing. https://doi.org/10.1063/1.5028571

I. INTRODUCTION

Considerable progress in the fabrication of atomically
thick regular chains has been achieved recently. Very long
chains of various species of atoms e.g., Pb, Au, and Sb have
been investigated experimentally on different reconstructed
surfaces like Si(335), Si(557), Ge(001), or others.'™ The
electronic properties of such one-dimension systems are of
great interest due to their prospective applications in nanoe-
lectronics as they are the thinnest possible electric wires.
Atomic chains can be also used in spintronic devices.® These
systems reveal many interesting effects like conductance
quantization,”® conductance oscillations,”'’ spin-charge
separation,'' charge density waves,'*'? spinless topological
s‘[ates,14’15 Majorana zero modes,16’17 or others which often
do not appear in bulk materials.

Electrical properties of low-dimensional systems are
strongly determined by the geometrical configurations of
atoms. Regular atomic chains are characterized by the
peaked density of states (DOS) structure with no energy
gaps. On the other hand, a chain with different tunneling
amplitudes can reveal a topological phase with protected
states. One of the simplest 1D models with both trivial and
non-trivial phases is the Su-Schriffer-Hegger (SSH) model
describing spinless fermions hopping on an atomic lattice
with stagger hopping integrals.'*'®2! It exhibits rich physi-
cal phenomena and can be exactly resolved giving two dif-
ferent phases which are topologically distinct in the open
boundary condition. These phases are distinguished by the
presence or absence of topological nontrivial states at the
chain ends and the energy gap inside the chain. The SSH
model with topological states can be realized experimentally
in the form of photonic quantum walks, optical lattices, and

“Electronic mail: tomasz kwapinski@umcs.pl

0021-8979/2018/123(19)/194301/10/$30.00

123, 194301-1

recently also in the form of a vacancy lattice in a chlorine
monolayer on a Cu(100) surface. 22223

There are some nontrivial problems concerning atomic
chains and their possible applications. Low-dimensional
structures are sensitive to external disturbances. The conduc-
tance of thin films (or atomic ribbons) depends on the surface
scattering centers and thus, even a very low number of exter-
nal atoms on a surface can significantly change the transport
properties.* Also short atomic chains are sensitive to impu-
rities and in the presence of a single side-attached atom or
cluster of atoms the spectral density function or the conduc-
tance can drastically change.”>*° Moreover, the one-atom
thick chain stands for a single path for electrons but it can be
easily broken due to e.g., thermal effects and it cannot be too
strongly coupled with the surface because electrons are will-
ing to leakage from the chain. Thus, there is a great chal-
lenge to find 1D stable systems which are locally protected
against disturbances and which overcome the above prob-
lems i.e., which ensure respectable control of the electrical
properties.

In the present paper, we propose quasi-one-dimen-
sional chains which are locally protected against disturban-
ces i.e., which are insensitive (or almost insensitive) to
single external perturbations. The system consists of two
coupled atomic chains of different lengths in normal and
topological phases between two electron reservoirs and
coupled with the substrate electrode, which is schematically
shown in Fig. 1. It stands for a kind of ladder-like atomic
cluster. The electrical properties of the system are con-
trolled by the length of the second (shorter) chain which we
called additional or side chain. This unusual system reveals
interesting transport properties, different from those of a
straight chain of atoms. Moreover, the ladder-like geometry
allows one to distinguish between normal and topological
zero-energy states and determines the electron energies and

Published by AIP Publishing.
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FIG. 1. Schematic view of the system under consideration: N-site linear
chain (red circles) on a surface between the left (L) and right (R) electrodes
and coupled with adatoms which form the second atomic chain of the length
N, (black circles). The parameters I';, T'x, V;, V., and V,; describe the cou-
plings (electron hopping integrals) between appropriate electron states and
9, &4 are the on-site electron energies in the main chain or in the additional
chain, respectively.

coupling parameters of the system. Note that freely sus-
pended chains like molecular break junction (MBJ)
chains®?%3" are almost unpractical for potential applica-
tions. Here, we consider a relatively stable ladder-like
structure of atoms on various substrates. The system can be
realized experimentally on vicianl (stepped) surfaces e.g.,
on modified perfectly ordered Si(553)/Au or Si(557)/Au
substrates with multiple Pb or Sb chains fabricated on each
vicinal terrace.***% On such surfaces, Pb atoms self-
assemble into chains growing in the sequential way.*
Formation of perfectly ordered chains is governed by the
atomic diffusion and for small Pb coverage, only one com-
plete atomic chain is observed. Next, for larger coverages
the second chain is formed in the middle of each terrace
which grows in a specific way, i.e., randomly deposited Pb
atoms join together to form short chains which grow and
grow (along the first chain). Finally, two Pb atomic chains
appear at each vicinal terrace. This process corresponds to
the model considered in this paper where we analyze the
electrical properties of the system during the process of
growing of the second atomic chain. It is important that the
process described above relies on the epitaxial growth of
atoms (which can be precisely controlled) and concerns the
whole macroscopic surface.

To describe theoretically the conductance, electron
occupancies, and the local DOS along the ladder-like normal
and topological atomic systems the model tight-binding
Hamiltonian and Green’s function formalism are used.?®3*-
In this paper, we analyze also half-widths of the conductance
peaks to find the non-local character of the conductance in
non-trivial chains which is crucial from the practical point of
view. Moreover, the local DOS and charge occupation waves
along both normal and topological chains are investigated as
they give some insight into the physical mechanism of the
transport properties.*®=° Note that stable atomic chains need
a background substrate underneath. Our substrate model
assumes local tunnel couplings i.e., the spatial separation of
the chain atoms is considered which allows one to investi-
gate localized and delocalized electrons in the substrate.
These two regimes may be interpreted as an insulating or a
conducting substrate, respectively.

The paper is organized as follows. Section II is devoted
to the theoretical model, formalism, and analytical calcula-
tions. In Sec. III, the main results of the paper are discussed:
large-period conductance oscillations (Sec. III A), local DOS
along normal and topological chains (Sec. III B), interference
effects between both chains (Sec. III C), charge waves along
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a ladder-like atomic system (Sec. III D), and electron locali-
zation effect in the substrate (Sec. IIIE). Section IV stands
for a short summary.

Il. THEORETICAL MODEL, FORMALISM, AND
ANALYTICAL CALCULATIONS

We consider the system which is schematically shown
in Fig. 1—it consists of a linear atomic chain of N sites in a
normal or SSH configuration (red balls) coupled with two
metallic leads (L and R) and a further substrate electrode (S).
This chain is disturbed by additional atoms (disturbances,
adatoms) which can form a regular shorter chain (black
balls) coupled with the main one. In our investigations, we
study various lengths of this additional chain, from a single
adatom up to N sites. The system can represent e.g., one vic-
inal terrace of the Si(553) surface with Pb chains.* The tight-
binding model Hamiltonian for this system, in the standard
second-quantized notation, can be written in the following
form: H = Hy + H,yyp + Hy,p, Where

Hy = Zs,a a; +Z%ald% + Z akaak ag, (1)

iq=1 ka=L.R.S

describes the on-site electron energies in the main chain, ¢;,
in the addltlonal chain, ¢;,, or in the leads, ¢;, with the wave
vectors k. The operators a;/;, (a; /id) annihilate and create an
electron at site i =1,...,N or iy =1,...,Ng, and a];a(a;%)
are the according lead operators. It is assumed that the
electron-electron interactions do not play an important role
in the system which is reasonably well satisfied e.g., for Au
or Pb chains on vicinal silicon surfaces and can be captured
by an effective shift of the onsite energies.*****' Thus, both
spin directions are independent of each other and the spin
index in the Hamiltonian is suppressed. The coupling
Hamiltonian describes the transitions between electron sites
in both chains and between the main chain and the left and
right leads, and can be written as follows:

N—1
§ : + } : +
coup - aExal(N) + Vi,iJrlaj il
Ko= L(R) i=1
Ny—1

+ ) Vi@ ais1 + Zan ar+he., (2)
i —

ig=1

where i’ corresponds to such atomic sites in the main chain,
i, which are coupled with additional atoms, i.e., i’ = ry, 7,

.,In,, and in Fig. 1 we have r; =3, ry, = 7. The tunnel
matrix elements V,,;;; and V;, ;1 describe the couplings
between the neighboring sites in both chains and V, is the
chain-chain hopping integral—here, this parameter is site-
independent, which means that all additional atoms are
equally coupled with the main chain. Note that for different
every second couplings in the chain Vi1 (Veyeneventi
# Vo, ,,dd+1) the system corresponds to the topological
chain'*'*' and for equally coupled sites (V;;;; = V) the
system is in the normal (non-topological) state. Electron
transitions between the first and the last sites of the chain
and the left and right leads are established by V,;L(R) matrix
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elements. The last part of the main Hamiltonian, Hy,s
describes the chain-substrate coupling and will be specified
later in the text. We assume the substrate as a further weakly
coupled electrode (electron reservoir) and for an insulator
surface we put Hy,,,= 0, which is considered in our analyti-
cal calculations.

We are interested in the electron transport properties of
the ladder-like system and obtain the conductance, density of
states, and charge occupations of electron states in both
chains. The linear conductance at zero temperature is given
by the Landauer formula

232 " 2
G= TFLFR|GIN(EF)| ; 3)

where G (Er) is the Fourier transform of the time-dependent
retarded  Green’s  function,  GJ(t) = ((ai(t); ¢, (0)))
= i0(t){[ai(1),a; (0)] ), obtained for the Fermi energy and
for i=1 and j=N. In the energy space, the retarded Green
function satisfies the following equation of motion:*

eGi(e) = (lai af],) + (({ai, H]_; @), )

where the bracket ((...

dependent Green’s function which in general includes Ko states
(they appear due to the total Hamiltonian in the anticommuta-
tor). Fortunately, in the wide-band limit (WBL) approximation,
these states are captured via the energy-independent I", param-

)), corresponds to the new energy-

eter, [ g =21 |V,;L/R|25(8 — &g )» Which is the spectral
density of the chain-lead coupling. Thus, the total Green’s func-
tion depends only on i and i, states and one obtains (N 4+ N4)
linear dependent equations which can be written in the matrix

notation: G - C =1 , where [ is the identity matrix. The matrix
G = G s, stands for the (N + Ng) x (N + Ng) array of the
appropriate Greens’ functions, f describes all i and i, states,
and C is a square (N +N,) x (N +N,) complex array which
takes the following form:

~NxN ~NXN,
A Ai,/' (e) Bz:,it, ‘
C= )
BAN(/ xN ANd ><Nd .
iq.i s (&)

(N+Ng)x (N+Ny)

. . . ~N
The on-diagonal matrix in the above relation, A )
(dimension N x N), concerns the electron states in the main
chain and is composed of the following elements:

~NxN
A () = (e = )8y — Vigs1 (Gij1 + 6isa,)
r T
+i%5,‘_151,/ + l.?Réi,NéN.jv (6)

and the second on-diagonal square array is related to the
chain of additional atoms

~NgxNy

Dl}/,/}[ (8) = (8 - Siti)(sidJ[I

The off-diagonal rectangular matrixes in Eq. (5) consist

- Vl}/,/}l+1 (5i(/,id+1 + 5id+1,1}1)' @)

. . . 5NN,

of the chain-chain coupling elements, B i_l-: ‘= —Vibiiytr—1
SNxN SN, .

and B = (B : d)T. To obtain the conductance, one has
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to find the retarded Green’s function which is expressed by
the inverse of C, Eq. (9),1.e.,

. A1 cofC’Nl
Gy(e) = (C = =
(&) = ( )in detC

®)

Here, cofC‘Nl is Athe (N, 1) cofactor of the matrix é i.e.,
(N, 1) minor of ¢ multiplied by (—1)""'. After some alge-
bra, one can obtain

XNy S(N=1)x(N—1)

x det (A

(DNdXNd)—léNdX<N—1)

cofC NI = detﬁNd

_ DN ) R

N1
where the determinant det(...),, concerns A and B matrixes
which are formed by deleting the N-th row and 1-th column
of the main matrix C. Further analytical calculations of the
Green’s function need some assumptions which are satisfied
for regular non-topological chains i.e., we consider symmet-
rical and uniform parameters of the system: ¢; = &, &, = &g,
Viisi1 =V, I' =g =T (all symbols are consistent with
Fig. 1) and assume V;, ;41 =V, =0 (additional atoms
are not coupled between themselves). Now we can find that
detD™ " = (¢ — ¢4)™, and the matrix product in Eq. (9)
can be obtained exactly

A(N=1)xNy

~NgxNg
B

(L)

_1B;NJ><(N—1): Vf, ]é(N—l)x(N—l
&— &g

' 0

where R is the (N — 1) x (N — 1) dimension matrix with the
following elements:
R (11)

i

(N-D)x(N=1) { Oijy1 for 2 <i<N—1

0 elsewhere.

Thus, the cofactor, Eq. (9), reads cofCyy = VN-1 (e — gd)N" .
Similar calculations can be performed for detC in the
denominator in Eq. (8). After some tedious matrix algebra,
we can write the retarded Green’s function in the following
form:

VN71

w(e) = 12)

2
- ~N— I ~N—
detdy + iTdetA, = — (5) detdy

Here, Agf corresponds to the ANXN matrix, Eq. (6), for
I' = 'k = 0 (chain decoupled from the leads) and for the
following substitution of the diagonal matrix elements: & — &
Vi

—>8—80—£_£d

for ry <i < ry,. For arbitrary r, and ry, the

. ~N .
determinant detA, has no short analytical form. However, for

ri1 = 1 and ry, = N (which corresponds to N, = N) this deter-
%‘;}1)(’5 where ¢ plays the

role of the Bloch phase and satisfies the following relation:

cos ¢ = (8780* vi ) /2V. It is worth noting that for

E—&q

. . ~N
minant has the solution: detA, =

decoupled chains, V,, =0, the matrix Cisa tri-diagonal array
and its inverse (Green function) can be computed analyti-

cally.*® In this case, the determinant of C can be expressed by
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the Chebyshev polynomial of the second kind with the Bloch
phase ¢ = arccos 5. Writing the conductance in terms of
the Green’s function, one can find the condition on the con-
ul _ Er—tq
m 2V
value of the on-site electron energy in the chain (e = & for
V,=0),1=0,1,...,m — 1 and m is the atomic period of the
conductance.

The charge localized at the i-th site can be obtained by
integrating the local density of states, p;(¢) = DOS;, up to

the Fermi energy

ductance oscillations cos , where ¢4 is the effective

Er 1 (B
n; = J dep;(e) = ——J deSG(e) (13)
o T s
where Gj;(¢) is the retarded Green’s function which is
obtained together with other elements of the matrix G .

lll. RESULTS AND DISCUSSION

In our calculations, we will always assume that the left
and right leads couple equally strong to the chain, I’y = I’y
=TI and assume I' as the unit energy. If it is not directly
stated, we consider no substrate electrode (which is equiva-
lent to an insulator surface). The Fermi energy of the unbi-
ased leads stands for the energy reference point, Er =0, and
the temperature 7= 0 K. Moreover, in our numerical calcula-
tions we consider only regular chains i.e., the on-site electron
energies are position independent, &; = &g, &4 = &4, and for a
normal chain the intra-chain hopping integrals are the same
for all i and Vj; =V, and V;,;, = V. These assumptions are
quite reasonable for chains consisting of one atom species in
an equidistant arrangement on the surface. For the SSH
chain, we assume Viogaoaar1 =V and Veenevent1 = V2
which corresponds to a chain with two atoms in the unit cell.
The conductance is expressed in units of % and the parame-
ters have been chosen in order to satisfy the realistic situa-
tion in many experiments, e.g., assuming I' = 0.25¢eV, the
hopping integral along the chainis V =4 = 1 eV or between
chains is V, = 2 = 0.5 eV.>**4!

A. Large-period conductance oscillations

In the beginning of our studies, we analyze the conduc-
tance along a normal (non-topological) chain as a function
of the second chain length, N,. Both chains are coupled via
V, parameter as is schematically shown in Fig. 1 and the
main chain length is N=100. In the MBJ geometry with a
single atomic chain between electron reservoirs, the con-
ductance drastically changes with N and oscillates as a
function of the chain length (even-odd conductance oscilla-
tions).6’8’9’31’42_44 In our studies in Fig. 2, we set the value
of ¢y in the main chain such that it satisfies the condition for
the period m=2 (9 =0), m=3 (¢ = —V) or m=4
(60 = —V/2V)—red, green, and blue curves respectively,
and change the number of atoms in the additional chain.
This adatom chain starts to grow from site r; = 10 (N,=1)
up to ry, = 90 (N, =81) and we expect to observe the same
oscillation period of G. As one can see, the conductance of
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FIG. 2. The conductance through the atomic chain composed of N =100 lin-
ear sites as a function of the second chain length, N, for &g = 0 (red curve),
& = —V (green curve), and & = —V2V (blue curve) and for &g = —V/3V,
V=4,V,=2,V;=0,I, =I'px =T = 1 (energy unit). The atoms of the sec-
ond chain are placed from r; = 10 up to ry, = 90 sites of the main chain
(N,=81). The upper panel is a zoom of the indicated area from the bottom
one. The lines serve as a guide to the eye.

the non-disturbed chain (N,=0) is relatively small due to
the even chain length, N. However, it is surprising that
in the presence of additional atoms the conductance
oscillates with very large periods, here m =44, 39 or 32 for

go = 0,—V or —/2V, respectively. These large oscillation
periods can be explained from the condition on the conduc-

— . where the effective on-
arccos(z—v)

site energy corresponds to the renormalized system energy

2
Eeff = €0 +£—Pl and 0 </ <m. One can easily find that

nearly integer numbers of the oscillation period, m, appear
(i) for [=23 (m=43.98 - red curve), (ii) for [=14
(m=38.97 - green curve), and (iii) for /=9 (m=32.02 -
blue curve). Alternatively, these periods can be explained
assuming a linear chain of atomic double-site cells com-
posed of two states with energies: ¢ and &;, and which are
coupled together via the V, parameter. In such a case, the
cell is characterized by two molecular states which stand
for effective energies of the ladder-like chain

tance oscillations: m =

(14)

The conductance oscillation periods obtained from the above
energies, Eq. (14), are in good agreement with the results
shown in Fig. 2. Note that the minimal value of G observed
for N; ~ 40 in Fig. 2 is not a general result because, depend-
ing on the system parameters (and using the relation on the
conductance oscillations), one can find other large periods of
the conductance such that the maximum of G can appear for
different N.
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The second crucial result relating to Fig. 2 concerns the
amount of adatoms and their role in the conductance modifi-
cations. We have found that small changes of the additional-
chain length, N, or single side-attached atoms do not modify
significantly the conductance through the main chain. This
non-local behavior of the conductance is in contrast to the
even-odd conductance oscillations where small variations of
N change significantly the conductance. As one can see, the
half-widths of the conductance peaks are relatively wide.
Moreover, to change the conductance from minimal to maxi-
mal value one needs tens of atoms. These features make the
considered system almost insensitive to inadvertent external
perturbations (adatoms) which allows one to precisely con-
trol the electron transport through the chain.

It is interesting that also small-period oscillations of the
conductance are visible in the curves in Fig. 2, upper panel
(zoom of the area indicated by the black rectangle). These
oscillations correspond to the condition on the conductance
oscillations in the main atomic chain, i.e., ¢g =0,—V or
—+/2V. As one can see, the period of two, three, and four
atoms appears on the conductance—red, blue, and green
curves, respectively. Thus, the system under consideration
reveals both small and large periods of the conductance
oscillations. Note that small-period oscillations can provide
the information about the electron levels in the non-
disturbed chain, &j, while large-period oscillations are related
to the effective energies of the ladder-like system, .

The results shown in Fig. 2 were obtained for adatoms
placed one after other from sites 71 = 10 up to ry, = 90—it
stands for only one possible distribution of additional atoms.
However, in real experiments such chains can grow differ-
ently e.g., the second Pb chain on Si(557) starts to growth
from the so-called “nucleation points” to the left and right
sides.* We have verified that our results slightly depend on
distributions of adatoms coupled with the main chain and
thus, henceforth we consider only the atom-by-atom growth
from r, to ry, sites. Moreover, we have checked that the con-
ductance periods are the same for both even and odd chain
lengths, N. Note that the large-period conductance oscilla-
tions are not observed in the SSH chain due to an energy gap
inside the system which will be analyzed below. However,
in the limit of large bias voltages the electron current can
flow through the side-band (non-topological) states of the
SSH chain."®

B. Local DOS along normal and topological chains

For atomic objects on a surface, the local density of
states at the Fermi level is strongly related to the current
measured e.g., in STM experiments. Thus, it could be very
desirable to analyze the local DOS structure along ladder-
like atomic chains. In doing so, we consider both normal and
SSH chains as we expect to observe crucial differences
between these two systems, Fig. 3 upper and bottom panel,
respectively. Here, the local DOS at the Fermi level (plotted
for all chain sites, 7) is analyzed as a function of additional
chain length, N, For a normal chain composed of an even
number of sites (upper panel) and not disturbed by adatoms,
N,=0, the local DOS along the whole chain is minimal (for
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FIG. 3. Local DOS at the Fermi level along the chain as a function of the
second chain length, N, The upper (bottom) panel corresponds to the nor-
mal chain, V| =V, =V =4, (topological SSH chain, V| = 2,V, = 4). The
other parameters are the same as those in Fig. 2, ¢y = —V/3V.

1 <7 < 100); thus, the conductance is also very small, cf.
Fig. 2 for N,=0. However, for specific lengths N, one
observes that the local DOS oscillates along the whole chain
and e.g., for N,=22 (adatoms are coupled only to the sites
between r; = 10 and 7y, = 31) non-vanishing DOS oscilla-
tions appear for all i. It is the reason that the conductance
along the chain in this case is maximal.*'* The situation
drastically changes for the SSH chain being in non-trivial
topological phase, V| = 2,V, = 4, bottom panel. As one can
see, the local DOS along the chain is nonzero only at both
chain ends where topological states appear. It is worth noting
that the local DOS values do not depend on the adatom chain
length and are the same for the non-disturbed chain, N, =0,
as well as for the disturbed chain, N;=81. It confirms the
non-local character of the topological states in the SSH
chain.

In order to further study the influence of topological
phases on the local DOS along the chain, we consider the
SSH setup with different couplings V; and V, for the non-
disturbed chain, N; =0 (upper panel, Fig. 4), and for small
amount of adatoms, N, =22 (bottom panel). The SSH chain
in the trivial phase (V, < V) is characterized by an energy
gap in the structure of DOS; thus, in this case the local DOS
along the chain is minimal for all atomic sites. On the other
hand, for the chain in the non-trivial phase (V| < V,) the
chain possesses topological states at both ends and thus finite
nonzero values of the local DOS appear in this case, cf. also
Fig. 3. As one can see the trivial and nontrivial phases of the
SSH chain hardly depend on the amount of adatoms in the
second chain (non-local property). The only difference
between both phases is observed for the mixed-value region



194301-6 M. Kurzyna and T. Kwapirski

DOS(EF) Ng4=0

o
06 - |8 wmHH‘MJJJN\MJH\
0.4 =

0.2

FIG. 4. Local DOS at the Fermi level along the chain for various configura-
tions of the coupling strengths V; and V,. The black solid lines indicate the
case V| =V, =V =4 (normal chain) and the left and right regions corre-
spond to the SSH chain being in the trivial (V> < V| =4) or non-trivial
phase (V| <V, = 4). The upper panel is plotted for the non-disturbed chain
(Ny=0) and the bottom one for N; =22 adatoms, and the other parameters
are the same as those in Fig. 2, ¢y = —V3V.

i.e., for V| ~ V; indicated by the black lines at both panels.
In this case, the chain becomes normal and for the non-
disturbed case (upper panel), the values of the local DOS
strongly decrease from the outer atoms towards the middle
of the chain and the conductance is also minimal. However,
in the presence of a small number of adatoms (bottom panel),
the local DOS oscillates along the whole 100-atom chain
which leads to a large value of the conductance in this case.
We have shown that single disturbances almost do not
change the conductance which is a manifestation of the non-
local character of G. Moreover, topological states of the SSH
chain are insensitive to external disturbances. In this context, it
is interesting to analyze the role of adatoms in the energetic
structure of DOS in the SSH and normal chains. In Fig. 5, we
show the local DOS at the first atomic site as a function of the
energy for the normal (upper panel) and topological SSH
chains (bottom panel) and for N,= 81 adatoms. In the SSH
chain, a very wide topological state is visible in the energy gap
region which is insensitive to the adatom energy, ¢,. However,
the left and right energy bands change in the presence of dis-
turbed adatoms and some modifications of the DOS structure
are visible for the energy related to the value of ¢4, cf. the
curve for ¢; = 3. This effect provides asymmetry in the local
DOS of the SSH chain which can change the electron occupa-
tions along the chain—this problem will be studied later. On
the other hand, the local DOS of the normal chain at the first
atom is also characterized by a zero-energy peak for ¢; = 0
(upper panel). However, this peak comes from adatoms cou-
pled with the normal chain and is not locally protected. It is
confirmed by the structure of the local DOS obtained for other
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FIG. 5. Energy dependent local DOS at the first atomic site in the normal
chain (V, =V, =V =4, upper panel) and in the SSH chain (V| =2,
V5, =4, bottom panel) for various energies of adatoms, ¢; = 0,1,2,3 and
for V,=1, N;=81. The other parameters are the same as those in Fig. 2.
The curves for ¢; > 0 are shifted by 0.2, 0.4, or 0.6 for better visualization.

values of the adatom energy—we observe local peaks in DOS
for & ~ &;. Such behavior of the zero-energy peaks can be
used to verify experimentally topological and normal states
localized at both chain ends as the former are insensitive to
external perturbations and the latter change their positions in
the presence of adatoms. Moreover, it is possible to determine
the adatom energy, &,, analyzing the structure of DOS of the
ladder-like chains.

C. Coupled adatoms—Interference effects

In this subsection we investigate the conductance
through N-atom chain coupled with additional atoms which
are nearest-neighbor coupled to each other via the V, param-
eter. This coupling is responsible for new paths for electrons
in the system and therefore, interference effects play here an
important role. As the conductance along the SSH chain is
not sensitive to adatoms, here we consider the non-
topological chain which reveals the non-local character of G.

First, we analyze the conductance vs. the additional
chain length, N, for two specific values of the electron ener-
gies ie., g =Ef =0 and ¢; = —V3V, see Fig. 6, upper
panel. These positions of ¢; correspond to the conductance
oscillation effect in linear chains with periods m=2 orm =6
atoms, respectively. However, in the presence of nonzero
hopping integrals in the coupled chain, V,, the maxima of G
appear for even N, (the so-called odd-even conductance
oscillations), red curve in Fig. 6, (contrary to the even-odd
oscillations where maxima of G are observed for odd
N31’42’43) These oscillations are also visible in the middle
panel in Fig. 6 where the odd-even conductance oscillations
are analyzed for a wide spectrum of V. For very small V,,
the conductance is suppressed (black field in the middle
panel). For larger values of V, one observes maximal
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FIG. 6. The conductance through N = 100 atomic chain as a function of the
second chain length, N, and the coupling between additional atoms, V,, for
&4 = 0 (middle panel) and &; = —+/3V (bottom panel). The upper panel cor-
responds to the conductance from the middle (red curve) and bottom (blue
curve) panels obtained for V; = 0.25. The others parameters are the same as
those in Fig. 2, &g = 0.

oscillation amplitude of G, and for even larger V,, the ampli-
tude decreases but the odd-even oscillations are still visible.
The situation changes for nonzero on-site electron energies
in the second chain, &; # 0, (blue curve in the upper panel,
Fig. 6). Now, instead of the odd-even oscillations of G one
expects (from the condition for the G oscillations for
&g = —V/3V) the oscillation period of m=6 atoms.
However, we observe here large-period conductance oscilla-
tions. This period can be explained by the renormalized
effective energies in the chain. It is interesting that in the
non-resonant case (g; # 0) the conductance oscillations
slightly depend on the coupling parameter, V,, which is ana-
lyzed in the bottom panel in Fig. 6. Here, the oscillation
period as well as oscillation amplitude does not change sig-
nificantly with V. Thus for the non-resonant case (which is
satisfied e.g., for different atom species), the system is
almost insensitive to the couplings between neighboring sites
in the additional chain.
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D. Charge waves along atomic chains

Charge distribution along atomic chains is often charac-
terized by an oscillatory (in space) function known as charge
waves. 3973945 These waves are closely related to the con-
ductance oscillation effect and the periods of both effects are
exactly the same. However, for a ladder-like system due to
external adatoms charge waves should be modified in normal
as well as in topological chains which is analyzed in this
subsection.

In the upper panel in Fig. 7, we show the charge occupa-
tions, n;, along the linear non-topological chain composed of
N =100 sites, free of adatoms (blue curve) and with only one
side-attached atom coupled with i =50 site (red crosses). As
one can see, the site occupations of the perfect chain, n;, are
equal to 0.5 and are site-independent (here, ¢y = Er = 0). In
the presence of only one adatom, the Friedel oscillations are
well visible with the oscillation period equals to 2 (which is
the same as the conductance oscillation period for &y = 0) and
exponentially decreasing amplitude.*****® The situation
changes for a larger number of adatoms (middle and bottom
panels). For N;,=70 (additional atoms are coupled to the
main chain between r; = 11 and ry, = 80 sites), the occupa-
tions n; are characterized by two separate regions with differ-
ent periods. For the chain sites which are non-disturbed by

0-6 T T T T
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FIG. 7. Charge occupations along the chain composed of N = 100 sites with
a single side-attached atom at i=50 and for V,=4 (red crosses, upper
panel) and V=0 (blue triangles, upper panel). The middle panel corre-
sponds to N, = 70 atoms coupled to the chain from r; = 11 to ry, = 80 sites
with V, =4 where n; (n;,) stands for the main chain (adatoms) charges — red
crosses and black circles, respectively. The bottom panel is an enlarged part
of the middle one for i = 1,...,27. The black circles are shifted down by
0.35 for better visualization and the others parameters are the same as those
inFig. 2,60 =0, ¢g = —4.
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adatoms (i < 11 and i > 80), the even-odd Friedel oscillations
appear with decreasing amplitude towards the chain ends (red
crosses), similarly to the case shown in the upper panel.
However, for the chain sites which are coupled with additional
atoms one observes lower occupations of the main chain, and
more important, the oscillation period of n; changes which is
better visible in the bottom panel (zoom of the middle one).
This period is related to the V, parameter and here from the
relation Z = arccos 34), one obtains that Z—12 and the
period is m =3 (for'/="1). Thus, the information about the
adatom parameters (&g, V) can be easily extracted on closer
inspection of the Friedel oscillations. It is interesting that the
occupancies of additional atoms reflect perfectly the same
periodicity as in the main chain. Moreover, the maxima of n;
correspond to the maxima of n;,, so there is no phase differ-
ence between the waves along both chains.

Our former studies showed that the SSH topological
chain is insensitive to external distributions. However, in the
presence of adatoms the local DOS at atomic sites in the
SSH chain can be non-symmetrical, cf. Fig. 5. Thus, it is
desirable to analyze in more detail the structure of charge
waves along such chains. In Fig. 8, we investigate the elec-
tron occupations, n;, inside the main chain as a function of
the coupling between chains, V,, for the normal chain (upper
panel) and for the SSH chain with topological end-states
(bottom panel). As one can see in both cases for V, =0, all
sites are half occupied. The situation changes in the presence
of adatoms (as before the adatom chain is coupled with the
main chain from 7 = 11 up to ry, = 80 sites). For the nor-
mal chain (upper panel), the charge occupation smoothly
decreases with V, for r; <i <ry, and the Friedel oscilla-
tions are observed inside the whole chain, especially the
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FIG. 8. Charge occupations along the normal chain (V; =V, =V =4,
upper panel) and SSH chain (V; = 2,V, = 4, bottom panel) as a function of
V.. The other parameters are the same as those in Fig. 7.
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even-odd Friedel oscillations for the non-disturbed chain
region (i < 11 and i > 80). However, it is surprising that for the
SSH chain (bottom panel) the electron occupations also depend
on adatoms but there are two important differences: (i) the
occupations #; is almost constant for small V,, with no oscilla-
tions and starts to decrease for V, > |g4| and (ii) there are no
Friedel oscillations at both chain ends. The absence of Friedel
oscillations in topological SSH chains allows one to distinguish
experimentally between normal or topological systems.

To conclude, for non-trivial topological chains the elec-
tron occupancies change in the presence of adatoms (they
are not protected against disturbances). It results from the
modifications of DOS sidebands due to adatoms. However,
the main zero-energy topological state is still insensitive to
such disturbances. Although the occupancies of the SSH
chain change due to external atoms we do not observe
Friedel oscillations in topological chains in contrast to the
normal chains.

E. Ladder-like chain on different surfaces

In this subsection, we consider a more realistic case and
study the influence of the chain-substrate coupling on the
electronic properties along the ladder-like chain. We intro-
duce the wire-surface tunneling Hamiltonian in the form
Hgyp = Z/Ss V_//Ssa,}rsaj + h.c. The tunnel matrix element V_/'ES
depends on the position of the j-th chain atom, R;, at the sub-
strate: Vg = Vigexp (ikR;)*"*° i.e., the spatial separation of
the chain atoms is considered. In our investigations, we
assume equal distances between atoms in both chains, a, and
moreover, only the substrate electrons with Fermi wave-
length play an important role in the electron transport. Thus,
one obtains the spectral density function

sin (kpar,;,-)

Iy =Ts : (1s)

kpar,»j

where I's stands for the effective chain-substrate coupling
strength, I's =271 \Vk~5|25(8 — &pg) which in the wide
band limit is energy independent and r;; is the distance
between i-th and j-th sites expressed in a units. Thus, the
chain-substrate coupling modifies all matrix elements in Eq.

(5) by additional complex term 11;’ Note that for a very
small kza parameter the F;j- function is independent of the
atom positions i.e., I' f] = I's which corresponds to delocal-
ized electron states in the substrate as in the case of metallic-
like surfaces. In the opposite limit i.e., for a very large value
of kra one finds Ffj = I's0;; (each chain site is coupled to an
individual additional electrode). This limit describes local-
ized electrons with very short mean-free path as in semi-
conductor or insulator substrates.

In Fig. 9, we analyze the conductance oscillations
through a normal chain in the presence of a weakly coupled
substrate, I'¢ = 0.1, and different values of kra. Note that
the results obtained in the absence of the substrate, i.e., for
I's = 0, are shown in Fig. 2, red curve. Let us first consider
almost delocalized electrons in the substrate (small kra). As
one can see, the oscillation period and the oscillation
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FIG. 9. The conductance through a normal chain as a function of N, for the
same parameters as in Fig. 2 for &g = 0, I's = 0.1 and for various values of
kra indicated in the legend.

amplitude are practically not influenced by the substrate in
this case, cf. the red curves in Figs. 2 and 9. For the interme-
diate case of kra we observe smaller oscillations of G, and
the conductance almost vanishes for kra =2. However, for
larger kra the oscillation amplitude of G increases due to
oscillations of the Ff]- function, Eq. (15), and e.g., for kpa =4
large period conductance oscillations are again clearly visi-
ble. Thus, we can conclude that the surface leaves the oscil-
lation period unchanged but it influences the oscillation
amplitude especially for strongly localized electrons in the
substrate. Note that the oscillation amplitude of G as well as
the amplitude of charge waves also decreases with increasing
rs.

The conductance of a normal chain is sensitive to the
surface below the chain which should be also reflected in the
structure of the local DOS. For topological chains with pro-
tected states, such dependence is not obvious. Thus in our
last studies, in Fig. 10, we compare the local DOS structures
of the normal and SSH chains (upper and bottom panel,
respectively) disturbed by adatoms. For a normal chain with

LDOS,

LDOS,

energy

FIG. 10. Local DOS at the first atomic site for normal chain (upper panel)
and for the SSH chain in nontrivial phase (bottom panel) for different chain-
substrate coupling strength, I's = 0,0.1 and 0.5. The other parameters are
the same parameters as those in Fig. 2, kxz, =4. The curves for I's = 0.1 and
0.5 are shifted by 0.3 and 0.6, respectively.
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no surface, I's = 0, the local DOS is characterized by an
oscillating structure with zero-energy peak which comes
from the disturbances, ¢; = 0 (cf. also Fig. 5). In the pres-
ence of the surface, the oscillations of DOS disappear and
the structure becomes relatively flat. Moreover, the central
peak significantly decreases due to the chain-surface cou-
pling, see the curve for I'gy = 0.5. The results for the topolog-
ical chain are shown in the bottom panel—the protected state
slightly depends on the substrate (it becomes somewhat
wider and smaller); however, both sideband DOS structures
are smoother and smoother as the coupling increases. Thus,
the substrate influences mainly the sideband structures of
DOS but the protected states are not destroyed by the sur-
face. It means that topological states in one-dimensional
ladder-like structures coupled with various surfaces can be
observed experimentally even in the case of side-attached
disturbances.

IV. CONCLUSIONS

We have studied the electron transport through a ladder-
like atomic system composed of normal or topological
chains on different substrates. The tight-binding Hamiltonian
and the Green’s function approach were used to obtain the
conductance, local DOS structure, and the electron occupan-
cies of all chain sites. Our studies showed that the ladder-
like systems have an advantage over straight atomic chains
which is crucial for potential applications of these systems.

We have found that the conductance oscillates as a func-
tion of the additional chain length with very large periods,
tens of atoms (not reported in the literature before). This
interesting effect allows one to control the conductance by
the length of the side chain i.e., by the amount of atoms
which can be precisely deposited at the surface using epitaxy
methods. The conductance oscillations were confirmed by
our analytical calculations. We have also found that single
external atoms do not change significantly the electrical
properties of the ladder-like system (non-local character of
the conductance). Moreover, we have observed modified
periods of the charge waves inside the normal chain directly
coupled with adatoms.

We have also shown that topological states in the SSH
chain are insensitive to external disturbances (adatoms) and
they survive for different substrates coupled with the ladder-
like system. However, external atoms leave their fingerprints
on the local DOS structure of the SSH chain — the electron
occupancies along the chain decrease in the presence of ada-
toms. Note, however, that the Friedel oscillations do not
appear in the topological chain. It allows us to distinguish
experimentally normal and topological ladder-like systems.
We have shown that careful inspection of the local DOS
structure as well as charge waves can provide the informa-
tion about the electron energy levels and coupling integrals.

The results discussed in this paper give some insight
into the physical mechanism of the transport properties
through the ladder-like one-dimensional normal and topolog-
ical structures. These systems are locally protected against
external impurities and can be precisely controlled; thus,
they can be applied in nanoelectronics.



194301-10 M. Kurzyna and T. Kwapiriski

ACKNOWLEDGMENTS

This work was partially supported by the National Science
Centre, Poland, under Grant No. 2014/13/B/ST5/04442.

'R. Zdyb, M. Strézak, and M. Jatochowski, Vacuum 63, 107 (2001).

2J.N. Crain, J. L. McChesney, F. Zheng, M. C. Gallagher, P. C. Snijders,
M. Bissen, C. Gundelach, S. C. Erwin, and F. J. Himpsel, Phys. Rev. B 69,
125401 (2004).

3A. A. Baski, K. M. Saoud, and K. M. Jones, Appl. Surf. Sci. 182, 216 (2001).

“M. Jalochowski, T. Kwapinski, P. FLukasik, P. Nita, and M.
Kopciuszynski, J. Phys.: Condens. Matter 28, 284003 (2016).

SN. Oncel, A. van Houselt, J. Huijben, A.-S. Hallback, O. Gurlu, H. J. W.
Zandvliet, and B. Poelsema, Phys. Rev. Lett. 95, 116801 (2005).

°J. Zeng and K.-K. Chen, J. Mater. Chem. C 3, 5697 (2015).

"H. Ohnishi, Y. Kondo, and K. Takayanagi, Nature 395, 780 (1998).

SA. L Yanson, G. R. Bollinger, H. E. van den Brom, N. Agrait, and J. M.
van Ruitenbeek, Nature 395, 783 (1998).

°R. H. M. Smit, C. Untiedt, G. Rubio-Bollinger, R. C. Segers, and J. M. van
Ruitenbeek, Phys. Rev. Lett. 91, 076805 (2003).

'ON. Agrait, A. L. Yeyati, and J. M. van Ruitenbeek, Phys. Rep. 377, 81 (2003).

0. M. Auslaender, H. Steinberg, A. Yacoby, Y. Tserkovnyak, B. 1. Halperin,
K. W. Baldwin, L. N. Pfeiffer, and K. W. West, Science 308, 88 (2005).

'2G. Gruner, Rev. Mod. Phys. 60, 1129 (1998).

SH. W. Yeom, S. Takeda, E. Rotenberg, 1. Matsuda, K. Horikoshi, J.
Schaefer, C. M. Lee, S. D. Kevan, T. Ohta, T. Nagao, and S. Hasegawa,
Phys. Rev. Lett. 82, 4898 (1999).

'], K. Asboth, L. Oroszlany, and A. Palyi, A Short Course on Topological
Insulators (Springer, Switzerland, 2016).

SR. Drost, T. Ojanen, A. Harjuv, and P. Liljeroth, Nat. Phys. 13, 668
(2017).

I6A. Y. Kitaev, Phys. Usp. 44, 131 (2001).

"M. Maska, A. Gorczyca-Goral, J. Tworzydto, and T. Domarniski, Phys.
Rev. B 95, 045429 (2017).

M. Benito, M. Niklas, G. Platero, and S. Kohler, Phys. Rev. B 93, 115432
(2016).

L. Linhu, C. Yang, and S. Chen, Europhys. Lett. 112, 10004 (2015).

20w, Su, J. Schrieffer, and A. Heeger, Phys. Rev. Lett. 42, 1698 (1979).

211, Linhu, X. Zhihao, and S. Chen, Phys. Rev. B 89, 085111 (2014).

J. Appl. Phys. 123, 194301 (2018)

27, Kitagawa, M. Broome, A. Fedrizzi, M. Rudner, E. Berg, I. Kassal, A.
Guzik, E. Demler, and A. White, Nat. Commun. 3, 882 (2012).

23E. Meier, F. A. Anc, and B. Gadway, Nat. Commun. 7, 13986 (2016).

247, Korczak and T. Kwapiniski, Surf. Sci. 601, 3324 (2007).

25T, Kwapiriski, J. Phys.: Condens. Matter 19, 176218 (2007).

26T, Kwapiriski, M. Krawiec, and M. Jalochowski, Phys. Lett. A 372, 154
(2008).

27p. A. Orellana, F. Dominguez-Adame, I. Gomez, and M. L. Ladron de
Guevara, Phys. Rev. B 67, 085321 (2003).

28T, Kwapiiiski, Vacuum 74, 201 (2004).

2B, Jiang, Y.-H. Zhou, C.-Y. Chen, and K.-Q. Chen, Org. Electron. 23, 133
(2015).

K. S. Thygesen and K. W. Jacobsen, Phys. Rev. Lett. 91, 146801
(2003).

3t Kwapinski, J. Phys.: Condens. Matter 17, 5849 (2005); ibid. 22, 295303
(2010).

2h. Okino, I. Matsuda, S. Yamazaki, R. Hobara, and S. Hasegawa, Phys.
Rev. B 76, 035424 (2007).

BM. Krawiec, T. Kwapinski, and M. Jatochowski, Phys. Rev. B 73, 075415
(2006).

3T, Kwapiniski, J. Phys.: Condens. Matter 18, 7313 (2006).

33S. Datta, Electronic Transport in Mesoscopic Systems (Cambridge
University Press, Cambridge, 1995).

36J.'S. Shin, K.-D. Ryang, and H. W. Yeom, Phys. Rev. B 85, 073401
(2012).

D. F. Urban, C. A. Stafford, and H. Grabert, Phys. Rev. B 75, 205428
(2007).

3BA. Gorczyca, M. M. Maska, and M. Mierzejewski, Phys. Rev. B 76,
165419 (2007).

Y. Weiss, M. Goldstein, and R. Berkovits, Phys. Rev. B 75, 064209
(2007).

40C. M. Fonseca and J. Petronilho, Linear Algebra Appl. 325, 7 (2001).

41T, Kwapiriski, S. Kohler, and P. Hinggi, Eur. Phys. J. B 78, 75 (2010).

42T.-S. Kim and H. Hershfield, Phys. Rev. B 65, 214526 (2002).

437.Y. Zeng and F. Claro, Phys. Rev. B 65, 193405 (2002).

47. Q. Fan, Z. Zhang, X. Deng, G. Tang, C. Yang, L. Sun, and H. L. Ahu,
Carbon 98, 179 (2016).

M. Mierzejewski and M. M. Maska, Phys. Rev. B 73, 205103 (2006).

46D, M. Newns and N. Read, Adv. Phys. 36, 799 (1987).



(7))
.2
(7))
>
Y
on
o
co
| \—
S5 0
oQ
P

Electronic properties of atomic ribbons with
spin-orbit couplings on different substrates

Cite as: J. Appl. Phys. 125, 144301 (2019); https://doi.org/10.1063/1.5080651
Submitted: 10 November 2018 . Accepted: 15 March 2019 . Published Online: 08 April 2019

& & @

View Online Export Citation CrossMark

Marcin Kurzyna, and Tomasz Kwapiriski

ARTICLES YOU MAY BE INTERESTED IN

Non-orthogonal tight-binding models: Problems and possible remedies for realistic nano-
scale devices

Journal of Applied Physics 125, 144302 (2019); https://doi.org/10.1063/1.5056178

Terahertz waveform considerations for nonlinearly driving lattice vibrations
Journal of Applied Physics 125, 144101 (2019); https://doi.org/10.1063/1.5052638

Microwave-assisted reversal of a single electron spin
Journal of Applied Physics 125, 142801 (2019); https://doi.org/10.1063/1.5064593

2017 Journal
Impact Factor:

Applied Physics Reviews 12.894

Now accepting original researchy

J. Appl. Phys. 125, 144301 (2019); https://doi.org/10.1063/1.5080651 125, 144301

© 2019 Author(s).



Journal of

ARTICLE scitation.org/journalljap

Applied Physics

Electronic properties of atomic ribbons with
spin-orbit couplings on different substrates

Cite as: 3. Appl. Phys. 125, 144301 (2019); doi: 10.1063/1.5080651 @ Ii'l @
Submitted: 10 November 2018 - Accepted: 15 March 2019 -
Published Online: 8 April 2019

View Online Export Citation CrossMark

Marcin Kurzyna and Tomasz Kwapinski®’

AFFILIATIONS

Institute of Physics, M. Curie-Sktodowska University, Pl. M. Curie-Sktodowskiej 1, 20-031 Lublin, Poland

2 Author to whom correspondence should be addressed: tormasz kwapinski@umcs pl

ABSTRACT

Atomic ribbons and monoatomic chains on different substrates are proposed as spin-dependent electrical conductors with asymmetrical local
density of states (DOS) and ferromagnetic occupancies along the chains. The tight-binding Hamiltonian and Green’s function techniques
were used to analyze the electrical properties of both normal and topological systems with spin-orbit scattering. To make the system more
realistic, electron leakage from atomic chains to various types of substrates is considered. We have shown that delocalized electrons in the
substrate and spin-orbit interactions are responsible for asymmetry in the local DOS. The structure of DOS for spin-orbit nontopological
chains is spin-dependent at both chain edges; however, in the middle of the chain, only paramagnetic solutions are observed. Additionally,
we have found different periods of the local DOS oscillations along the chain in the presence of spin-flip and spin-orbit couplings.
For topological chains, the edge nontrivial states split in the presence of spin-orbit scattering and spin-dependent Friedel oscillations
appear along the whole topological chain. We have also found out-of-phase Friedel oscillations between neighboring chains along the atomic
ribbon.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5080651

. INTRODUCTION optical lattices or on the real atomic lattice (with vacancies) in a
chlorine monolayer surface.””**

Freely suspended chains of metallic atoms fabricated, e.g., in the
mechanically break junction method™” are relatively short and can
easily break, which make these structures useless from the practical

point of view. On the other hand, very stable atomic chains can be

The electron transport properties of atomic chains have been
the subject of many theoretical and experimental papers mainly due
to their potential applications in nanoelectronics and quantum com-
puting. Modern experimental techniques make it possible to fabri-
cate one-atom thick ribbons or atomic chains, which are the thinnest

possible electric wires.'™* Semiconductor nanochains are good candi-
dates for application in electronic nanodevices like logic gates or
field effect transistors.”” Such quasi-one-dimensional systems reveal
many interesting effects like conductance quantization,”* conduc-
tance oscillations,”"’ photon-assisted tunneling,”"2 Friedel oscilla-
tions and charge density waves,'™"" spin-charge separation,” and
others. Chains with spin-orbit interactions coupled with the super-
conductor electrode can reveal nontrivial topological phases with
Majorana zero modes'*™' at both chain ends. Similarly, spinless
topological states were predicted in the Su-Schriffer-Hegger (SSH)
model describing an atomic lattice with stagger hopping
integrals.'”*” The SSH system is characterized by two different
phases (with or without topological end states), which are topologi-
cally distinct. These states are protected against external distur-
bances.”” The experimental realization of the SSH model is based on

grown epitaxially on reconstructed silicon surfaces [like Si(335), Si
(557), or others]."™*° Such single atomic chains or atomic ribbons
are coupled with the surface leading to electron leakage to the sub-
strate states and asymmetry in the density of states (DOS).””** Thus,
electron localization in the substrate can significantly modify
electronic properties of atomic ribbons. Particularly interesting are
low-dimensional conductors with spin-orbit coupling,”~ where
spin-polarized currents can appear (local asymmetric confinement of
electrons leads to spin—orbit coupling of Rashba type’>’*). The asym-
metrical potential produces the precession of electron spins, which is
responsible for spin-flip scattering between neighboring sites in the
ribbon. Phonon interactions, magnetic impurities, or nuclear spins
can lead to the on-site spin-flip processes.”” Although there are many
papers on the spin-orbit systems, very little attention has been paid to
investigate the role of the substrate coupled with spin-orbit chains,

J. Appl. Phys. 125, 144301 (2019); doi: 10.1063/1.5080651
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where the electron localization effects can be very important. It
makes the model more realistic and interesting as the chain-substrate
systems reveal new physical properties (superradiant states, asymme-
try in DOS, and ferromagnetic occupancies). They can be useful in
spintronics, e.g., as spin-orbit qubits, spin pumps, or basic elements
of spin transistors.”>*° The spin-orbit coupling strength can be exper-
imentally tuned by external gates and can lead to oscillatory behavior
of the ballistic spin conductance.”"’

In this paper, we are focusing on the electrical properties of
normal and topological atomic chains (ribbons) on different sub-
strates taking into account the spin-orbit scattering. Electron localiza-
tion in the substrate introduces asymmetry in DOS (Dicke-like
effect) but does not mix spin states. On the other hand, the
spin-orbit interactions break spin symmetry in the system and thus,
it is a great challenge to investigate electrical properties of atomic
ribbons in the presence of both surface scattering and spin-orbit
couplings. They together can lead to paramagnetic or ferromagnetic
solutions with nonsymmetrical spin-dependent DOS and asymmetri-
cal (or irregular) electron occupancies along the atomic ribbon. In
our calculations, we consider the spatial separation of atoms and use
the substrate model, which allows us to consider the insulator
(strongly localized electrons in the substrate), the semiconductor, as
well as metallic surfaces (delocalized electrons in the substrate).””**
We analyze the asymmetry in the local DOS, DOS at the Fermi level,
and the electron occupancies along the system for normal and SSH
topological chains. The results of this paper give some insight into
the physics of end states, charge density waves (CDW), Friedel oscil-
lations, and topological states in quasi-1D systems. The careful
inspection of the local DOS (which is possible using spin-polarized
STM), topological states, or charge waves can provide useful infor-
mation about the hopping amplitudes, on-site single-electron ener-
gies, and the ribbon geometry. In our studies, we propose long
atomic chains on a substrate as a memory storage device fully con-
trolled by the surface and spin-orbit coupling parameters.

The paper is organized as follows. In Sec. II, we describe the
theoretical model and the calculation method for the tight-binding
Hamiltonian. In Sec. I, the main results of the paper are discussed:
for short atomic systems (Sec. III A), for normal and SSH single
atomic chain (Secs. III B-IIT D), and for coupled chains (ribbons),
(Sec. I1I E). Section IV gives a short summary.

1l. MODEL AND THEORETICAL DESCRIPTION

The elementary system we consider in this paper is schematically
shown in Fig. 1. It consists of M linear atomic chains (each composed
of N sites, red balls) coupled with the substrate electrode. The system
corresponds to atomic ribbons, which can be fabricated on stepped-
like, vicinal surfaces.”* The model tight-binding Hamiltonian for this
system includes the spin-flip and spin-orbit couplings and can be
written in the following form: H = H, + Hj,, where

N-M

_ ot Lo

Hy, = E E Eicydic + E €5t o
o i=1 k
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FIG. 1. Schematic view of the system under consideration: M rows of N-site
linear chains (red circles) on a surface electrode. The parameters f, f,, I's
describe the couplings between appropriate electron states along every chain,
between chains, and the hybridization between the ribbon and substrate states,
respectively, and gy corresponds to the on-site electron energy.

describes the on-site electron energies in the atomic ribbon, &,
(i=1,...,N-M), with spin o, and the electron energies in the
substrate with the wave vectors k, £;,- The operators ais(a;) annihi-
late and create an electron with spin o at the i-th site, and ¢ a(cgc)

are the according substrate operators (related to the substrate Bloch
states). Electron transition between neighboring states in the ribbon
is described by t;; elements (here (i, j) means the summation over
the neighboring sites) and for regular chains, like, e.g., Pb atoms on
Si(111) vicinal surfaces, this parameter is spin and position inde-
pendent and we can write t;;1; =1f, (along each chains) and
tii+n = t, (between chains). For nonuniform couplings, along the
chains, t;, e.g., for different every second couplings, the system
corresponds to the topological SSH chain'>*" which will be
considered later. The last term of Hj represents electron hybridiza-
tion of the ribbon states with the substrate Bloch states which
in general depends on site positions, R; (ie., spatial separation
of atoms are considered): V, oic = Vi exp(ikR,-),”’38 and here is
spin-independent. Thus, the spectral density matrix can be written
as follows: (fs)ij =2r ZE VLEV;%(S'(E — &p). Assuming that only the

substrate electrons close to the Fermi surface play an important role
and for equal distances between atomic sites in the ribbon, a, one

obtains (I'5); = T's "=, where I's = (') = 27 3¢ |V, ¢ *(E —
£;) stands for the effective atom-substrate coupling strength, which
in the wide band limit is energy independent. Here, r; is the dis-
tance between two atomic sites in the ribbon, r; = |R; — R;|, and is
expressed in a units, thus for two sites from the same chain
rj=1|j—il, but in general, it should be obtained from the
Pythagorean theorem. The parameter kra in the above relation is
responsible for the electron localization in the substrate. For very
small kpa, all elements of the spectral density matrix I['s are position
independent and in this case (for kra = 0), we have (fs)ij =Ts. In
this limit, an electron from the ribbon can flow to the substrate, and
then it can appear at the arbitrary site with the same probability. It
corresponds to delocalized electron states in the substrate, which is
satisfied for metallic-like surfaces. In the opposite limit, for very
large value of kra, the spectral density matrix is diagonal and for
kra = oo, one finds (fs)ij =T's0;;. In this case, each ribbon site is
coupled effectively to an individual electrode and an electron that
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tunnels from a particular site to the substrate can re-enter only
at the same site. This limit describes localized electrons in the
substrate with very short mean-free path, which corresponds to
semiconductor or insulator substrates.

The spin-orbit couplings can be effectively modelled by
spin-flip hopping terms in a usual tight-binding approach.'”*"*>**
In this treatment, the spin-orbit Hamiltonian is composed of
spin-flip processes at a given site and between neighboring sites

and can be written in the following form:

E l
t ato‘ lO'x 0.0/ Yo

o0’

N
1 N
—tt Z a;, (10'),)6,6,51]-‘7 + Z tyaraio +he, (2
(i), Lo
where 6, are the Pauli matrices and }°;, corresponds to sum-
mation over the neighboring sites within a given atomic chain, and
ZO. j), between neighboring sites from different atomic chains.
Iy

Here, we consider the system where many-body effects (like the
Kondo effect) do not play an important role and they can be omitted
in the Hamiltonian. In this sense, the electron-electron interactions is
captured by an effective shift of the on-site energies, €5, which is rea-
sonably well satisfied for many atoms (like Au, Ag, In, or Pb) on
vicinal silicon surfaces.””” In our calculations, we concentrate on the
local DOS at a given site, the local DOS at the Fermi level, and the
electron occupancies along the ribbon. These quantities can be found
from the knowledge of retarded Green functions, Gi;, corresponding
to the appropriate ribbon sites. Using the equatlon of motion for
retarded Green’s function™ together with the Hamiltonian one can
obtain 2(N - M) linear-dependent equations for the retarded Green’s
function elements, G’ (E). They can be written in the matrix notation
G - C =1, where I is the identity matrix and C is a square
(2N - M) x (2N - M) complex array, which inverse stands for the
Green’s function. This function can be obtained from the relation
G = cofé‘/ det C, where (cof@)ij is the (4, j) cofactor of C matrix.
From the knowledge of retarded Green’s function we obtain the local
DOS (LDOS) at the i-th site, LDOS;(E) = —+ \sG’ /(E), and the elec-
tron occupancy n; = f; LDOS;(E)dE.

Now, we specify C matrix corresponding to coupled atomic
chains on the substrate. It can be written in the following form:

. [A"(E) Doe } 3)

Do A—O’(E)

Each submatrix of C has a dimensign 9f (N - M) x (N - M). Let us
first describe diagonal matrices of C, A*?(E). They are composed
of the following submatrices:

?1,1 ?1,11 ?1,111
s By Bun  Bunm
A°(E) = ] , (4)

BM,I BM,II BM M
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where B,z concerns the square matrix related to all sites from o
zind B rows (o, B = 1,11, ..., M) with spin o [or with spin —o for
A7°(E) matrix]. For o = f3, it takes the following form:

( S):]

(Bua),;= 5)

(E — & )51] - tz]+1(511+1 + 61+1]) +i

For the neighboring a indexes (upper and lower diagonal submatrices

ty51]+M +i

of A), B can be written as follows: (B,mi 1) e M

and for other indexes: (Baﬁ)ij: z% Now, we describe off-diagonal

elements of C matrix, which are related with the spin-orbit cou-
plings (electron states with different spins), D% In general, this
matrix is tri-diagonal and is composed of E submatrices

ﬁl,l {:31,11 0

s Enr Eun  Enm

D770 = . , (6)
0 0 Eym

where the diagonal submatrices describe spin-flip and spin-orbit cou-
plings along the chains and take the form (Ea»a)i,j: —tybi—

t” (8ij—1 — 6ijr1). The upper and lower diagonal submatrices of the
above matrix are related to spin-orbit couplings between chains and
are diagonal complex matrices (E‘wﬂ) = Fitls; j+1. Other ele-

ments of D are zero. Note that due to complex1ty of A, it is difficult to
find the short analytical form of G’. However, some analytical results
exist for the linear geometry of the system (left lead—chain-right lead),
where only tri-diagonal matrices appear and their determinates can be
expressed by the Chebyshev polynomial of the second kind."**' In this
paper, we discuss some analytical calculations for short atomic chains.

Ill. RESULTS AND DISCUSSION

In our calculations, the temperature is T =0K, and the
energy reference point stands for the Fermi energy of the substrate,
Ep = 0. It is assumed that each atomic site in the ribbon couples
equally strong to the substrate independently on spin, (fs)ii =T,
which is the energy unit. Moreover, only regular atomic chains are
considered, i.e., the on-site electron energies as well as the intra-chain
couplings are position and spin independent, €;, = &, tS”a = tslo =ty
and t;;11 = t, (between the neighboring sites along each chain) and
tiisn = t, (between neighboring sites from different chains). These
assumptions are quite reasonable for regular chains consisting of one
atom species in an equidistant arrangement on the surface like Pb on
the Si(553)/Au substrate. The parameters of the system have been
chosen in order to satisfy the realistic situation in many experiments,
e.g., assuming I's = 0.25 eV, the hopping integral along the chain is
ty = 4 = 1€V, between chains is t,=2=0.5eV, spin-orbit and
spin-flip couplings, t;, J/f = 0.1 =25meV, cf. Refs. 4, 27, 32, and 35.

A. Short atomic systems

In this subsection, we analyze the role of the substrate and
spin-orbit couplings on the electronic properties of short atomic
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systems. It allows us to find the main modifications of the local
DOS due to spin-orbit couplings and to better understand the
properties of larger systems and atomic ribbons.

For a chain composed of two coupled atoms on the substrate,
one finds that

. E—gp+ih  —t,+i2
A°(E) = o 2| 7)
—te+ i3t E—eyp+i3
Do.,,o. _ —Lf —tso (8)
to ty ]’
and the determinant of C matrix equals detC =

det (A" — IA)"’*"(A*")_ID*""’) det A=, where det AT for arbitrary
N and no substrate (I's = 0) can be obtained analytically."”*" For

to =0, one can write det C = det (A" — tszf(fl_")fl) det A=°. For

the case of ty =0 and t, # 0, we have det C = det(A"—
126,(A")7'G,) det A=°, and similar relations one can write for
the cofactor of C. Note that for nonzero spin-flip and spin-orbit
couplings, one can obtain analytically all Green’s function elements
but the relations for LDOS or on-site occupancies cannot be
written in relatively simple and transparent forms, and thus we
skip them in the paper.

In Fig. 2, we consider a two-atom system on a substrate and
study the role of the spin-flip and spin-orbit couplings on the local
DOS for both spins ¢ and —o (red solid and blue broken curves,
respectively). Such a system for f, =ty = 0 is characterized by
two local maxima of LDOS localized exactly at E =&y + f, (not
shown here) and the local DOS is spin-independent in this
case. In the presence of the spin-orbit coupling (upper panel),
these maxima of LDOS move outside a little and appear at

/ 2
E=¢g) + ti\/1+ (t;—x") , but the symmetry of LDOS around E =

& is still visible. For nonzero spin-flip coupling, tys (and t, =0,
middle panel), the structure of LDOS is still spin-independent (red
solid and blue broken curves overlap each other) and is symmetri-
cal around E = &, but each maximum of DOS splits into two local
peaks separated by 2ty. Thus, in this case, one observes four local
maxima of LDOS localized at E = gy + (tx + tsf). Note that for
ty = tg, only three local maxima appear in the structure of LDOS.
The situation changes in the presence of both spin-flip and
spin-orbit couplings (bottom panel) as in this case, the local DOS
at each atomic site depends on spin and in general,
LDOS,+(E) # LDOS,_4(E). This spin-asymmetry results from the
fact that the spin-flip transition between the sites |lo >—
|2— 0> is not the same as for |l — ¢ >— [20 > (cf. also D
matrix). It can also be confirmed analytically: G" is obtained from
the knowledge of cof C and deté’, here the determinant of C is the
same for both spins; however, the cofactor of C is spin-dependent.
For our system, one can obtain that the difference of both cofactors
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—
ts=0, t5o=1

LDOS_4(E)

LDOS; _4(E)

LDOS; _4(E)

FIG. 2. Local DOS with spin o and —o (red solid and blue broken lines) at the
first atomic site for the system composed of two atoms, N =2, M = 1. The
upper, middle, and bottom panels correspond to (ts =0, to = 1), (tss =1,
to =0), and (t5 =1, o = 1), respectively. The black dotted curve in the
bottom panel corresponds to LDOS,(E) + LDOS_(E). The other parameters
are gg =0, t, =2, ['s = 1 (energy unit), and kra = 10.

for spin up and spin down equals

R N I
(cofC) oo~ (cofC)l_c,l_G: Atotss (tx + l%) 9)

It means that for ty =0orty =0, there is no difference between
both cofactors, and thus the local DOS is spin independent, while
for nonzero, both ty and £, the cofactor difference leads to spin
dependence of LDOS. Note that due to spin-orbit couplings, the
local DOS at the second site for a given spin is not the same
as at the first site but corresponds to the opposite spin, ie.,
LDOS,,(E) = LDOS,_+(E) and LDOS,_(E) = LDOS,(E). It is
also important that the structure of spin-dependent LDOS is non-
symmetrical vs the Fermi energy, which leads to different occupan-
cies for both spins and will be studied later. However, the total
DOS at each atomic site [obtained as LDOS,(E) + LDOS_,(E)] is
fully symmetrical (black-dotted curve in Fig. 2, bottom panel). The
asymmetry in the local DOS structure which appears in the pres-
ence of spin-flip and spin-orbit couplings, can be detected using
spin-polarized electron leads (e.g., in STM experiments). For a
normal STM electrode, where both electron spins are present
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LDOS_(E)

LDOS; _o(E)

FIG. 3. Local DOS with spin o and —o (red solid and blue broken lines)
at the first atomic site for two-atom system, N =2, M =1, and for {5 =
tso = 0 (left panels) and ts = t;, = 1 (right panels). The upper (bottom)
panels correspond to kra =1 (kea = 4) and the rest parameters are the
same as in Fig. 2.

simultaneously, one cannot distinguish between LDOS signals from
each spin and the results are always symmetrical.

Real atomic chains or atomic clusters are often fabricated on
different substrates (metallic, semiconductor, or insulator), thus it is
desirable to investigate the role of the kpa parameter on the local
DOS in the presence of spin-flip and spin-orbit couplings. In Fig. 3,
we show the local DOS for both spins at the first atomic site for
small krpa (upper panels) and for larger kpa (bottom panels).
Additionally, we consider the system with the spin-orbit couplings
(right panels) and for ty = t, = 0 (left panels). In the last case,
the LDOS curves are spin-independent. As one can see for small
value of kga, the structure of LDOS is nonsymmetrical for both
ty = to = 0 and ty = t;, = 1. This asymmetry is a hallmark of the
Dicke effect predicted in quantum optics and related to the sponta-
neous emission of two close-lying atoms radiating a photon into the
same environment.’” In our case, both atomic sites are coupled with
continuum states of the substrate and the spectral functions of these
atoms are characterized by two peaks: a wide Lorentz-like peak and
a very narrow Dicke peak, see also Refs. 28 and 43. For ty = t, = 0
(left panels), LDOS asymmetry vanishes with increasing kra. For
kpa = 4, LDOS is still asymmetrical but for fully localized electrons
in the substrate, kpa — o0, the structure of LDOS is perfectly sym-
metrical as in this case (fs)ij = 6;Is. In the presence of spin-flip
and spin-orbit couplings, t = t, = 1, one observes that each LDOS
peak splits (cf. the left and right panels). Moreover, the results are
spin-dependent even for larger values of kra (see also Fig. 2, bottom
panel obtained for kra = 10).

The results analyzed in this subsection indicate that there are
two reasons for asymmetry in LDOS for atomic systems: localized

ARTICLE scitation.org/journalljap

electrons in the substrate and spin-orbit couplings. The former is
spin-independent, and the latter depends on spins. Thus, it is inter-
esting to consider these effects for larger systems taking into
account partially localized substrate electrons in the presence of
spin-flip and spin-orbit couplings which we study below.

B. Atomic chains on different substrates

In small atomic systems, in the absence of spin-orbit couplings,
we have observed strong asymmetry in LDOS for delocalized elec-
trons in the substrate and almost symmetric LDOS for localized
surface electrons. On the other hand, for nonzero spin-orbit cou-
plings, the local DOS curves are always nonsymmetrical for both
regimes of the krpa parameter. In this subsection, we study how the
surface electrons modify the structure of LDOS for regular atomic
chains taking into account the system with and without spin-flip
and spin-orbit couplings.

In Fig. 4, we analyze the local DOS at the middle site of the
atomic chain composed of 50 sites for different values of kra and
for t,, =ty = 0. For small kra (upper curve), one observes large
number of LDOS peaks related to N sites, but the structure of
LDOS is nonsymmetrical. For larger, intermediate kra (partially
localized electrons), these LDOS peaks are still visible for negative
energies, and for positive ones, the LDOS curve is smoother.
Finally, the structure of LDOS is characterized by a single
Dicke-like peak and a wide smooth background (for kra = 3)—
such a structure is similar to that one obtained for N = 2 (Fig. 3,
left upper panel). For larger and larger kra, the Dicke peak van-
ishes and the local DOS is symmetrical with no localized peaks
(bottom curve). The appearance of peaked-like DOS together with
the smooth DOS for the intermediate values of kra influences the
electron occupations along the chain and will be studied later.

Note that in the absence of spin-orbit couplings, the LDOS
curves are spin-independent for all atomic sites in the chain. The
situation can change for nonzero t, and ty parameters. Thus, in
Fig. 5, we consider atomic chains with the spin-flip and spin-orbit

LDOS5,(E)

FIG. 4. Local DOS at the middle atomic site i = 25 for the chain length N =
50 and for different values of kra as is indicated in the legend. The other
parameters are ty =0, t, =0, &, =1, & =0 and the curves for kra =
3, 1.5, 0.5 are shifted by 0.1, 0.2, and 0.3, respectively, for better visualization.
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LDOS; 5 _o(E)

LDOS; ;. _o(E)

FIG. 5. Local DOS at the chain end, i =1 (left panels) and at the middle
atomic site i = 25 (right panels) for the chain length N = 50 and for kra = 1.5
(upper panels) and kra = 3 (bottom panels). The solid (red) and broken (blue)
lines correspond to LDOS for spin o and —o, respectively. The other parame-
ters are the same as in Fig. 4, ts =1, t, = 1.

couplings and investigate the role of electron localization in the
substrate on the local DOS. We show the results for kpa = 1.5
(upper panels) and krpa = 3 (bottom panel) and analyze the struc-
ture of LDOS at the chain end (i = 1, left panel) and in the middle
of the chain (i = 25, right panels). As one can see the structure of
the local DOS is asymmetrical and splits, leading to a wider energy
region of nonzero LDOS with two spin-degenerate Dicke peaks for
intermediate kra parameter (separated by 2ty), right bottom panel.
More important, the local DOS is almost spin-independent, blue
and red curves overlap (right panels). It is in contrast to our previ-
ous results from Fig. 3 for the two-atom system and nonzero t,, and
tis. To study this problem in a wider context, we also plot the local
DOS at the first chain site for both spins (left panels) and find that
at both chain ends, the electron spectral function depends on spin.
Moreover, this function does not reveal Dicke peaks and is nonsym-
metrical. Thus, we have found that in the presence of the spin-flip
and spin-orbit couplings, both chain ends show spin-dependent
DOS characteristics, whereas in the middle of the chain, only para-
magnetic solutions are realized with almost spin-independent local
DOS. This feature of linear atomic chains on a substrate has a
strong influence on their electrical properties and suggests that the
nonmagnetic chain can be spin polarized. However, spin-memory
cells can be localized only at both chain ends.

C. Charge distribution and LDOS oscillations

The structure of LDOS analyzed in Sec. III B is crucial for
electron occupations of atomic sites, which are related to spin-
polarized charges and spin-transport properties.’"** To corroborate
the existence of spin-dependent occupancies at both chain ends in
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FIG. 6. Charge occupations, nj,, along the chain, N = 50, as a function of kra
parameter and ts = t;, = 0.5, & =1, £ = 0. The bottom panel shows nj,
(solid blue curve) and n;_ (red dots) for kea = 4.5.

Fig. 6, we study electron charges along the chain composed of N =
50 sites as a function of the electron localization parameter, kpa. As
one can see for small kra, the occupancies increase because the
local DOS peaks move below the Fermi energy, cf. Fig. 4. Then,
one observes two local maxima of #;,, which are related to the split
structure of LDOS showed in Fig. 5, right panels, with two
Dicke-like peaks. For larger kra, the local DOS is smoother and
smoother and the site occupancies monotonically decrease. Note
that the Friedel oscillations with the period of two atoms appear
only at both chain ends. These oscillations decrease with kra and
are not observed in the middle of the chain, as expected.

It is worth noting that without spin-flip and spin-orbit cou-
plings, charge distribution along the chain is always symmetrical,
i.e., iz = nN_i+15. However, in the presence of the spin-orbit cou-
plings (Fig. 6), the occupancies along the chain are different at both
chain ends and n;_; = ny_it15. This effect is analyzed in the
bottom panel, where we show the occupancies for both spins at
each atomic site. The asymmetry in n;, along the chain is related to
the nonsymmetrical structure of the local DOS in the presence of
the spin-flip and spin-orbit couplings. As a main feature of our
atomic chain, we have found that the occupancies along the system
are spin-dependent only at both chain ends, where spin-dependent
Friedel oscillations appear. In the middle of the chain, the occupan-
cies are spin-independent and only paramagnetic solutions are
observed, nj, = n;_. Thus, only chain ends can store spin-
dependent information.

The oscillations of occupancies along the chain should be also
reflected in the structure of the local DOS at the Fermi level, which
is often measured in the STM experiments. Thus, in Fig. 7, we
study the local DOS along the atomic chain composed of N = 50
linear sites for different spin-flip and spin-orbit parameters. In the
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upper panel, we consider ty = 0 and show the results for £, = 0.1
and 1. The local DOS is characterized by a relatively flat structure
with even-odd Friedel oscillations at both chain ends, which are
more evident for larger t,, (broken curve). The situation changes in
the presence of nonzero spin-flip parameter, ts (and for £, = 0),
middle panel. Note that the ty parameter is responsible for splitting
of the local DOS peaks, which can effectively change the positions
of the on-site energies, £. Thus, for small tys, the modified
even-odd oscillations are visible along the chain (middle panel,
lower curve). For larger ty, the positions of split LDOS peaks move
and they can satisfy the condition for the conductance oscilla-
tions.” The period of these oscillations is determined by the rela-
tive position of the effective on-site energy levels, £y, the Fermi

ﬂ) _ Er—ey
m/ T 2t

is the oscillation period and I =1, ..., m — 1. Here, for ty =1,
regular nonvanishing DOS oscillations with the three-atom period
are observed as in this case, a single atomic site is characterized by
two LDOS peaks at E = +ty, and for ty = t,, it corresponds to
the condition for the conductance oscillations with the period of 3
atoms (g, = *t,). For larger ty, the oscillation amplitude

energy, Er, and the coupling parameters: cos( where m
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FIG. 7. Local DOS at the Fermi level along the atomic chain composed of N =
50 sites for (fy = 0 and ts, = 0.1, 1.0—upper panel), (t;, = 0 and ¢ = 0.1,
1.0—middle panel) and (t;s = ts, = 0.1 and 1.0 —bottom panel), solid red and
broken blue lines, respectively. The other parameters are the same as in Fig. 4,
kra = 1. The upper curves in all panels (broken blue) were shifted by 0.2
(upper and middle panels) and 0.1 (bottom panel) for better visualization.
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changes and LDOS oscillations become irregular. In the presence
of both spin-flip and spin orbit couplings (bottom panel), one
observes slightly even-odd oscillations for small t,, tys (solid red
curve), and regular oscillations of LDOS with the period of about 6
atoms for larger couplings (broken blue curve). This period comes
from a superposition of the even-odd period (upper panel, m = 2)
and the three-atom period (middle panel, m = 3) indicated by the
blue-dotted curves. Note that all curves from the upper and middle
panels are fully symmetrical along the chain, but for nonzero
spin-orbit and spin-flip couplings (bottom panel), the local DOS
along the chain depends on the electron spin and is non-
symmetrical, which is especially visible at both chain ends (cf. also
the asymmetry in Fig. 2 for the two-atom system). For strongly
localized electrons in the substrate, kpa — o0, the local DOS oscil-
lations along the chain vanish leading to only small even-odd oscil-
lations at both chain ends. The above results show that the
spin-orbit and spin-flip scattering can effectively modify charge dis-
tribution (periods and amplitudes) along the chain.

D. SSH spin-orbit chains

In this subsection, we consider the SSH chain in the topologi-
cal phase with the spin-orbit and spin-flip couplings. We expect
that paramagnetic occupancies inside the chain as well as charge
distribution along the chain will be enhanced in the presence of
topological end states. Topological states in the SSH model appear
at both chain ends for different (but regular) couplings along the
chain—here, we set t;;1; = 2 (for odd i) and t;;1; = 4 (for even i),
which in the short form can be written as t, = (2, 4). It leads to
the energy gap inside the chain for the energy region E = gy + 2.

In Fig. 8, we analyze the local DOS at the first atomic site of
the chain and compare these results with the corresponding ones
for the middle site of the chain, left and right panels, respectively.
As one can see for no spin-flip and spin-orbit couplings, the chain
is characterized by a topological state at the first atomic site which is
spin-independent (left upper panel, solid red and broken blue
curves) or by an energy gap in the local DOS inside the chain (right
upper panel). It is worth mentioning that in the literature, the SSH
chain is mostly considered in the linear geometry (the chain is
coupled with the left electrode via the first atomic site and with the
right one via the last site). In such a configuration, the local DOS
exhibits strong oscillating (peaked) structure —see the broken black
curves in the upper panels, but the topological state at i = 1 as well
as the energy gap inside the chain appear for the same energies. For
the geometry considered in this paper, each atomic site of the chain
is coupled with the surface and their spectral functions are more
smoother than for the mentioned linear geometry. Note very sym-
metrical structures of LDOS around E = g, for both configurations
as we consider here almost localized electrons in the substrate.

In the presence of the spin-flip and spin-orbit couplings in
the SSH chain, bottom panels, the local DOS is spin-dependent (the
solid red and broken blue curves do not cover each other) and
the symmetry of the local DOS is broken. One should notice that the
topological state at the first atomic site (which appears in the middle
of the energy gap region) splits leading to asymmetry in LDOS and
two local maxima are observed (left bottom panel). Thus, one should
observe ferromagnetic occupancies at both ends of the SSH chain.
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FIG. 8. Local DOS at the chain end, i = 1 (left panels) and at the middle atomic
site i =25 (right panels) for the chain length N =50 and for ts = t;, = 0
(upper panels) and ts =t;, =1 (bottom panels). The couplings are site-
dependent and f;;,1 =2 (for odd i) and t;;1 =4 (for even i), kra = 10,
g9 = 0. Spin o (—o) is represented by the solid red (broken blue) lines and the
black broken curves in the upper panels correspond to the system geometry with
the chain coupled only with the left and right electrodes (via the first and the last
site, respectively).

However, for the SSH chain, all sites are characterized by nonsym-
metrical LDOS (cf. right bottom panel for i = 25), which leads to
spin-polarized solutions inside the chain.

To corroborate this effect, we obtain the electron occupancies
along the SSH chain (bottom panel in Fig. 9) and compare them
with the occupancies for the normal chain (upper panel). Note
that for no spin-flip and spin-orbit couplings, the occupancies do
not depend on spin (only paramagnetic solutions are realized)
and do not depend on the chain topology (see the blue-dotted
curve in the bottom panel obtained for the SSH chain for
ty = to = 0). In the presence of the spin-orbit terms, spin-
polarized occupancies are possible. However, in normal chains
(upper panel), paramagnetic occupancies dominate inside the
chain and only both chain ends are spin-polarized. The situation
changes for topological SSH chains, where we observe oscillations
of the electron occupancies along the whole chain (bottom panel).
It is very important in the context of the Friedel oscillations,
which are strongly dumped in the SSH chains due to an energy
gap at the Fermi level.”” However, in our case, for spin-orbit SSH
chains, we have found spin-dependent (and nondumped) oscilla-
tions of nj,. These oscillations are very regular inside the chain
with some disturbances at both chain ends, where topological
states are localized. Moreover, the occupancies are spin-polarized
along the whole SSH chain, which was not observed for normal
chains, and they are asymmetrical, nj; = n(N_it1)-¢- It is interest-
ing that although we observe oscillations of #;, and n;_, along the
chain the average electron occupancies at each site, (1, + 1i_¢)/2,
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FIG. 9. Spin-dependent occupancies, nj, (red solid curves) and n;_, (black
broken curves with circles), obtained for nontopological chain (t; = 2, upper
panel) and for the SSH chain [, = (2, 4), bottom panel]. The other parameters
are ty =ts, = 1, kea =10, &g = 0, N = 50. The dotted blue curve in the
bottom panel corresponds to ts = ts, = 0.

do not oscillate at all and overlap with the blue line for £y = t, =
0 in the bottom panel. It means that spin-dependent Friedel oscil-
lations in the SSH chain can be detected using spin-polarized
external electrodes. The results described above allow one to
control chain polarization by means of spin-orbit parameters or
by means of topology parameters (the coupling strengths). In this
sense, we can use such SSH chains to store and control quantum
information in 1D atomic systems.

E. Atomic ribbons

Single atomic chains are the thinnest possible electric wires
but are prone to external perturbations or defects and can be unsta-
ble. More solid structures on the substrate are coupled atomic
chains. In this section, we analyze LDOS oscillations along atomic
ribbons on different surfaces with the spin-orbit and spin-flip cou-
plings. First, we consider two-chain ribbon for ty = t;, = 0 (upper
panel in Fig. 10). As one can see, for decoupled chains in the
ribbon, t, =0, the Friedel even-odd oscillations of LDOS are
visible at both chain ends; however, for coupled chains, t, =1, the
local DOS oscillates with the period of three sites. In the last case,
nonzero couplings between chains lead to renormalization of the
on-site energies at atomic sites and if these effective energies satisfy
the condition on the conductance oscillations, one observes the
oscillations of LDOS along the chain with the same period as the
conductance oscillations.”* Of course, the spin-orbit as well as the
spin-flip couplings also change the energy of on-site states and split
these states, which can modify the oscillation period of LDOS.
Such a case is shown in the middle panel for two-chain ribbon in
the presence of spin-flip coupling (blue broken curve with crosses)
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or in the presence of spin-orbit coupling (pink-dotted curve with
rectangles). In the former case (ty # 0, t, = 0), the on-site elec-
tron energies are split leading to oscillations of LDOS with the
period of 5-6 atomic sites, whereas in the latter case (for ¢, # 0,
ty = 0), the energies of atomic states move in the energy scale and
their new positions generate the oscillations period of 4 sites in the
system. The most interesting case is shown in the bottom panel in
Fig. 10, where we analyze the local DOS along the double-chain
ribbon in the presence of both spin-flip and spin-orbit couplings.
Now, the oscillation period of LDOS is a combination of the
periods from the middle panel and equals about 15 atomic sites. It
is worth noting that the local DOS along the ribbon is the nonsym-
metrical function only in the last case, ie., for ty #0, o #0
(bottom panel). For other cases, all LDOS curves are fully symmet-
rical along the ribbon and are spin-independent. We have shown
that the period and the intensity of the LDOS oscillations along the
atomic ribbon can be controlled by coupling parameters.

The results shown in Fig. 10 were obtained for only one (inter-
mediate) kpa parameter. In our further studies, we are going to
investigate the role of the electron localization in the substrate on
the LDOS oscillations along the atomic ribbon. Thus, in Fig. 11,
the local DOS along the double-chain ribbon is shown as a func-
tion of the electron localization parameter, kra, in the presence of

T T T T T T T T T
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FIG. 10. Local DOS at the Fermi level along coupled atomic chains (N = 51,
M = 2) for t = ts, = O (upper panel), and the coupling between chains, t, = 0
(green broken curve) or t, = 1 (red solid curve). The middle and bottom panels
correspond to the coupled chains, £, = 1, and different combinations of s and ts,
parameters: 0 or 0.7, as is indicated in the legend, kea = 2, t, = 1, &g = 0.
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both spin-orbit and spin-flip couplings. One can distinguish here
two regimes of kpa. For small value of this parameter (delocalized
electrons in the substrate) the local DOS changes irregularly with i
but for somewhat larger values of kra, the oscillations become very
regular with the period of about 15 sites (cf. also the bottom panel
in Fig. 10). The appearance of almost flat and site-independent
LDOS(EF) for larger kra is related with modifications of the spec-
tral density function due to the presence of the substrate which was
analyzed in Figs. 4 and 5 for a single atomic chain. In that case
the corresponding local DOS becomes flat around the Fermi
energy, which makes the system less interesting for potential
applications.

In the last studies of this paper, we consider a wider atomic
ribbon and analyze three coupled chains on a substrate. For two
coupled chains, the results along the first or the second chain were
always the same. For wider ribbons, we expect that the results can
differ from row to row of atoms. In Fig. 12, we consider a ribbon
composed of three coupled chains, ¢, = 1, for very small spin-orbit
coupling, ty = t,, = 0.1 (upper panel), and for ty = t,, = 0.2 and
0.5 (middle and bottom panels). For the chosen set of parameters,
the local DOS oscillates with the period of 4-sites with a relatively
large amplitude (upper panel). Moreover, these oscillations are
exactly the same for rows I and III (red solid line and black dots)
and slightly differ for row II (larger oscillation amplitude). Note
that the minima and maxima of the local DOS oscillations are in
phase for each atomic row. For somewhat larger spin-orbit cou-
plings (middle panel), the oscillations of LDOS become irregular
but still they are in phase for considered rows of atoms. For larger
spin-orbit couplings (bottom panel), the oscillation amplitudes
decrease and regular oscillations are still visible, but more impor-
tant, the results for the middle chain and for both side chains are
out of phase, i.e., the minima of LDOS for row II correspond to
maxima of I and III chains. Additionally, asymmetry in the struc-
ture of the local DOS appears at both ribbon ends for each atomic
row (similarly to the results presented for the two-atom system and
the for atomic chain). This effect is better visible for larger
spin-orbit couplings and leads to ferromagnetic occupancies of
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FIG. 11. Local DOS at the Fermi level along two coupled atomic chains
(N=51, M=2, t,=1) as a function of the kra parameter for
tss = tso = 0.7. The other parameters are the same as in Fig. 10.
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LDOS,(Ef)

LDOS,(Ef)

LDOS,(Ef)

FIG. 12. Local DOS at the Fermi level along three coupled atomic chains (row |
of atoms—solid curves, row ll—broken curves, and row lll—dots) for t = t;, =
0.1,0.2 and 0.5 (upper, middle, and bottom panels, respectively). The other
parameters are the same as in Fig. 10, M = 3,1, =1, kra = 2.

edge sites and paramagnetic ones inside the ribbon. The asymmetry
of LDOS in the ribbon and out-of-phase oscillations of the local
DOS along different ribbon chains can be confirmed experimen-
tally in the STM experiments.

IV. CONCLUSIONS

We have studied electronic properties of atomic ribbons com-
posed of coupled atomic chains on different substrates using the
tight-binding Hamiltonian and Green’s function techniques. We
have considered the spin-flip and spin-orbit couplings in the
ribbon as well as electron leakage from chains to various types of
substrates: with delocalized, weakly localized, and perfectly local-
ized substrate electrons, which correspond to metallic, semiconduc-
tor, and insulator surfaces, respectively.

We have proposed coupled atomic chains with spin-dependent
charge oscillations, where a ferromagnetic phase propagates only at
both chain ends (for normal chains) or through the whole system
(for topological chains). In particular, we have found strong asym-
metry in the structure of the local DOS at atomic sites for short
atomic systems due to (i) delocalized electrons in the substrate and
(ii) due to spin-flip and spin-orbit couplings. In the former case,
LDOS is spin-independent, and for perfectly localized electrons, the

ARTICLE scitation.org/journalljap

asymmetry in LDOS disappears. In the presence of the spin-flip and
spin-orbit couplings, the structure of LDOS splits, moreover, is spin-
dependent and LDOS asymmetry survives even for perfectly local-
ized electrons in the substrate. These conclusions were verified for
longer atomic systems in the presence of both spin-orbit couplings
and the substrate electrons. As a main feature, we have found that
for nontopological chains, only chain ends show spin-dependent
LDOS characteristics, whereas the local DOS in the middle of the
chain are spin-independent. As a result, such a chain reveals elec-
tron spin polarization only at its edges (ferromagnetic occupancies),
but in the middle of the chain, the occupancies are the same for
both spins (paramagnetic solutions). We have also investigated SSH
spin-orbit chains and found spin-dependent Friedel oscillations
along the whole chain. Note that in the SSH chain, without spin-flip
and spin-orbit couplings, regular charge oscillations are not
observed. The existence of spin-dependent oscillations of the occu-
pancies in the SSH chains is very important for potential applica-
tions of these structures in spin-memory devices. Additionally, we
have found that the end topological states, which appear in the
middle of the energy gap region, split in the presence of spin-flip
and spin-orbit couplings and the appropriate local DOS structures
are nonsymmetrical around the Fermi energy.

We have also found different periods of the local DOS oscilla-
tions (obtained for the Fermi energy at each atomic site) along the
normal chain in the presence of spin-flip and spin-orbit couplings.
These parameters renormalize the on-site electron energies in the
system leading to the Friedel oscillations. The oscillations in
coupled atomic chains (atomic ribbon) on a surface were investi-
gated along the ribbon and we have found that minima and
maxima of local DOS oscillations (between neighboring chains) are
in phase for small spin-orbit parameters, but for larger couplings,
these oscillations are out of phase. Of course, for larger spin-orbit
couplings, strong asymmetry in the structure of the local DOS
appears at both ribbon ends.

It is believed that our results can be verified experimentally
using a spin-polarized STM tip for normal or SSH chains localized
at different substrates which are the thinnest possible electric wires.
Considered here atomic chains can be widely applied in nanoelec-
tronics as their physical parameters can be precisely controlled
using external fields or electrodes.
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We study time-dependent electrical properties of the Su-Schrieffer-Heeger (SSH) chain and coupled SSH
chains on a substrate. Focusing on the midgap edge state dynamics we consider the abrupt transition from the
normal to the SSH chain and determine characteristic timescale needed for topological states to develop. We have
found that the midgap state is formed from the inside peaks of the normal chain density of states. For a ladderlike
system we show that the edge SSH state vanishes in time or oscillates between neighboring sites. Moreover, for
nonadiabatical time-dependent perturbations the midgap state can partially leak to other sites leading to induced
topological states inside the trivial chain. We also analyze the mean-field correlation effects between the coupled
chains revealing the induced Friedel oscillations in nontrivial chains.

DOI: 10.1103/PhysRevB.102.195429

I. INTRODUCTION

Science and engineering in past decades revealed a ten-
dency of making things smaller and smaller. Quantum wires
and atomic ribbons are the thinnest possible electric conduc-
tors [1—4] and they comprise basic blocks in nanoelectronics.
Such low-dimensional systems reveal also many interesting
quantum effects, such as conductance oscillations [5,6], spin-
charge separation [7], charge-density waves [8], Majorana
topological states [9,10], and others.

The study of topological quantum matter is one of the most
attractive topic in low-dimensional physics. A Su-Schrieffer-
Heeger (SSH) model is a simple tight-binding model in
describing band topology in one-dimensional condensed-
matter systems [11-17]. The SSH model has time-reversal,
particle-hole symmetry, and it supports two distinct topolog-
ical phases. The manifestation of the topological nontrivial
nature in SSH systems is spectrally isolated midgap states
localized at the system boundaries. These states are visible
in the system density of states (DOS) and they are robust
against local perturbations since they are related to the bulk
environment (in contrast to conventional defect states which
are sensitive to perturbations) [18]. Additional topological
physics appear in extended SSH chains with more than two-
site periodicity (larger unit cells) [19,20]. For long-range
SSH models the site-site tunnelings include also next-
nearest-neighbor hoppings or others couplings [11,21-24].
By expanding the standard SSH chain to a double-chain
structure in a magnetic field one obtains the Creutz lad-
der model (cross-linked two-leg ladder system) or modified
Harper model [25-27]. In ladderlike systems it is also possible
to observe topological Majorana states [28]. Further expan-
sion of a ladder leads to the ribbon SSH geometry or to strictly
two-dimensional topological structures [29,30]. In contrast to
equilibrium systems topological phases can be also induced
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by time-dependent external fields, e.g., the Floquet topologi-
cal insulators [14,31-34]. Also a laser impulse applied to the
SSH chain can generate high harmonics which depend on the
system topological phase [35]. Moreover coherent destruction
of tunneling in one-dimensional (1D) systems can appear as
well [31,36,37].

There are a few experimental realizations of 1D topological
systems. Very promising materials are stable atomic chains
or atomic ribbons which can be grown epitaxially on recon-
structed silicon surfaces, such as Si(335), Si(557), or others
[1—4]. In such systems the scanning tunneling microscope
(STM) measurement of the current-voltage characteristics or
the conductance allows one to obtain the local density of
states (LDOS) and distinguish different topological phases
[38]. Additionally, with state-of-the-art fabrication technology
it is possible to prepare 1D chains with gate-defined quantum
dot (QD) in two-dimensional electron gas or chains of dopant
atoms in silicon with STM [39,40]. In optics, the emerging
field of topological photonics aims to fundamentally explore
dynamical effects in 1D topological systems [41,42]. Using
a photonic realization of the SSH chain it is possible to ob-
serve midgap nontrivial states of the SSH chain. Also, the
extended SSH model with four-site periodicity were realized
in a momentum lattice with ultracold Rb atoms [19]. In such
systems topological properties can be estimated from the
quench dynamics. Moreover, the Creutz ladder was realized in
a driven 1D optical lattice on ultracold fermionic atoms [25].
This technique allows for arbitrary dynamical control over
the tunneling phases, tunneling amplitudes or on-site energies
[41,43]. Note that also 1D mechanical systems can manifest
topological SSH properties [44,45] where the unit cell stands
for two acoustic resonates or micromechanical junctions.

Electron transport properties of topological chains have
been so far explored mainly in equilibrium (static) cases.
Since new experimental techniques allow us to investigate
atomic chains under time-dependent perturbations it would
be desirable to obtain their time response on quenches and
other perturbations. Thus far, such studies have been mostly

©2020 American Physical Society
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focused on time- or space-dependent probability density of
the boundary modes [46—48], whereas the energy-dependent
spectral density dynamics of the edge states has been often
overlooked. The time evolution of such functions gives deeper
insight into the whole on-site energetic structure showing
dynamical transitions between the bulk and the topological
states. LDOS peaks can be interpreted as the system quasi-
particle states and their behavior in time and energy domains
is crucial for comprehensive studies of these systems. Simi-
larly, dynamical phenomena of the coupled chains in different
topological phases can be analyzed by the spectral density
functions at both chains as they contain information about the
edge states, gap structure, and normal (bulk) states evolution
simultaneously. In this paper we consider such topological
hybrid structures and, in particular, we would like to answer
the questions: How fast does the edge state respond to an
instantaneous or continuously changed perturbations? How
is it built or destroyed in time? Moreover, it is desirable to
analyze how fast such states could leak/penetrate into non-
topological subsystems. In our studies we precisely address
these questions and we concentrate on the spectral density
function of the SSH chain and analyze its modifications due
to the abrupt or adiabatical change in the topological phase.
This process takes place when the nearest-neighbor couplings
between sites change in time leading to transformation from
the normal chain (characterized by uniform couplings) to the
topological SSH chain (characterized by different intracell
and intercell couplings). For a single atomic chain also other
modifications of the couplings are studied, such as the tran-
sient effects after breaking the chain where suddenly new
edge states appear in the energy gap region. We address the
timescale typical for development of the edge states in topo-
logical chains. Moreover, we consider different combinations
of coupled atomic chains including normal chain—SSH chain
or two coupled SSH chains in different topological phases. For
the double-chain structures we investigate evolution in time of
the edge topological state between both chains and electron
occupancy dynamics due to the Coulomb repulsion. Analytic
results for such complex systems are hardly available but for
some simplifications they are discussed in the paper.

As we are able to analyze full time dynamics of the spectral
density function we have shown in the paper that topological
edge states are formed directly from the inside peaks of the
normal chain DOS and the timescale of this process strongly
depends on the surface underneath the chain (which is dis-
cussed in Figs. 2—4 ). More importantly, time dynamics for
the coupled chains of the same topological phases shows that
the system energy gap is always closed for awhile after the
quench (cf. Fig. 6), however, for the hybrid two-chain system
composed of different phases the zero-energy state partially
leaks to the nontrivial phase and it exists simultaneously at
two different sites of this system (Fig. 10). It should be also
emphasized the importance of the results discussed in Fig. 11
of this paper. We have found that in the presence of the
Coulomb repulsion between both chains the induced Friedel
oscillations in the SSH chain can be observed.

The paper is organized as follows. In Sec. II, we describe
the theoretical model and the calculation method. In Sec. III,
the main results of the paper are discussed for a single SSH
chain on a substrate (Sec. III A), coupled chains in different
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FIG. 1. Model of two coupled atomic chains of the length N that
can be in different topological phases with the couplings W, V and
W', V', respectively. V, is the chain-chain coupling, and U€ stands
for the Coulomb repulsion between charged sites.

topological phases (Sec. III B), SSH ladderlike chains in the
presence of the Coulomb interactions (Sec. III C). Section IV
gives a short summary.

II. MODEL AND THEORETICAL DESCRIPTION

The physical model we consider in this paper consists of
a single atomic chain or coupled chains at the substrate as
is schematically shown in Fig. 1. Each chain is composed
of N single-electron sites with the nearest-neighbor cou-
plings, W, V, W', V', V,, and the Coulomb interaction U¢
(repulsion). All parameters can change in time. The couplings
along both chains can by uniform (as in the normal regular
chain) or can vary periodically inside and between the primi-
tive cell as in the SSH chain. For intracell couplings greater
than intercell couplings we get a topological chain in the
nontrivial phase, i.e., with topological midgap states at both
chain ends (called here SSH,), otherwise we obtain a chain in
the trivial topological phase without end states (SSHy).

The Hamiltonian of the system depends of the chain geom-
etry and, in general, it can be written in the following form:

M M
H = Z siaj'a,- + Z Z (S;I_a;a,;i + V,;’_,iazl_ai + H.c.)
i=1 =1

M M
+> Viala;+ > US O, )
i,j i,j

where M is the total number of sites in the system, a’, aarethe

creation and annihilation electron operators at the appropriate
sites, 71; = ajai is the particle number operator, ¢; and &; stand
for the single-electron energies in the chain or in the substrate,
respectively (the substrate is considered as M-separate elec-
trodes). Electron transitions between the surface and the sites
are established by the couplings Vi ; and V ; correspond to
the nearest-neighbor tunneling between the chain sites (the
coupling between chains corresponds to V; ; =V, and is site
independent). The last term in the Hamiltonian Ui?jﬁiﬁ ; stands
for the site-site Coulomb repulsion, and it is assumed that
this interaction is captured within the mean-field (Hartree-
Fock) approximation which renormalizes the single-electron
energies in the Hamiltonian, i.e., & — &; + Uiin i» where n;
is the expectation value of 7;. This approach is justified as
the Coulomb interaction in many quantum structures is small
[such as in Pb chains on the Si(335) surface], thus, noninter-
acting eigenstates of the quantum structure are related to those
of small U€. In the opposite limit (large U®) the energetic
structure of the system is split with the Coulomb blockade
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gap, but if we neglect many-body complex effects, such as the
Kondo effect, it is reasonable to focus on a single Coulomb
band. Thus, the spin index in our calculations is suppressed as
both spin directions are independent.

In order to describe time response of the system on external
perturbations the evolution operator method is used in our
calculations [49,50]. The charge occupation of the ith site can
be expressed in terms of the appropriate matrix elements of
the evolution operator (for details see Appendix A),

M
mit) = Y nj()|Us ;¢ 1)1 + Y mg @)Uz 4 10)F, ()

=1 Jik;

and the current flowing from the surface electrode is obtained
from the time derivative of the total number of electrons in
this reservoir,

. d d
16 = —eNi(t) = —e— an (®). 3)
ki

where n, (1) is expressed similarly to Eq. (2) and n,(#y) is the
initial occupancy of state «. In the interaction representation
the evolution operator matrix elements satisfy the following

J

g ®
ar

equation of motion:

%U(r, 1) =VOU@, 1), 4)

where V(t) = Up(t, 10)V (U] (t,10), U, to) =
T exp (i ft:) dt'Hy(t")) and T is the time-ordering operator.
Here V(t) and Hy(t) are the coupling part and the
on-site energy part of the total Hamiltonian, respectively
(Hy = Za 8aa;aa). In the calculations we put the initial
time tp) =0 (i.e., the couplings are zero for t < fy), and
all dynamical effects are analyzed for the system which
already reaches its equilibrium state so the initial occupations
of the chain sites do not play any role, thus, we assume
ni(tp) = 0. In such a case the chain occupancies can be
written as n;(1) = i Oz, ()|%. The summation over
the wave vectors with the initial band fillings ng (0) is, as
usual, replaced by the integral over the energy with the Fermi
function f(e), ie., ni(t) = [de > f((~3)Dj(8)|UiJ;j(t)|2 =
[ de f(¢)LDOS;(e, 1), where D;(¢) is the jth electrode band-
width and LDOS; (¢, t) is the spectral density function (the
local DOS) at the ith site. The evolution operator Ui,/?,- (t) can
be found from Eq. (4), and after some algebra (see Appendix
A) the differential equation on this function takes the form

t
D Vi~ exp [iUc / di'fiy (t') — ﬁi(t’)] Urr, ()
2 0 '

. t
_ ‘/i/z/el(gi_SZj ) exp |:l-UC / dt,ﬁi(t/):l
0

t t
- |Vﬂzj|2/ di'D(t — t")e" " exp [iUC/ dtn(t )]U,AJ;]. (", ®)
0 v

where 7;(1) = Y pny and ;' runs over all neighboring sites (from the ith site) for which there is U repulsion between electrons,
UiC- = UC€. The time-dependent current, Eq. (3), is also expressed by means of the evolution operator matrix elements, see

Eqg. (AS), and can be written as follows (e = 1):

. t
ji(t) = —2Im Zn,;l(O)v,;le’“ifg'”exp |:—iUC / dt/ﬁi(t/)]ul X0 —2Re{
- 0 ’
ki

ng (O)V;, I°U, (1)
k;

t t
X / di'D¥(t —t')e™ "~ exp |:iUC[ dtlﬂ,-(tl)} Ul*lg(t/)}, (6)
0 t ”

where D(t) = f de D(g)e’ is the time Fourier transform of the lead DOS, D(¢). Note that the knowledge of U; i (t) is necessary
to obtain the chain occupancies, spectral density function, or the currents. In general, analytical expressions for these quantities
do not exist, and the problem should be resolved numerically. However, some analytical solutions are possible in the wideband
approximation as well as for regular and symmetrical chains which will be discussed later in the paper. Assuming the wideband
approximation, the influence of the substrate can be captured by the site-dependent spectral density I';;, which diagonal elements
play the crucial role and are energy independent: T';;(¢) =27 ) ; |V”;|28(£ — &;) = I';. The off-diagonal terms rapidly vanish
with the site-site distance and in the paper are negligible, thus, the surface electrode can be considered as a set of equivalent
leads such that each chain site is coupled with its own electrode I';. Within this approach one can obtain the time integral in the
last term in Eq. (5) which equals i%Ui, i (t). In this case the relation for the current, Eq. (6), can be written as follows:

. t
j1(t) = —2Im ZnEI(O)VI;Ie'(SEI_“)texp [—iUC f dt’ﬁ,-(t’)}Ul L = Tim(@). (7
m 0 ’
ky
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Note that similar equations for other currents j;(f) can
be derived which should be resolved using the set of
differential equations, Eq. (5), together with the relations
for n;(t).

III. RESULTS AND DISCUSSION

Here we analyze electron transport properties of a single
chain and coupled atomic chains on a surface focusing on the
time evolution of the occupancies, spectral density functions
(LDOS), or the currents for different chain geometry. We carry
out the quench to the system by suddenly or adiabatically
changing some hopping parameters. In our calculations we
assume the temperature 7 = 0 K, and the energy reference
point stands for the Fermi energy of the surface electrode,
which implies Er = 0. Moreover, equal on-site energies for
all sites are considered &; = &, and the parameters are chosen
to fit the realistic parameters measured in experiments. In our
calculations we use the effective chain-lead coupling I'; = T°
as the energy unit, then for I' = 0.1 eV, the coupling V =4
corresponds to V = 0.4 eV, the time unit is //T" ~ 1071 s,
and the current unit becomes 2el" /i >~ 50 pA.

J

A. Single atomic chain

We start by addressing the time-evolution effect of the
normal atomic chain which evolves (is transformed) to the
topological one and consider a linear chain on a surface for
which some analytical expressions can be derived for the
uncorrelated case U¢ = 0. The transition from the normal to
topological chain is forced by changing in time the hopping
integrals inside the chain.

For a finite 1D system composed of N equal sites in the
stationary case one can obtain analytical results, e.g., for the
conductance [51]. The Hamiltonian of the SSH chain has chi-
ral symmetry which gives rise to a symmetric energy spectrum
and for periodic boundary conditions the results can be also
derived analytically [17]. The situation is more complicated
for time-dependent transport properties, especially for a chain
on a noninsulating substrate. To calculate the time-dependent
on-site spectral density function one needs Ui,/E, (t) matrix
elements which can be found using the Laplace transform
technique (see Appendix B). After some algebra we find the
solution, e.g., for U”;j (t), which is necessary in the spectral

density function LDOS| (¢),

N—j .
o r N
. _l -
(_l)jV] ‘/jj(»j ]1_[1 (S() + E + 21V COS m)
1= .
Uz, ()= < = : exp (i(e0 — 812j)t)
. J17T
— 4+ 2iV cos
jl_[l <s0 + ) + 2i N 1)
=

N—j .
- r JaT
—)vi-ly . T FAV4 e
(—10) ik jzl_=[1 (SJI + 5 2V cos o T 1)

2

N
2 0§

= . r .
=l s, — i(e0 — &7,)] 1_[ (s_,-] + — +2iV cos

2
=L h#i
where s = i(gg — 67.) and s; = —5 — 2iV cos L&
0 0 kj i 2 N+1°

I . J17
exp —Et exp (—21V cos N

Jom
N+1

Note that the above function oscillates in time (even far from the initial

time 79) and is responsible for time dynamics of the system. The spectral density function is expressed by |U, 3 (t)|* elements,
which also oscillates in time, but for large ¢ (far from the perturbation) it reads ‘

N-j

2(j=hys2 — oo
\% ij/ 1_[ [(80 &, + 2V cos

Ji=1

i) (5]

Uz, = o0 =

J1=1

and is time independent. There are N product terms in the
denominator of the above relation, which minima determine
the spectral density peaks. Note that analytical formulas for
the current or site occupancies are possible in this case, but
they do not have short transparent form.

To study the time-response effects in our calculations we
use Eq. (8) for U; i (t) (for regular chains) or resolve numer-
ically the set of differential equations Eq. (5) for arbitrary
time-dependent chains. In the beginning we analyze in Fig. 2
the transition effect form the normal chain (described by uni-

; )

N j]TL’ 2 r 2
e 42V ) >
H[<8" R +<2>}

(

form couplings) to the topological one in the nontrivial phase
(SSH)) for the chain length N = 8 placed on the surface. The
left, middle, and right panels show the time evolution of the
spectral density function at the first, second, and third chain
sites, respectively, and the transition takes place atr = 20 (i.e.,
far from the transient effects observed for the initial time).
Before this time the chain spectral density is fixed (does not
change in time) and for i = 1 is expressed by Eq. (9). It is
expected that at this site, just after the quench, the energy
gap should be opened and simultaneously the midgap state
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FIG. 2. LDOS time evolution of the normal chain (V =W = 2)
composed of N = 8 sites on the surface for sudden change of the
couplings to the SSH parametrization in the nontrivial phase (W =
0.5, V =2.0) at t+ = 20. Other parameters are & =0, [, =T =
1, U = 0. Red, yellow, green, and blue colors represent the LDOS
values equal to 0.6, 0.4, 0.2, and 0.1, respectively.

should appear. We would like to analyze how this edge state
is formed in time: Is it built directly from the normal states,
or do these states disappear and then the midgap state arises?
To answer this question we have to consider the full time-
and space-dependent LDOS because the occupation number
or topological invariants cannot resolve this problem. As one
can see at t = 20 the LDOS at each site is rebuilt in time and
the energy gap of the width +27 appears along the chain with
the midgap topological states at both chain ends (in our case
we have W = 1.25 —npand V = 1.25 + n with n = 0.75). A
careful inspection on the time evolution of LDOS shows that
the topological state does not appear just after the quench but
it needs few time units to be fixed (about ten time units). More
important, during this process the states evolve continuously
(without delocalization), and in the first stage the midgap state
is built from the central DOS peaks of the normal chain (two
peaks join together just after t = 20). At the same time two
next peaks localized at ¢ = £2 are bent towards the zero
energy (band center) and after some next period of time they
reach our topological state. The energy-dependent spectral
functions of the interchain sites are characterized by two main
sidebands (greenlike regions, Fig. 2, middle and right panels
for t > 20) with the energy gap between them. However, in
contrast to the topological state these bands are formed in a
different way: The central LDOS peaks of the normal chain
(around the Fermi level) do not support these sidebands, but
they vanish very fast after the quench (better visible in the
right panel) and the sidebands are smoothly built only from
the most outer LDOS peaks.

To study this dynamical process in more detail in Fig. 3
we analyze the charge occupation, currents, and LDOS at the
Fermi energy for the first four sites of the system for the
same parameters as in Fig. 2. We also compare dynamics of
the system for two different values of the on-site energies
&0 = 0 (symmetrical case) and gy = 1 (asymmetrical case).
The transient (turn-on) effects appear in the system only
for very small ¢ such that for # > 10 the system is in the
equilibrium state. For the symmetrical case all sites are half-
occupied (upper left panel), and they are almost unaffected
by the quench at r = 20. It results from the fact that sta-
tionary occupancies n; for the normal and topological chains

n(t) €,= n(t) g,=1
0.5 e — 0.5 T T ]
7 7 7 z
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4 L 4 |
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FIG. 3. Time-dependent charge occupancies, currents, and
LDOS at the Fermi level (upper, middle, and bottom panels, respec-
tively) for first four sites of the normal chain of length N =8 (V =
W =2) switched at t = 20 to the SSH; nontrivial chain with the
couplings W = 0.5, V = 2.0 for different on-site energies gy =0
(left panels) and ¢y = 1 (right panels).

are exactly the same for gy = 0, and the spectral density
changes symmetrically in time for positive and negative en-
ergies (as is shown in Fig. 2). It leads to constant occupancies
in the chain during the transition. However, even for constant
n;(t), the charge could flow through the system, thus, it is
necessary to analyze the electron currents [obtained from
Eq. (7)]. It turns out that beyond the initial time the currents
do not flow from the substrate to the chain (middle left panel)
which confirms that electron charges are localized along the
chain and do not flow during the transition. In the bottom
panels of Fig. 3 we analyze the spectral density function
at the Fermi level. As one can see the LDOS at the first
site (with the midgap topological state) grows monotonically
just after the quench whereas other middle-chain sites reveal
small vanishing in time oscillations. However, the spectral
density LDOS; does not change smoothly but reveals some
inflection points which are related to the creation process
of the midgap state discussed in Fig. 2. One can note that
the spectral density at the first site needs much longer time
to reach its equilibrium value (ten units) than the LDOS at
other sites. The studies of the reverse process (quench from
nontrivial to the trivial phase) leads to very similar results
with monotonically decreasing value of the local DOS at
the edge sites. However, the midgap state changes just after
the quench and is not frozen, cf. Ref. [48] due to the chain-
surface coupling which is responsible for the rate of the
transition.

For the non-symmetrical case (&9 # EF, right panels) the
physics of the chain transition is much reacher. Now the
occupancies along the normal chain (i.e. before the quench)
form a kind of charge waves in the system [8,52]. Next, for
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FIG. 4. Electron occupancies (upper panels) and LDOS at the
Fermi level (bottom panels) of the first four sites in the normal
chain (V =W = 2) switched to the nontrivial topological chain
W =05 V=20)atr=100for N=8, I''=Iy=1,T;=0
for &g = 0 (left panels) and gy = 1 (right panels). The insets in the
upper panels show the left current j; (7).

t > 20 the chain couplings are changed and the occupancies
at the middle-chain sites tend to some constant value, common
for all sites (almost half-occupied) because the energy gap
appears along the chain and the Fermi energy is still in this
energy gap region (9 = 1, Er = 0 and the energy gap width
is 3). However, the occupancy of the end site rapidly decreases
after the quench as now the midgap state is shifted towards
&o and there is a relatively low value of LDOS at the Fermi
level. The consequence of this asymmetry in the LDOS is
the current flowing from the substrate to the chain (middle
right panel). The largest quench current appears for the first
site because its occupancy rapidly decreases and the excess
charge flows out to the surface (the current is negative). Note
that other currents j;(z) oscillate in time and can be positive
or negative depending on the occupancy modifications at a
given site. All currents flow only for a short period of time
after the quench (few time units) and then the system tends
to its equilibrium state, thus, the currents vanish. Also the
spectral functions at the Fermi level (right bottom panel) show
damping oscillations after the quench and tend to the same
asymptotic values for all middle sites and to the higher value
of the LDOS at the edge site (due to the midgap state).

The transition from the normal to the topological sys-
tem changes the structure of LDOS along the chain, but the
system reaches its steady state relatively fast (almost mono-
tonically or with small damping oscillations). For the chain
on a substrate each site is coupled with continuum states in the
lead underneath, and the oscillations are strongly suppressed.
However, it could be interesting to study the transition effect
for a chain on the insulating substrate. Thus, we consider the
chain in the L-R geometry, i.e., the chain is coupled only
with two (left and right) external electrodes via the edge sites
('t =Ty = land I'; = 0). The results for symmetrical (¢g =
0) and nonsymmetrical (¢9 = 1) spectral density functions
are shown in Fig. 4, left and right panels, respectively, and
the transition takes place at t = 100. In this case the system
needs much more time to go beyond the transient effects—the
sites are charged up to # ~ 80 (upper panels) whereas for

the noninsulating surface this time was ten times smaller.
Now lead electrons have to pass through all chain sites to
occupy the middle sites. As before, for the symmetrical case
the occupancies do not change during the transition and the
current does not flow in the system (left upper panel). How-
ever, for the nonsymmetrical case the occupancies change
their values after the quench (right upper panel) especially at
the edge site and oscillate with small damping amplitudes.
These oscillations are also visible on the spectral density
functions at the Fermi level (bottom panels)—they vary in
time with slowly damping oscillations for both symmetrical
as well as nonsymmetrical cases. During these oscillations a
new spectral density function is formed at each site similar
to the noninsulating surface discussed in Fig. 2—the main
difference is that for the insulating surface the spectral density
does not change smoothly but it oscillates even for hundreds
of time units after the quench with slowly vanishing ampli-
tude. However, it is worth noting that the surface coupling I';
is responsible for the half-width of the LDOS peaks, thus,
the asymptotic occupancies are almost not sensitive to this
coupling strength. We have also considered different chain
lengths N, and the results remain still valid. However, we have
found that the LDOS oscillations can reveal quantum beats
which are size dependent (not shown here). It turns out that
these beats behave in the same way as the survival probability
obtained for 1D Majorana modes [46].

Electrical properties of stationary atomic chains are well
known, e.g., topological states of such systems are protected
against external perturbations and survive when the chain is
coupled with the substrate [18]. However, it is desirable to
check if this protection is still present for time-dependent
perturbations especially just after the quench. To study this
effect we consider the SSH; chain with the midgap edge states
and at a given time ¢ = 20 suddenly break the chain into two
smaller parts (the chain is broken between the eighth and the
ninth sites). This situation is schematically shown in Fig. 5
(upper scheme). The relevant spectral density functions at
four chosen sites are shown in the lower panels. One can
observe that topological state at the first site is unchanged
in time, thus, it is protected against such perturbations. We
can also note that internal sites are slightly affected by this
destructive process (middle and right panels in Fig. 5) and,
e.g., even the last but one site from the perturbation (LDOS~)
remains almost unchanged for r > 20. Also the occupancies
do not change in time in this case because all spectral density
functions are symmetrical versus the Fermi energy. What is
important, just after the breaking one observes time formation
of the topological midgap states at the eighth (bottom panel)
and ninth sites in the chain as these sites became new edges for
two separated topological chains. These states are smoothly
formed from the bulk sidebands of the topological chain. It is
worth noting that in this case the perturbation is sharp but the
states are not smashed over the energy scale (no decoherence
effects) and the LDOS at new edge sites smoothly changes in
time by bending the sidebands towards the Fermi energy.

B. Coupled atomic chains

Thus far, we have analyzed midgap state dynamics in a
single atomic chain. However, in real systems such a chain
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FIG. 5. LDOS time evolution at the first, second, seventh, and
eighth sites for the nontrivial chain composed of N = 16 sites on the
surface (W = 0.5, V = 2.0) broken at t = 20 between the eighth
and the ninth sites as is indicated in the upper scheme g, = 0,
F,— - 1

is fabricated in the vicinity of other regular chains, such as
on vicinal surfaces Si(335) or Si(557) where two or more
parallel chains can be observed at each terrace [1,4]. On the
other hand coupled chains are more stable and perspective in
nanoelectronics than a single atomic chain which can easily
break. In real experiments the site-site hoppings can be mod-
ified by changing the distances between atoms (e.g., using
the STM technique, varying the substrate temperature, using
piezoelectric substrates, or in optical lattices). Alternatively,
one can use a linear QD system where all couplings between
dots can be fully controlled by external electrodes. Thus, it
is desirable to investigate the electronic properties of coupled
chains on a surface, in particular, to determine time dynamics
of topological states in the presence of neighboring chains
being in the same or other topological phase.

First, in Fig. 6 we consider two coupled chains in the same
topological phases, i.e., SSHo-SSH, or SSH-SSH;. For such
ladderlike systems we analyze the spectral density dynamics
for two sites LDOS; and LDOS, (which are the same for both
chains). The coupling V, changes in time linearly (quenchlike
changes) from zero (at t = 10) to V, = 10 (at t = 11) and
before the quench (r < 10) both chains are in their initial
topological phases, i.e., the trivial phase with the energy gap
along the whole chain (SSHy) or in the nontrivial phase with
the midgap edge states (SSH;). It is interesting that for the
SSHy-SSHy system after the quench the sidebands of the
LDOS observed for ¢ < 10 split in time by the value +V, and
they form four separated sidebands (indicated by the arrows).
During this process the energy gap is closed for awhile as the
sidebands cross together—see the bluelike horizontal stripes
around ¢ = 0 for r >~ 10. Note that for the small value of V,
the splitted sidebands do not cross each other and the energy
gap is not closed in that case. This effect is confirmed by the
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FIG. 6. LDOS time evolution of two first sites LDOS;, LDOS,
(left and right panels) for SSHyo-SSHy and SSH;-SSH; coupled
chains withV =2, W =4 (SSHp)andV =4, W =2 (SSH,). The
coupling between chains is switched on linearly from zero (at# = 10)
toV,=10(atr =11),I; =1, ¢ =0, N = 10.

energy spectra calculations shown in the upper panel in Fig. 7
for the SSHy-SSHy system. The spectrum has a reflection
symmetry through the Fermi energy in the gap due to the
particle-hole symmetry. One can see that for small hopping
V, the energy gap still exists then it is closed for intermediate
values of V, and for larger hoppings it opens again. It is the
reason that during the large jump of this parameter the system
is not transformed immediately to the energy gap region, but

- SSH,-SSH,

1 I T

P SSHy-SSH; ©
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> 5 =
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FIG. 7. Quasienergy spectra of two coupled atomic chains as a
function of the chain-chain hopping V, for two SSH, chains (upper
panel), two SSH; chains (middle panel), and for SSHy-SSH, chains
of the length N = 24. The other parameters as the same as in Fig. 6.
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for a moment the energy gap is closed. Note, however, that
quasienergy spectra do not give us as wide perspective on the
quantum states dynamics as the time- and space-dependent
LDOS function. Similar behavior of the LDOS dynamics we
observed for all sites in the SSHy-SSHy system as well as
for all intersites of the SSH;-SSH; system (e.g., right bottom
panel in Fig. 6). At these sites there are no topological states
at the Fermi level—the energy spectrum for the SSH;-SSH;
geometry is shown in the middle panel in Fig. 7 and the
gap existence for large V, is evident. Note that there are also
further gaps in the energy spectra beyond the Fermi level
and for the nontrivial phase additional states in the middle of
these gaps can exist [38]. The most interesting is the midgap
topological state dynamics (left bottom panel in Fig. 6). Here
the edge state slowly vanishes and reveals damping oscil-
lations in the energy gap region. Moreover, only two main
sidebands are formed at the edge site and these sidebands are
accrued from the midgap state by “periodical emission” of the
main state towards the sidebands. The emission process takes
place when the midgap state reaches maximal values during
its oscillations in time. It leads to a nice symmetrical picture
with periodical spectral density oscillations in the energy gap
region and this effect will be discussed later.

Next we consider two coupled chains that are in dif-
ferent topological phases. The system is composed of the
SSH; (nontrivial phase) and SSHj (trivial phase) chains.
In Fig. 8 we show the LDOS at the first two sites of
the SSH; (left panels) and SSHy (right panels) topological
chains which are coupled at + = 10. We consider differ-
ent time rates of this coupling: It is switched on very
slowly [adiabatically, panels (a)], average [panels (b)], and
rapidly [fast quench, panels (c)] as is indicated in the upper
inset. For adiabatically changed coupling V, we observe the
monotonically vanishing (without oscillations) topological
state at the edge site of the nontrivial SSH; chain [left (a)
panel], and for r ~ 55, which corresponds to V, =~ 6, this state
disappears. It is confirmed by the quasienergy spectrum for
this system shown in Fig. 7, bottom panel, where the bulk
energy gap of the SSHy-SSH; system with the midgap state
closes for V, ~ 6 and opens again without the appearance of
any topological state for larger V. Thus, the system changes
its topology from the nontrivial phase to the trivial one. Inter-
estingly, that in the trivial chain at the second site, additional
midgap state appears in the spectral density for the coupled
chains. This state is visible only for a short period of time
(which corresponds to V, < 6), and for larger ¢ it smoothly
vanishes. The appearance of this induced state in the SSHy
chain is correlated with the intensity of the edge state in the
SSH; chain—one can say that the topological state leaks for
a moment to the trivial chain. It is important that this process
holds between nondirectly coupled sites in both chains and
there is still an energy gap in their neighboring sites at the
Fermi level [middle (a) panels]. To confirm this conclusion
we analyze in more detail the LDOS at the Fermi energy as a
function of time and in Fig. 9(a), one can see that the midgap
topological state (purple curve) slowly vanishes for r > 10
and at the same time the induced state in the trivial chain
appears (orange curve). For a longer time (larger V, value)
the energy gap closes (around ¢+ = 50) and opens again with
the trivial phase without topological states.
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FIG. 8. Time evolution of the LDOS at two sites i = 1, 2 of ini-
tially decoupled chains of the length N = 10 in different topological
phases (SSHy with V =2, W =4 and SSH; with V =4, W =2).
The chains are coupled at r = 10 and V,(¢) changes in time as is
indicated in the upper inset according to the (a), (b), or (c) curve,
respectively.

More interesting physics appears for nonadiabatical pertur-
bations where the chain-chain hopping rapidly change in time
[(b) and (c) panels in Fig. 8]. Topological edge states in the
SSH; chain vanish with time [left (b) panel] and the midgap
state in the trivial SSH( chain (at the second site) is observed
during the fast linear change of V, which is shown in the right
(b) panel. For this change there is still a short period of time
for which V, corresponds to the nontrivial SSH phase and
the induced topological state can appear for a moment. This
dynamical process is also visible in Fig. 9, (b) panel where the
spectral density functions at the Fermi level are shown for the
first two sites of both chains. As before, the topological state
vanishes in time (purple curve), but now small oscillations of
LDOS are evident. Note that rate-dependent oscillations after
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FIG. 9. LDOS at the Fermi energy at two sites (i = 1 and i = 2)
for the same system as in Fig. 8: SSHy-SSH; chains coupled together
at t+ = 10 for different V, changes (a), (b), and (c), respectively. All
parameters are the same as in Fig. 8.

the quench were also observed for the Majorana probability
mode where these oscillations increase as the rate of quench
becomes larger [47] and for small rates these oscillations are
hardly observed. Similarly, the induced midgap state in the
SSHy chain appears for a moment with small oscillations.
For larger ¢ the energy gap is open again (trivial phase), and
this induced state vanishes in time. Moreover, in this case the
LDOS at the neighboring sites (in SSH;—the second site, and
in SSHy—the first site) have small nonzero values after the
quench and they also oscillate in time. It means that the SSH;
topological state is now transferred also to the neighboring
sites. However, for the abrupt change in V, [sudden change
from zero to a finite large value, panel (c) in Fig. 8] the
system is transformed directly to the trivial phase and it never
takes intermediate values of V.. Thus, it is not obvious that
the topological induced state could appear in the trivial chain
during the quench. To answer this intriguing question we
study this effect in the (c) panel and find that after the quench
the system tends to the trivial phase [as was discussed in (a)

SSH1 SSHO

15001

zsoan

FIG. 10. Time evolution of the LDOS ati =1 and i = 2 sites of
atomic chains composed of N = 8§ sites each being in different topo-
logical phases (SSHy and SSH;). At # = 10 chains are immediately
connected [similarly as in Fig. 8, (¢)] V. = 3 and all other parameters
are the same as in Fig. 8. Yellow, green, and blue colors represent the
LDOS values equal to 0.4, 0.2, and 0.1, respectively.

and (b) panels], however, we observe that the midgap states
appear for a short period of time at the Fermi level in both
chains. These induced states do not vanish monotonically, but
they reveal oscillations in time. The oscillations are strictly
correlated with the vanishing topological state oscillations in
the nontrivial SSH; chain and are analyzed in more details
in Fig. 9, (c) panel. As one can see now the oscillations of
LDOS(EF) at the SSHj sites are in the same phase (blue and
orange curves) and in the SSH; sites are in phase (purple
and green curves). However, there are alternating (antiphase)
oscillations between sites in both chains, thus, the maximal
values of LDOS(EFr) at first SSH chain are correlated with
minimal values of LDOS(EF) at the second chain (Rabi-like
oscillations). These vanishing oscillations can be considered
as the topological state migration from site to site, which
was investigated, e.g., along the Majorana wire [47] after the
quench. In our case this effect appear between two sites from
different chains (fast oscillations). There are also visible long-
period oscillations which are related to the zero-energy state
migration along the chain and depend on the energy gap and
the sideband energies. These oscillations last relatively long in
time, Fig. 8, bottom panels, thus, it makes possible to detect
these induced topological states in double-chain structures.

It is also interesting to analyze the SSHy-SSH; system for
a smaller change in the chain-chain coupling parameter V,
such that after the change the system still remains in the same
topological phase. Surprisingly small, but a sudden change
leads to unexpected results. In Fig. 10 we show LDOS dy-
namics at the first two sites of the SSHy and SSH; chains for
a sudden quench at r = 10, and for V, = 3 (thus, for r > 10
the system is in the nontrivial phase, cf. the energy spectrum
in Fig. 7, bottom panel). In this case the edge midgap state
(left upper panel) vanishes for a short period of time just after
the quench. During this time zero-energy states appear at the
neighboring sites. It is important that through these sites the
SSH; topological state is partially transferred to the SSHj
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trivial chain (right bottom panel). For a longer time there are
two midgap states in the system: (i) at the edge site in SSH;
and (ii) at the second site in SSHy. The intensity of the SSH;
topological state decreases in comparison with its value before
the quench (from a high value represented by a yellowlike
color to the lower one—green color) because it leaks to the
trivial SSHy chain. It is also worth noting that the electron
occupancies of all sites in both chains do not change in time
during this quench as the system is fully symmetrical.

To conclude, we have found that rapid change in V; in the
coupled SSH(-SSH; system induces topological states in the
trivial chain. As a main result we have observed that the SSH
topological state can be partially transferred inside the system
and exist simultaneously at different sites. It seems reasonable
as for the coupled chains the unit cell is not longer the two-site
primitive cell (as in the usual SSH chain) but is a four-site cell
composed of two sites from the SSHy and two sites from the
SSH; chains. Thus, the topological state of the coupled chains
is still present at the end cell and can leak inside the cell.

C. Coulomb repulsion between atomic chains

Electron charge in a finite-length atomic chain can be dis-
tributed uniformly along the chain or can form charge waves
called the Friedel oscillations [8,52]. These oscillations are the
consequence of asymmetry of the spectral density functions
at each site with respect to the Fermi energy. Note that charge
oscillations are strongly suppressed in topological chains due
to the energy gap in such systems. However, for a double-
chain structure the charge waves along a given chain can be
reproduced in the second one (in the same phase or in an-
tiphase oscillations) in the presence of the Coulomb repulsion,
but it is doubtful if these oscillations can appear in topological
chains.

To answer this question in Fig. 11 we analyze the occu-
pancies along two coupled chains (upper panel) obtained for
t — oo and U€ = 0 (thin curves) as well as in the presence
of electron-electron repulsion U = 5 between both chains
(thick curves). The charge waves in the normal chain at the
substrate satisfy the condition for the period of three sites [52]
(; = =V, U® = 0)—upper panel, thin broken green curve.
In the vicinity of this chain there is a nontrivial topologi-
cal chain SSH; with half-occupied sites (red solid line) and
topological edge states. As one can see for nonzero U (thick
lines) electrons in both chains repeal each other which leads,
in general, to decreasing in the occupations in the normal and
in the topological chains. However, charge oscillations in the
normal chain are still observed, and they induce the Friedel os-
cillations along the topological chain. This effect is surprising
and important for the studies of topological materials as there
is an energy gap at the Fermi level in the SSH chain. Note that
high occupancy values in the normal chain stronger reduce
charge values in the topological chain at the corresponding
sites leading to the antiphase oscillations in this chain. It is
also interesting that electron occupancy at the first site in the
topological chain more rapidly decreases in comparison with
the other site occupancies. It is a consequence of nontrivial
midgap state at this site which in the presence of electron-
electron repulsion is renormalized by the value of U Cnl(nor),
where njnor) 1s the charge occupancy at the first site in the

T T
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FIG. 11. Electron occupancies along the normal chain (broken
green curves) and along the SSH; chain (solid red curves) of
the length N =10 for US =0 (thin curves) and UC =5 (thick
curves)—upper panel. The bottom panel shows time-dependent oc-
cupancies at i = 1-3 sites in both chains for a sudden change of the
Coulomb repulsion U¢ = 0 for t < 18 and U = 5 for t > 18. The
other parameters are V =4, W = 1, ¢; = 0 (topological chain) and
V, W =4, & = —V (normal chain). The lines in the upper panel are
plotted for better visualization.

normal chain. Thus, even for small U€ the spectral density
function is shifted towards higher energies and the electron
occupancy at the first site drastically decreases whereas at
other sites in the chain the changes are smaller due to the
energy gap at the Fermi level.

It is also interesting to analyze time evolution of the charge
waves which are induced in the coupled chains of different
topology. In Fig. 11, bottom panel, we show the occupancies
at three sites of the normal chain (green broken curves) and
the SSH; chain (red solid curves) for a sudden change in the
Coulomb repulsion at t = 18 (U = 5). Before the Coulomb
quench the occupancies are time independent and their values
correspond to the steady case for U = 0. Also fort — oo the
electron occupancies reach their stationary values, the same
as for U¢ = 5 in the upper panel (thick curves). Just after the
perturbation all occupancies change, and the time evolution of
n; shows vanishing oscillations. The period of these oscilla-
tions depends on the Coulomb repulsion and equals 7' = Uzc—”n
(which in our case is T =~ 1.6). Thus, from the knowledge
of time-dependent charge oscillations one can estimate the
strength of the Coulomb interaction between the sites. It is
worth noting that although the occupancies in general de-
crease in the presence of UC, it is possible to inverse the
occupancies between the neighboring sites in both chains and,
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e.g., at the second sites i = 2 for U = 0 the charge at the
normal chain is larger that in the SSH chain, but for nonzero
U€ the opposite relation is satisfied. This process can lead
to the electron localization in topological chains due to the
Coulomb repulsion.

IV. CONCLUSIONS

We have studied nonequilibrium electrical properties of 1D
topological chains and coupled chains on a surface focusing
on the energy-dependent spectral density function. For a sin-
gle chain we have analyzed the transition process from the
normal chain to the SSH nontrivial chain where the midgap
edge state appears. It turns out that the timescale needed to
build this state strongly depends on the surface and for the
insulating substrate the system reaches its equilibrium state
after hundreds units of time from the quench. Moreover, we
have found that the edge state is formed dynamically from
the intersidebands of the normal chain (in the first stage after
the quench) and then next sidebands support this state after
some further period of time. Thus, the midgap state does not
appear immediately after the quench and is formed simul-
taneously with the bulk energy gap. We have also analyzed
topological chain which suddenly breaks. In this case the
midgap topological state as well as the local DOS at all sites
do not change in time except for two sites which comprise
new edges of two shorter chains. At these sites, which are
characterized by the energy gap, new midgap states are built
adiabatically in time from the LDOS sidebands.

We have also considered coupled atomic chains being in
the same or in different topological phases (SSHy or SSH;)
and studied the time response of the spectral density functions
on abruptly or adiabatically changing of the chain-chain cou-
plings V. For the SSHy-SSHj geometry the energy gap can
be closed (for small V;) or is still present in the system (for
larger V), but the midgap topological state does not appear.
It is important that for the SSH;-SSH; system the midgap
zero-energy state splits adiabatically into two sidebands for
small V, or vanishes for larger V,—in the last case the en-
ergy gap is open in the system. The most interesting case
we have observed for different phases of the coupled chains
SSHy-SSH;. We have found that for larger values of V, the
system changes its phase (from nontrivial to the trivial one)
and the midgap topological state vanishes. However, for the
adiabatical change in V, the topological SSH; state partially
leaks to the trivial SSHy chain, and both midgap states exist
simultaneously at two different sites. For abruptly changed V,
the topological as well as the induced topological states vanish
in time with damping oscillations. These novel conclusions
have been obtained from the detail analysis of the full space-
and time-dependent LDOS, supported by the quasienergy
spectra, which give us a wider perspective on the midgap
topological states.

We have also investigated the electron correlation effects
between the coupled chains and the induced Friedel oscilla-
tions along the SSH chain were found in the vicinity of the
normal chain with standard charge waves. The induced out-
of-phase Friedel oscillations in topological structures stands
for a crucial point of the paper. These oscillations with very

low electron occupancy at both end sites can be the essential
feature of 1D topology in potential STM experiments.
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APPENDIX A: EVOLUTION OPERATOR CALCULATIONS

Here we give some details on the charge occupancy and
the current obtained within the evolution operator method
[49,50]. To derive the time-dependent occupations at a given
site n;(t), one has to find the expectation value of the total
particle number operator 7, taken for the time-dependent
state vector related with this site |«;),

ni(t) = (i) gy |eti(t)) - (AD)

The total particle number of the system can be written as
a sum over all electron states A, = i i+ le ) ﬁ];j and
the unitary evolution operator describes time transformation
of the state vector from its initial state |o;(#)) such that:
la;(2)) = U(t, ty) |e;(f9)). Now the ith site occupancy can be
written in the following form:

ni(t) = (o) UT(t, 10)| Y i+ Y i |U (1, o) e (to)) -
j k.j
(A2)

Let us consider the first sum in the above equation with
fi; operators. Using the unit operator for this system which
contains all single-particle states at the initial time 1 =
> o la(t)) (a(to)], one can obtain the formula,

> )| UT (@ 10) U 2. 10) et (2o)

J

=Y (@) U@ 10)| L1 11U . 10) et o))
J

=D 30 Heulto) U2 o) | (1)) (ex(to)| [ (20))
; o 7 — ——

o
Sa'jéuzyjn/(tu)

x (o ()| U (1, 10) lai(t0)) = Y nj(t)|Us j (2, 10)I7,
J

(A3)

which stands for the first term of Eq. (2). The second
term in Eq. (A2) includes the wave-vector summation
>i; i) U (@, 10)lAg;|U (1, 10) li(t)) and using  similar
calculations as above one finally obtains the second term in
Eq. (2). The electron occupancy of the electrode state ki,
needed for the current calculations, Eq. (3), can be obtained
from the following relation [it can be derived in the same way
as Eq. (A3)]:

M
g, (1) = Y ni@)\Ug, @101+ ) g (10)|Uz, 7 (¢, 1)1
J=1 Jkj

(A4)
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Thus, for the initial occupations n;(ty) = 0, the current flow-
ing, e.g., through the first chain site, Eq. (3), is expressed by
the formula,

q) = —e— DD WUy, 1, @ 10)

k[ jk

= ZZan (ro)Re<U~ _(, to) U, 1, to))

(AS5)

To find the equation for the evolution operator Ua ,3(t) one
can use Eq. (4), which can be written as follows: z Uy p(t) =

(2| V()U(r)|B). On the right-hand side we use the unity
operator and obtain the coupled set of differential equations,

U,
a—ﬁ(” (| V(O)ILIU @) |B)
= Z (@ V) 1) (11U IB)
\—,_4
Uy p(t,10)
+ ) (el V@) k) (ky U@ IB) . (A6)
J'k Us (o)
"/'ﬁ »1o

The terms with V (¢) are obtained using the Hamiltonian and
the relations below Eq. (4), and one can write

(@ V@) 1B) = (| Up(t, 10)[V(DIU (¢, 10) |B)
= (a| Uo(t, 10)I 1|V ()ILIUj (2, 10) | B)
= (U)aa(t, 10)(V (1))ap(Ug g p (1, 10), (AT)

where, e.g., (Up)a.o(t, to) = exp (i fot dt' (| Hy(#') |a)). In the
same way one can write the differential equations for other
evolution operator matrix elements, such as for U,;i“ ﬂ(t, to)
and insert their formal solutions into Eq. (A6) which finally

gives the integodifferential Volterra equation of the second
kind, Eq. (5).

APPENDIX B: LAPLACE TRANSFORM CALCULATIONS

In this Appendix we show some technical aspects for the
calculation of Eq. (8) for Ui_,;/_ (t) matrix elements. We start

from the differential equation, Eq. (5), written for the regular
chain of the same sites with vanishing Coulomb interactions
and within the wideband approximation, i.e.,
U, (t) S0t
i = DVl 0=V Vi 0.

(B1)

Now we use the Laplace transform technique for this equa-
tion, Fy;(s) = LU,z (1)] = +°° U, z,(t)e™"'dt, and obtain the
following set of linear recursive equatlons on F;;(s) elements,

I . .
(S + j)Fij(s) + iV i1 Fip, j(8) + iV o1 Fizy j(5)

Vi,
=0, (B2)
s —i(gy — 8,;/)
The formal solution of these Laplace transform functions can
be written as

ik -1

Fij(s) = ——= A",
]() S_l-(go_g];j) ij

(B3)

where A;; = (s + 5)8;; + iVij(8is1,; + 8ij41) is the tri-
diagonal matrix (N x N dimension, AY) for which the
determinant can be expressed by the Chebyshev polynomials
of the second kind. For the same couplings between sites
Vij =V and I'; =T, the Laplace transform elements take the
following form (e.g., for i = 1):

(=iYVI7V, b det AN=J

Fiis) = ,
15(5) s—ieo — e;) detAV

(B4)

where det AV = ]_[7:1 (s + % + 2iV cos /”1) Now, to obtain
the solutions in the time domain we have to calculate the
inverse Laplace transforms: Ui,/?, (t) = L~YF, i(s)}, which in
our case can be performed analytically as the determinant of
(B4) contains only the product terms of s variable. The final
result is given by Eq. (8).
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We analyze theoretically quench dynamics of a two-site system abruptly driven from its equilibrium state
focusing on the time dependent spectral density function. In the presence of electron reservoirs this function
reveals in time a nontrivial regular pattern of peaks corresponding to the stationary quantum chain structure.
Such dynamical system with periodic structure of the spectral density stands for a new transient crystal material.
We investigate here the role of the Coulomb repulsion between the sites, nontrivial substrates and different system
geometries on the transient crystal pattern which can be measured in the tunneling conductance experiments. We
also propose the transient crystal system between unbiased leads as an effective monoparametric pump.

DOI: 10.1103/PhysRevB.102.245414

I. INTRODUCTION

Time response of a quantum system on external perturba-
tions, transient effects, and quench dynamics have attracted
considerable attention recently as they can provide much use-
ful information about the system as well as due to potential
applications of such structures in spintronics, quantum com-
puting, or metrology. Many interesting effects were found for
such systems driven by external forces like the turnstile effect,
photon-assisted tunneling, spin and charge quantum pumps
[1-5]. Time dependent processes may even lead to the appear-
ance of novel solid state phases like the Floquet topological
insulators [6,7] or time crystals [§—10]. In the most general
sense time crystals are materials which somehow pulse or
have structure behavior in time and their formation is quite
analogous to the formation of space crystals [10]. However, in
the presence of external periodic perturbation time crystals do
not follow the period of the driving force but spontaneously
switch to their own time periodicity which was confirmed
experimentally [11,12].

Transient effects in atomic systems or quantum dots (QDs)
have been intensively studied over recent years focusing on
the charge oscillations and current dynamics (see Ref. [13]
and references therein). For atomic molecules subjected to
sudden perturbations (like the quenches or turnstiles) elec-
tronic and vibronic response time lies in the picosecond range
like for a single semiconductor quantum dot [14,15] or for a
double QD system [16]. On the other hand single-molecule
devices work in the microwave regime. This motivates us to
extend the molecular device investigations on the transient
phenomena as the operation speed of such systems can sig-
nificantly increase. A number of theoretical works studied
the transient effects in different QD geometries as well as
for a QD between superconducting leads [13,17,18]. The
coherent oscillations and current beats for different types of
time-dependent pulses can also provide an insight into the
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electronic structure of such systems, e.g., from detailed stud-
ies of the transient currents one can obtain the spin relaxation
time [15] or the parameters defining the system [17].

Thus far theoretical studies on transient/quench effects
have been mostly focused on the current (or charge) oscil-
lations while the quench dynamics of the spectral density
function related to the quantum system has been often over-
looked. The spectral density function corresponds to the local
density of states (DOS) at a given site due to its coupling with
the continuum electron spectra in the electrode and expresses
the possible states for electrons at this site. This function de-
termines many electronic and optical properties of the system
and can be experimentally investigated by the scanning tun-
neling microscope (STM) from the differential conductance
characteristics. In this work we concentrate on the dynamical
properties of the system composed of two coupled sites on
a nontrivial surface focusing on the time dependent spectral
density function and its evolution due to quantum quenches
or linear perturbations. We expect that such a double-site
system just after the quench exchanges information between
the sites and can exhibit in time a peaked regular structure
of the spectral density function. In this context it is desirable
to answer the question whether a two-atom nonequilibrium
system could stand for a kind of time crystal? Next: How
fast is the structure of the spectral density built in time and
then how fast does it vanish after the quench? What is a
role of the electron reservoir? Is the spectral density struc-
ture periodic or does it change irregularly with time? We
would like also to determine characteristic timescales needed
for the spectral density peaks to develop or to disappear. In
our studies we precisely address these questions and con-
sider different system geometries and include the Coulomb
repulsion between the sites. Moreover, real 2D substrate
electrodes characterized by DOS with the van Hove singu-
larities are considered which make the problem nontrivial
especially for time dependent Hamiltonian. Note that for flat
DOS a wide band limit (WBL) approximation is often used
which drastically simplifies mathematical derivations and
leads to analytical formulas for stationary as well as for driven
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systems [19-21]. However, for real DOS (beyond the wide
band) time dependent calculations need more sophisticated
methods [21-24] and, e.g., within the Heisenberg equation of
motion it is hardly possible to obtain the time-dependent local
DOS. Moreover, nonequilibrium quantum systems (e.g. after
the quench) between unbiased leads could be considered as
monoparametric pumps. Such systems are of great interest as
they involve a reduction of the system size due to a smaller
number of contacts which lead to decreasing of dissipation
processes in comparison with ordinary two-parameter pumps
[2,4,25-34]. Additionally, monoparametric pumps eliminate
dipolelike forces which appear in the presence of two or more
external time-dependent fields (with a phase shift between
them) [35]. Here, we propose the transient crystal system
between unbiased electrodes as an effective monoparametric
pump. To analyze the pumping currents, electron occupancies,
and the spectral density dynamics we use a tight-binding
Hamiltonian and the evolution operator technique which was
successfully applied for arbitrary time dependence of external
perturbations [20,21,24,36]. This method allows us to find
some analytical time-dependent formulas for the evolution
operator matrix elements within the Laplace transform tech-
nique.

The paper is organized as follows. In Sec. II, we de-
scribe the theoretical model and the calculation method. In
Sec. III, the main results of the paper are discussed for
the transient crystal. In Sec. IV the role of the real DOS
structure of the electrode is analyzed; in Sec. V different
system configurations are discussed. Section VI is devoted
to the monoparametric pumping and the Coulomb repulsion
between sites is studied in Sec. VII. The last section gives a
short summary.

II. MODEL AND THEORETICAL DESCRIPTION

The model under consideration consists of two coupled
electron sites (double QD, two-state system, atomic dimer)
on the substrate or between external electrodes. We are going
to analyze time dynamics of the spectral density related to
both sites, the occupancies, and the pumping currents flowing
through the system. The total time dependent Hamiltonian can
be written in the second quantization notation as follows:

H =Hlead+HO(t)+V(t), (1)

where electrons in the leads are described by the term
Hiad = D 0 D ta akaczacka, similarly the Hamiltonian for
electrons at the central system takes the form: Hy(t) =
> eiclci + Uchclc;cz, and the coupling term: V(¢) =
Vlzc'[cQ + Zi’ka Vi ke (t)c,l'aci + H.c. Here o = L, R concerns
the left or the right lead, i = 1,2 describes the central sites
(atoms, QDs), and cka(c,ia), ci(cl.T) are the electron annihila-
tion (creation) operators at the appropriate site. The electron
transition between atoms is established by V), coupling and
between leads and the central system by V; ;, matrix elements.
In the above Hamiltonian &, stands for the electron energy
spectrum of the «th lead, and ¢; represents the atomic energy
levels. For simplicity each site is characterized by a single
electron level with the interdot Coulomb interaction between
the sites. We investigate the system dynamics due to different

time-dependent perturbations like quantum quenches or adia-
batically changed coupling parameters.

The time evolution of the dimer spectral density function is
described in terms of the evolution operator U (¢, fy) given in
the interaction representation by the following equation (we
assume 1 = 1):

.dU(t, 1)
;U000

=V, 1)U, 1
7 (@, 1)U (2, 1o)

= Up(t, 1)V (U, (t, 1)U (1, 19) , 2)

where Up(t,10) = T exp (i [; dt'(Hieaa(t') + Ho(t"))) and T
denotes the time ordering. It is assumed that for ¢ < #; elec-
tron states in the system are decoupled and the couplings
are switched on at 1 = £ leading to the transient effects. The
electron occupation number can be obtained from the knowl-
edge of the appropriate evolution operator matrix elements
({U|ka) = Uy a8, 10):

(1) =Y nia (00)|Us g (1, 1017 . 3)

ko

The spectral density function at each site (also called the
local DOS) for the zero temperature can be obtained from the
relation:

PiE, 1) =Y Da(E)Uia(E, t,10)], “)

where D, (E) is the lead’s density of states and we use the
notation U, ko (¢, 1)) = Ui o(E,t, t). In our calculations the
Coulomb interdot term is considered in the form of the elec-
trostatically interaction which in the mean field approach
takes the form: UCc|cina(t) + UCcleony (t), where ni(z) is
the time dependent expectation value of the appropriate site
occupation. In this case the matrix elements U; (¢, tp) for
to = 0 can be obtained using Eq. (2) from the following in-
tegrodifferential Volterra equations of the second kind:

dUlc}l;L_([) = —iVipe OOy, (1)
. iVLkLei(so—skL)reiUCNz(z) _ Vl%kL
x /t dt' Dy (t—t")e 1=l i mEdTy (@),
0
(5)
dUz(,iktL(t) _ —iVlzeiUC(N] (t)_NZ(t))Ul,kL(t) _ V22,kR

t
. N arrC [t
< / dt/DR(t_t/)ewo(t—t)etU f,,nl(r)dtUz’kL(t/),
0

(6)

where we assume the same onsite electron energies
g1 =¢e =¢p, and Ni(t) = [y m(t')dt'. Here Do(t —1') =
f deDy(e)exp(—ie(t —t')) is the Fourier transform of the
electron density of states in the «th electrode. The similar dif-
ferential relations can be written for U; yg(¢) elements. To find
the solution for the evolution operator as a function of time
it is necessary to know the charge occupations #;(¢) which
are obtained from the knowledge of U i, (¢) elements. Thus,
the problem is not trivial and in general analytical solutions of
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these equations do not exist. Moreover, the Fourier transforms
of the lead DOS, D(¢t — t’), appearing in the right hand side
of Eq. (5) and Eq. (6), have no analytical form for arbitrary
D(E) (besides some symmetrical DOS functions, like, e.g.,
the rectangular or Lorentzian DOS). Thus in general we solve
the integrodifferential equations [Egs. (5) and (6)] numerically
for a given leads DOS. However, for some specific system
parameters, using the Laplace transformation technique, we
can obtain some interesting analytical relations and discuss
them in the text.

The current flowing from the surface electrode can be ob-
tained from the time derivative of the total number of electrons
in this lead:

d
j) = —e— %jnu(t), @)

where the electrode occupation, ny (), is expressed similarly
to Eq. (3) by Uiy ko (¢, o) matrix elements which satisfy the
set of integrodifferential equations in the form of Eq. (5) and
Egq. (6).

III. 1D TRANSIENT CRYSTAL

In this section we consider a two-site system coupled via
the first site with only one (left, L) electrode such that the
second site is decoupled from the lead (vertical geometry).
For such a case, using Eq. (5) and Eq. (6) and for no Coulomb
repulsion, U € =0, one can write the following set of differ-
ential equations for U; x1(¢) elements:

dUy (¢ ] r
L) _ —iViaUp g1 (1) — iV 3. @750 — Uy 1. (8)
dt 2
dU (1) v
% = —iV]QUl,kL(t)v

where I' =Ty =27 Y, Vi |*8(E — &), ie., the struc-
tureless DOS of the surface electrode is assumed (wide band
approximation). The above set of differential equations can
be resolved analytically using the Laplace transformation
method, L{U; .(t)} = F;(s), which leads to the following so-
Iutions for the transformed functions:

Fi(s) = i
(s — 50)(s — s1)(s — 52)
VvV, ®
Fy(s) = =

(s = 50)(s = s1)(s = 52)

where 5o = i(g9 — &) and 51, = —% + ,/%2 — 4V2, In this
case the inverse Laplace transformation for F;(s) can be
calculated analytically and after some algebra one obtains
time-dependent evolution operator matrix elements:

—iV1 k150 —iVi kLS1
Ul,kL(t) — eS()t + > St
(o — s1)(s50 — $2) (s1 — 50)(s51 — $2)
=iV k182

e A (10)
(s2 — $0)(s2 — 1)

and similar for U, 4. (¢) elements, where one should change
—iV} ks into =V, V) . in all nominators in the above equa-
tion. It is worth noting that the first part of the above relation
oscillates in time while the second and third terms vanish

nonmonotonically due to the exponent functions with s; and
s> (which real parts are negative). Analytical solutions for
U; x1(t) evolution operator matrix elements within the WBL
allow us to obtain the current form Eq. (7):

Jju(t) = =2Im { > mp ()i e e Ul,kL(f)}

kL
—I'ni(@), (1)

where 77 (0) stands for the initial occupation of electron states
in the electrode which is related to the Fermi distribution func-
tion, and we assume e = 1. The relations for U; 4. (¢), Eq. (10),
have a more transparent form for &;;, = &y = 0, which can be

written as follows (we define x = ﬁ :
—iViae _r, .
Upi(t) = ——=——=¢" 4" sinh(Vipv/x2 — 11),
VVx?z -1
—Viae Vi _r
Us () = . —emd!
Viz Viz

X {cosh(Vlgx/x2 —11)

+ \/% sinh(Vi,v/x% — 11‘)}. (12)

These analytical relations for U; 4 (¢) allow us to analyze time
dynamics of the spectral density functions at both sites. In
our calculations all energies are expressed in the units of
'L =T =1, time in /i/T units (which for I' = 1 meV equals
0.6 ps), and the energy reference point is the left electrode
Fermi energy, Er = 0, moreover a shortened notation of the
site-site coupling Vi, =V is used.

In the beginning we analyze dynamical formation in time
of the spectral density function for 'y =1, 'y = 0 (verti-
cal geometry). In Fig. 1 we show the local DOS dynamics
related to the second site, p,(E,t), for different values of
the site-site coupling parameter, V = 0.4,2,4, and 8, from
the upper to bottom panel, respectively. The quench takes
place at t =0 (for t <0 we have V =0, I';, = 0) and for
t — oo the spectral density corresponds to the stationary case,
i.e., it is characterized by two peaks localized for £ = £V.
These peaks for relatively small V' parameter overlap each
other which is visible in the upper panel (for V = 0.4). It
results directly from Eq. (12) where for t — oo the evolution

operator matrix element for the Fermi energy £ = 0 does not
2

. _ 1%
vanish, U, 41 = Viit and thus p(E =0, - o0) ~ “,—éL It

means that the sp‘éctral density function at the Fermi level
vanishes for larger V but for smaller V (for x > 1, i.e., for
I' > 4V) it monotonically increases after the quench (with-
out oscillations). For larger values of V (x < 1) the spectral
function p,(E, t) reveals an interesting structure as a function
of time (see three bottom panels in Fig. 1). In the beginning
one wide peak of p,(E,t) appears and for large ¢ only two
side peaks at E = £V are observed which stand for the steady
solution of the double-site system. However, as a main feature
of this quench we observe interference patterns of the spectral
density function between the main stationary DOS peaks.
These patterns come from the evolution in time of the spectral
density at both sites in the presence of the electron reservoir.
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time

FIG. 1. Spectral density function p,(E, t) of the two-site system
after the quench at =0 (fort < 0: 'y g =0and V = 0). Fort > 0
the site-site coupling is V = 0.4, 2, 4, and 8 (from upper to bottom
panels, respectively) and I';, = 1. The other parameters are I'r = 0,
Vi = 4, Vo1 =Vig = Vorr = 0,e9 =0, U€ = 0. The units of all
energies and time are I', = I and 7/T", respectively.

Due to the coupling with the substrate just after the quench a
single DOS peak at the first site appears. This information,
after some time, reaches the second site, and its spectrum,
02 (E, t), broadens leading to a single-peak DOS structure at
this site—in the second panel (V = 2) it appears for t = 1.5.
Next, the spectral density function at the second site is rebuild
due to the presence of the first site and two-peaked DOS
structure is observed for a moment, for t+ = 3.1. However,
the system is not in its equilibrium state (it is just after the
quench) and still evolves in time—the spectral density peaks
become narrower and this information bounces between both
sites leading (for a short period of time) to appearance of a
three-state spectral density function with maximal value of
DOS at the Fermi level (for t = 4.7), then four-state DOS
(for + = 6.3) and so on. This process repeats again and again
and one observes M-site dynamical structure of DOS in the
double-site system (see also the third and fourth bottom pan-
els). This structure, however, vanishes with time as the system
tends to the equilibrium state with two-peaked spectral density
function. The substrate acts here as a dissipative electrode

T T T T T
8 T T T T -
o1 | V=2
’L‘L S i=2
L w FE i
6 =
i
é - 0 AN AT 1
F4 =2 0 2 4 6 8 tme

FIG. 2. Time of the first maximum in p;(E,t) as a function of
the coupling parameter V for i = 1 (solid curve) and i = 2 (broken
curve). The inset shows time evolution of the spectral density func-
tion at the Fermi level for V = 2 and i = 1 and 2, respectively. The
other parameters are the same as in Fig. 1; 7., is expressed in the
time units, 7/T.

thus nonequilibrium oscillations vanish in time. The internal
patterns of the dynamical local DOS correspond to the struc-
ture of DOS (or the conductance) of 1D stationary atomic
chain, cf. Fig. 1 from Ref. [37], i.e., for a given time it is
characterized by the structure of the M-site chain. Thus the
two-site system after the quench has structure behavior in
time, which stands for a kind of 1D transient crystal material.
Of course this structure is quasiperiodic which means that it
pulses/changes in time in a very regular way. Note that for the
dimer decoupled from the leads such structure of the transient
crystal does not appear and only regular and nonvanishing in
time Rabi oscillations are observed.

It is worth mentioning that just after the quench the spectral
density does not change immediately but there is some delay
time until the information about continues electron states in
the electrode reaches the second site. This time interval de-
pends on the coupling between both sites and it decreases
with increasing V, cf. the upper and bottom panels in Fig. 1
for t = 2.5 and 0.25, respectively. We analyze this process in
Fig. 2 where we define the delay time of the spectral density
function, Tmax, as a time at which p/,(E, t) reaches its first
maximum. In the insight in Fig. 2 we show the time evolution
of the density functions at both sites corresponding to the
Fermi level (E = Er = 0) for V = 2. Note that the spectral

. . L . . -
density oscillates in time with the period equals 7T = e

and with decreasing amplitude. For these pi/,2(E,t) curves
the first maximum appears for t,x = 0.7 (the first site) and
Tmax = 1.5 (the second site). One expects that t,,x for the
first site, which is directly coupled with the electrode, should
not depend on the site-site coupling, V, as the information
from the substrate flows only through the coupling parameter
Vike (or I'p). Surprisingly, this conclusion is invalid and the
appearance of the first maximum at this site depends on the
coupling with the second site (decoupled from the electrode).
It can be confirmed by analytical calculations of the spectral
density functions p;(Er,t) and po(EF, t). From Eq. (12) we
calculate the positions of the first maxima which for i =1

_ In(x+/x2-1)

can be expressed as: Tpy,x = for x > 1 and Tpx =

V/x2—1
arctan(v/1—x*/x) i P -
VT for x < 1, and similar for i = 2. These functions
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FIG. 3. (Upper panel) Effective chain length, M, as a function
of time for the system described in Fig. 1 for V =4 (dots) and
V = 2 (crosses). The inset figure shows the spectral density function
(normalized DOS) obtained for M = 3 linear sites within the Green
function method with the effective coupling, V), =2.83, ¢, =0
(solid curve) and for the dimer taken at time ¢ = 2.3 after the quench
for V = 4 (dotted curve). The bottom panel shows time dependent
spectral density function for V =4 with indicated effective chain
lengths, M. The circles correspond to maxima of equilibrium DOS
obtained for M-site linear chain for V}, = V/2.3 cos(MLJrl ). The other
parameters are the same as in Fig. 1.

in both cases depend on the site-site coupling parameter, V,
which is visible in Fig. 2 and in general the time delay de-
creases monotonically with V. It is interesting that from the
knowledge of t,x one can estimate the coupling parameter
between the sites. Moreover, the difference in time delay
between both sites At (between the broken and solid curves
in Fig. 2) is responsible for the time travel of the information
between these sites. This quantity can be derived analytically
and has relatively transparent form:

4 T . T
m 5+arcsmﬁ . (13)

One can see that for large value of V, the difference At is
very small and tends to zero (two-site system stands for a
strongly coupled molecule, V > V} ;) but for smaller V it
increases rapidly. It is worth noting that this function depends
nonlinearly on the site-site coupling.

The spectral density function of the double-site system
reveals a regular pattern of peaks (transient crystal) which
correspond to a chain of the effective length M. It is desirable
to analyze how this effective chain length M changes in time
after the quench in this system. To tackle this problem we
study the positions of peaks of the spectral density function
in time and adjust them to the effective chain length. The
results are depicted in Fig. 3 (upper panel) for V = 2 (crosses)
and V =4 (dots). It is well visible that this dependence is

AT =

linear for both cases. The linearity of M(¢) is a consequence
of constant information rate which bounces between the sites.
We have found that the structure of the effective chain length
M appears for t = ——==%__ and, e.g., the local DOS corre-

NAVAD

sponding to M = 5 chain length exists in the two-atom system
for t = 8.1 (V = 2) after the quench. Moreover, for weaker
couplings V the effective chain length increases much slower
than for larger V (which is also visible in Fig. 1 where peaks’
density changes with V). It allows us to observe M-sites struc-
ture of the double-site system even for larger times.

In the inset in Fig. 3 we compare the structure of stationary
DOS obtained for M = 3 sites chain with the dimer spectral
density function captures at time r = 2.3 for V = 4. Here the
Green function (GF) method was used for the model com-
posed of a linear chain on the substrate with the same electron
energies, &g, and uniform effective site-site couplings, Vj,. The
stationary spectral density is obtained from the knowledge
of the imaginary part of the site Green function, DOS;(E) =
—%ImG{i(E), and Gj; is found from the equation of motion
for the retarded Green functions, cf., e.g., Ref. [37]. We have
found that the positions of DOS peaks in the energy scale
agree for both models. The differences result from the system
dynamics after the quench, i.e., the intensities of the inside
peaks as well as their widths for the two-site system change
dynamically in time leading (for large time) to the equilibrium
two-peaked structure of DOS. The general correspondence
between the spectral density function of the double-site sys-
tem and the M-site linear chain is shown in the bottom panel
in Fig. 3. Here, on the transient crystal pattern we overplot
the positions of the local DOS peaks assigned to the steady
chain of the length M (circles in the bottom panel). As one
can see the agreement between the dynamical structure of the
two-atom system and static 1D chain DOS is quite satisfying.

IV. BEYOND THE WIDE BAND LIMIT

The transient crystal pattern appears for the two-state sys-
tem after the quench in the presence of continuum electron
states. In real physical systems the electron reservoir can be
characterized by nontrivial band structure with peaks (van
Hove singularities), gaps, or surface states. For such sys-
tems the wide band limit approximation fails and one should
describe lead electrons in a more adequate way which is a
nontrivial task especially for time dependent studies [21-24].
Therefore in this section we consider a more realistic model
of the lead DOS as it can strongly modify the spectral density
of the double-site system. We will check whether the spectral
density pattern for the dimer survives in the presence of real
structure of the surface DOS. In our calculations we take into
consideration three different cases of the lead DOS structure
shown in Fig. 4. There are: a rectangular DOS (curve A),
2D-tight binding with a single van Hove peak in the middle of
the band (curve B), and DOS with two van Hove peaks with a
local minimum in the middle of the band (curve C). The last
two curves correspond to the 2D tight-binding rectangular and
honeycomb (hexagonal) lattice which have analytical forms
expressed in terms of the elliptic integrals of the first kind
[38,39]. Note that in our calculations beyond the WBL one
needs the time transform of DOS [as in Eq. (5) and Eq. (6)]
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FIG. 4. Electrode density of states considered in the calculations:
rectangular DOS (curve A), 2D square lattice DOS with the van Hove
singularity (curve B), and 2D honeycomb (hexagonal) lattice DOS
with two van Hove singularities (curve C) [38,39]. The energy unit is
I', all curves are normalized to 1, and each DOS width is w = 30T".

and, e.g., for the rectangular DOS, D(E) = w, (w is
the DOS bandwidth and ® is the Heaviside step function),
the time Fourier transform has a simple analytical solution,
D([) — s1n(tw/2).
tw/2

The spectral density function for the double-site system
coupled vertically with the lead (surface electrode) described
by different DOS structures is shown in Fig. 5 (A, B, and
C, from the upper to bottom panels). As one can see the
rectangular DOS of the electrode slightly modifies in time
the spectral density pattern of the system in comparison with
the results obtained within the wide band approximation, cf.
Fig. 1, the third panel for V = 4. It results from the fact that
the rectangular DOS can be well substituted by the wide band
structure especially for energies lying in the middle of the
band. For the surface DOS with the van Hove singularity in the
middle of the band, panel B, one observes clear amplification
of peaks intensities in the structure of the spectral density
function. This effect results from larger values of DOS of
the surface band near the Fermi level in comparison with the
rectangular DOS, cf. Fig. 4. Thus the transient crystal can
be observed for such DOS structure even for larger times.
The situation changes for two van Hove singularities in DOS,
panel C (hexagonal lattice). In this case the dimer spectral
density near the Fermi level is strongly reduced due to low
surface DOS at the Fermi level and the spectral density pattern
is hardly visible. It is worth noting that the spectral density
peaks appear at the same energies and at the same time for
all considered surface DOS. Thus the surface structure does
not influence the transient crystal pattern in general but can
change its intensity.

V. OTHER CONFIGURATIONS

In this section we study the role of different geometries of
the system on 1D transient crystal patterns. First in Fig. 6 we
consider a linear change of the site-site coupling from zero
to V =4 within 5 time units (between ¢t = 10 and ¢ = 15).
Thus we assume that there is a single site at the electrode
and at a given time, ¢ = 10, the second site is coupled with
it. As one can see the evident peaked pattern of the spectral
density appears with decreasing intensities. The first spectral
density peak which appears just after # = 10 is broadened and
exists longer in time than for the sudden quench. Moreover,
one observes a linear change of the main DOS peaks in time

o
\V]

4 6 8 10
time

FIG. 5. Spectral density function p,(E, t) of the two-site system
coupled vertically with the lead characterized by different DOS
shown in Fig. 4, curves A, B, and C (upper, middle, and bottom panel,
respectively). The other parameters are the same as in Fig. 1,V = 4.

(tilted white ridges) up to the time when the site-site coupling
is constant. It is the reason that the structure of 1D transient
crystal with DOS peaks is slightly squeezed in the energy
scale and shifted in time.

Thus far we have investigated two-site systems in the
vertical geometry at the surface. In real situations they can

4
2
>
>
o 0
[
@
-2
-4

14 16 18 20 22 24
time

FIG. 6. Spectral density function p,(E,t) for linear change of
V from V =0 (at t = 10) up to V =4 (for t+ > 15). The other
parameters are the same as in Fig. 1.
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FIG. 7. Spectral density function of the two-site system in the
horizontal geometry p,(E,t) = pi(E,t) after the quench with the
substrate characterized by 2D tight-binding DOS with a van Hove
peak in the middle of the band. The other parameters are the same as
in Flg 1, V = 4, Vl,kL = Vzka = Vk =2.82.

be also coupled horizontally or can be situated between two
electrodes (as for a DQD system). In this case the evolution
operator matrix elements U; ;. (¢) needed to obtain the spectral
density satisfy similar equations to Eq. (8) [for this horizontal
geometry in the second equation one should add the term:
—%UzykL(t)], and for the wide band approximation and sym-
metrical couplings I'y, =T'r =T (Vi 4, = Vo kg = Vi) we can
obtain the Laplace transformations for the evolution opera-
tor elements: Fi(s) = —iVi (s + %)/N, and F>(s) = —VV;/N,
where N = [s —i(sg — e)l(s + 5 — iV)(s + 5 +iV). After
some algebra the inverse Laplace transformations for them
can be obtained as follows (for e, = Er = 0):

—iVi
Uii) = —5——
()" +Vv?
r —Llr Y AP
X 5_6 2 Ecos(Vt)—i—Ve 2" sin(V't)
Vi
Unir(t) = —
(z) +v?

_r, T _r
x| =V —e 2 Esm(Vt)—i-Ve 2" cos(Vt)

(14)
and the spectral density function at the Fermi level (which is
the same for both sites) can be written in the following form:

1
pip(t) = . (I+e ™= 22 cos(V1)).

1
Vi (5
5)

It is interesting that in this case the oscillation period of
pi(E, t) is exactly the same as for the isolated dimer system
(Rabi oscillations), i.e., T = 27 /V. Apparently, for the sys-
tem decoupled from the substrate these oscillations do not
vanish in time but here due to nonzero I' parameter they
exponentially decrease. Note that the oscillations of the spec-
tral density in the horizontal geometry are also observed for
other nonconstant surface DOS (for which analytical formulas
do not exist). In Fig. 7 we show the results for the two-site

A=5
04 A V,/10
E o s
0.4 | L -
]R "-""I-" 1 1
5 10 15 20 25

time

FIG. 8. Time dependent currents flowing from the left (red solid
curve) and from the right (blue broken curve) electrodes for gy =
—2. The coupling V =4 was switched off at + = 10 for a period
of A =5 time units (black dotted line). The left (right) electrode is
characterized by 2D-TB DOS with one (two) van Hove singularity
(see Fig. 4), both DOS are symmetrical and their widths are w = 50
energy units, the current unit is eI" /7.

horizontal system coupled with the lead (surface electrode)
described by the 2D tight-binding DOS with the van Hove
singularity at the Fermi level. As one can see the transient
crystal pattern is well visible in this case with a larger intensity
of peaks for E ~ ( related to the van Hove singularity at
the Fermi level. As before, the oscillation period of p;(E,t)
corresponds to the Rabi oscillations.

VI. MONO-PARAMETRIC PUMPING

We have shown that a two-site system coupled with the
electrode reveals regular oscillations for a short period of time
after the quench. During this time the system is out of equilib-
rium thus it can be proposed as an effective monoparametric
electron pump. In doing so we consider two electron sites
between unbiased leads and change nonadiabatically in time
only the site-site coupling parameter, V. In Fig. 8§ we analyze
the left and right currents flowing through such a system for
suddenly vanishing in time coupling strength V at ¢t = 10 and
switched on again at + = 15, as is indicated by the broken
black curve. The system is space symmetrical but here we
consider two different density of states of the left and right
leads, i.e., with one (left lead) or two (right lead) van Hove
singularities, Fig. 4. It leads to asymmetry which is crucial for
the pumping effect (in the case of the same structure of the left
and right DOS electrons are not pumped through the system).
Before the perturbation, ¢ < 10, the spectral density of the
two-site system is characterized by two peaks localized below
and above the Fermi energy (in our case at E =gy £V =
—6, +2) thus both sites are almost half occupied. At t = 10
the sites are decoupled and the local DOS is transformed to a
single peak DOS with the maximum at £ = gy = —2 which
lies below the Fermi energy. In this case the occupancies
of both sites increase and the electrons flow from the leads
to the sites (the currents are positive). It is evident that for
the electrode with larger DOS around the Fermi energy this
process occurs much faster (red curve) in comparison with the
electrode with low DOS(EF), blue curve. At t = 15 the sites
are coupled together again and their spectral density evolves
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FIG. 9. Pumped charge through the two-site system between the
unbiased leads during the changing of V parameter (shown in Fig. 8)
as a function of A for gy = 0, 2, 4 (upper panel) and as a function of
g for A =0, 2,5, 10, 20 (bottom panel). The unit of A is /.

in time to the same structures as before the quench (with two
peaks of DOS lying below and above the Fermi energy). This
is the reason that some excess charge, related to the state
below the Fermi energy, has to leave the sites and the current
is negative. After about 5 time units from the quench (¢ > 20)
the system reaches its steady state and the currents vanish.
During this process the transient crystal pattern appears at
both sites as was discussed in Fig. 7 but the left and right sites
are charged/discharged with different rates, e.g., the right site
is charged very slowly due to low DOS of the right lead at the
Fermi energy. Thus after the quench (for ¢ > 15) the excess
charge flows to the right electrode (very slowly) but also to
the left electrode through the first site. Nonuniform charge
migration after the quench leads to electron pumping in the
double-site system using only one time dependent parameter
(monoparametric pumping) and it is desirable to analyze this
phenomenon in more details.

The net charge flowing from the left/right electrode can
be calculated by integration of the time-dependent currents,
ie., Nyg = ij/R(t)dt. We assume only one cycle of V()
variations shown in the upper panel in Fig. 8, and obtain the
net charge, Ny, flowing from/to the left electrode (extension
to periodic cycles is straightforward). Both sites are decoupled
during the period of A and the system is in the same equi-
librium state before and after the perturbation. First we are
interested how A parameter influences the pumping charge
and in Fig. 9, upper panel, we show the charge flowing from
the left electrode, N;, as a function of A for various onsite
energies, &9. As one can see for A = 0 electrons do not flow
through the system (there is no quench). For nonzero A and
symmetrical local DOS at both sites (symmetrical versus the

Fermi energy) the net charge also does not flow (red line).
However, in the presence of asymmetry in the local DOS
(g9 = 2, 4) green and blue curves) the charge is pumped and
increases for small A. For larger A it tends to some constant
value which means that for this perturbation maximal charge
is pumped through the system. Note also that for negative &
the charge is pumped from the right to the left electrode and
for positive gy the current direction is opposite. Thus the gate
voltage can effectively control the electron current direction
in the system.

In order to reveal further the role of the onsite energies on
the pumping current we analyze in the bottom panel of Fig. 9
the net charge as a function of gy for different A parameter
indicated in the legend. As before for ¢y = 0 (symmetrical
case) the charge is not pumped through the system indepen-
dently of A. Also for large ¢, electrons are not transferred
between electrodes because there are no local DOS peaks
at the Fermi level in both sites. Maximal pumped charge is
observed for average values of ¢y when there is asymmetry
in the spectral density function and simultaneously there is
nonzero DOS at the Fermi level. The pumped charge depends
on the A parameter—for small A maximal N; appears for
&o =~ V which corresponds to the local DOS peak at the Fermi
energy but for larger A the system reaches its steady state after
each change of V and maximal value of N, is observed for
&y = V/ 2.

VII. TRANSIENT CRYSTAL PATTERN IN THE PRESENCE
OF THE COULOMB REPULSION

Electron correlations in low dimensional systems can
play an important role leading to, e.g., the Kondo effect,
Coulomb blockade, spin-charge separation, and others. How-
ever, in many real atomic structures the correlation effects are
marginal and can be omitted (like for Pb atoms on vicinal
surfaces [40]) or can be described effectively as an electro-
static coupling between charged electron sites. In this section
we consider the Coulomb electrostatic coupling between the
sites and check whether the Coulomb repulsion influences or
destroys the transient crystal pattern. In general, even for the
wide-band approximation analytical solutions of Egs. (5) and
(6) do not exist. However, in the limit of small U€, e.g., for
the two-site system coupled only with one electrode, instead
of the integrodifferential Volterra equations of the second kind
we have the following ones:

dUq i (t s iUC
dkt ®) — VeV mO=-mON gy, ()
_ l.Vl’kLel(so+Uan(f)—€kL)f — EULkL(t)
dU k(¢ iUC
2;;( ) _,'Ve’UC(”l(’)_”2(’))'171,kL(f)- (16)

Unfortunately, due to the time dependent occupations, 7;(t),
the Laplace transform technique cannot be applied to find
analytical solutions. Further approximations, like the assump-
tion that n;(t) does not depend on time [only in the RHS
of Eq. (16)] lead to unphysical effects. Thus in the paper
we consider finite values of U and show the results ob-
tained numerically for small U and wide band approximation
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time

FIG. 10. Time dependent spectral density function of the two-
site system after the quench at r = 0 for small Coulomb repulsion
between sites U = 1 (upper panel) and for the stronger one, U =
4, (bottom panel). The arrows indicate the energy shifting of the
stationary peaks of the local DOS due to the Coulomb repulsion. The
other parameters are the same as in Fig. 1,V = 4.

according to Eq. (16) and for larger U¢ and beyond the WBL
(rectangular lead DOS) using Eq. (5) and Eq. (6).

In order to reveal the role of the Coulomb repulsion on
the transient crystal pattern we analyze in Fig. 10 the spec-
tral density function for weak electron-electron repulsion,
UC = 1 (upper panel), and for U = 4 (bottom panel). As one
can see the structure of p,(E, t) for small U slightly differs
from that from Fig. 1 obtained for U¢ = 0 and for V = 4.
However, for larger U¢ we observe that the spectral density
is shifted and the main DOS peaks for + — oo appear for
E = £V + U n(t): The occupation number in our case tends
to 0.5 thus Un(t) — 2 which was indicated in Fig. 10 by the
arrows. It leads to modifications of the spectral density pattern
but the transient crystal structure of the local DOS peaks is
still visible. Note that similar behavior of the conductance
spectra (shifting towards higher energies) was observed for
N-site linear chain in the presence of the Coulomb interactions

obtained within the slave boson and mean-field techniques
[41]. Here this effect holds in time for only the two-site
system which additionally confirms its relation with the DOS
structure behavior of 1D chains.

VIII. CONCLUSIONS

In this work we have studied the dynamical properties of
a system composed of two coupled sites focusing on the time
dependent spectral density function and its evolution due to
quantum quenches and linear perturbations. Using the evo-
lution operator technique and tight-binding Hamiltonian we
have found that the spectral density function reveals a very
regular structure of peaks in the time domain. This peaked
pattern oscillates in time, and it corresponds to a quantum
chain density of states with increasing chain length. Thus it
stands for a new material which is characterized by the pulsed
structure changing regularly in time. This transient crystal
exists for nonequilibrium systems (e.g., after the quench) and
vanishes as the system tends to its steady state so it cannot be
classified strictly as a time crystal. We have also shown that
the predicted pattern of the transient crystal could be observed
for two-site systems on different electrodes with the van Hove
singularities as well as for different system geometries. Addi-
tionally, we have found that in the presence of the Coulomb
repulsion between sites the spectral density function is shifted
towards higher energies but the transient crystal pattern is still
visible in the system.

Moreover, using the series of quantum quenches we pro-
pose an effective monoparametric pump based on the transient
crystal system between unbiased leads. In the presence of two
different lead DOS, by changing in time only the coupling
parameter between the sites, the net electron charge can be
transferred in the system. In this case the transient crystal
pattern appears together with the pumping current whose di-
rection can be determined by the gate voltage potential.

It is believed that our results will bring new perspectives
to a wide range of time-dependent crystals. They can be ver-
ified experimentally using time spectroscopy techniques or in
photonic crystals.
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Abstract: Electron pumping through energy-gapped systems is restricted for vanishing local density
of states at the Fermi level. In this paper, we propose a topological Su-Schrieffer-Heeger (SSH) chain
between unbiased leads as an effective electron pump. We analyze the electron transport properties
of topologically trivial and nontrivial systems in the presence of external time-dependent forces in
the form of one-Gaussian or two-Gaussian perturbations (train impulses). We have found that the
topologically trivial chain stands for much better charge pump than other normal or nontrivial chains.
It is important that, during the perturbation, electrons are pumped through the mid-gap temporary
states or through the induced sidebands states outside the energy gap. We also analyze the local
density of states dynamics during the quench transition between different topological phases of the
SSH chain. It turns out that after the quench, the edge topological states migrate through other sites
and can temporarily exist in a topologically trivial part of the system. The tight-binding Hamiltonian
and the evolution operator technique are used in our calculations.

Keywords: quantum dots; charge pumping; topology; atomic chains

1. Introduction

Atomic wires are the thinnest electrical conductors, and they can be used in plenty
of applications [1-4]. Many new quantum effects were observed in such systems as spin-
charge separation [5], charge-density waves [6] or Majorana topological states [7,8]. Non-
equilibrium one-dimensional (1D) systems reveal much richer physics and in the presence
of time-dependent perturbations the turnstile effect, photon-assisted tunneling, or coherent
destruction of tunneling [9-14] can appear. Dynamical phenomena in 1D structures can
also lead to novel solid-state phases such as the Floquet topological insulators [15], time
crystals [16-18] or transient crystals [19].

For a quantum system between unbiased leads the electron current does not flow
in the stationary case. However, in the presence of non-equilibrium phenomena (e.g.,
time-dependent forces or perturbations) electrons can be transferred between leads even
without the source-drain voltage which leads to the electron pumping effect. This effect
has been the subject of many theoretical and experimental works [18,20-25]—it was ob-
served in single and double quantum dot (QD) systems for periodical changes of two or
more device-control parameters [20,26] which were responsible for the left-right spatial
symmetry breaking of the whole system. Please note that in the presence of the spatial
symmetry the probability of electron tunneling from the central system to the left or to the
right lead is exactly the same. The pumping current can be also generated for breaking
the time-reversal symmetry in the system e.g., by adding the second harmonic to the
driving potential or in the presence of time-dependent dipole-like forces [25]. In particular,
single-parametric pumping or train-impulse pumps are especially interesting due to their
potential applications in nanoelectronics [27-29]. For larger one-dimensional systems
electron pumping effects were studied for different time-periodic perturbations (delta-like,
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harmonic or pulsed) [30-34], where the net electron current flows between unbiased leads.
From the local electronic properties point of view this current can appear if the system
is characterized by finite spectral density function (Local Density of States, LDOS) near
the Fermi energy. In such a case an electron can flow from the lead to the unoccupied
LDOS state of the central system and then pass to the second lead. On the other hand,
the presence of an energy gap in the structure of the central system strongly restricts the
pumping effect. However, this conclusion can be invalid for the new state of matter i.e., for
topological insulators where energy gaps appear inside the system. These structures are
also characterized by collective edge states (topological states) at the system boundaries.
Please note that the quantization of particle transport in such structures were studied
for Thouless pumping [35], Moire pumping [36], for quantum spin-Hall insulator [37],
for twisted bilayer graphene [38], coupled fermionic chains [39], nonadiabatic Floquet
structures [40] or others. Topological phases in one-dimensional chains can be obtained
within a Su-Schrieffer-Heeger (SSH) model [41-43]. The model due its CT symmetry
possesses two different topological phases: the trivial phase with an energy gap along the
whole system, and the nontrivial one for which there exist spectrally isolated mid-gap states
localized at the system boundaries which are protected against local perturbations [41,42,44].

In this paper, we explore the possibility of electron pumping in the SSH chain under a
time-periodic driving in the form of external one-Gaussian or two-Gaussian perturbations
moving along the system (so called the train impulse) which in the nonadiabatic regime
can generate the pumping current between unbiased leads. Although plenty of studies
in the topic of electron pumping have been performed for single or double parameter
time-dependent potentials there is a lack of information in the literature about the electron
pumping through topological systems affected by the train-impulse perturbations. Such
a train-like impulse can drug electrons between unbiased electrodes in the same or also
in the opposite direction in comparison with the impulse propagation way which makes
these structures especially interesting. Thus, in this paper we consider trivial and nontrivial
SSH chains and concentrate on the time dynamics of the site occupancies and the electron
currents under the influence of external train perturbations. It allows us to find the net
electron charge which is transferred between unbiased leads. In our studies we also analyze
the spectral density dynamics during the external perturbation spreading along the system
and observe time evolution of the system quasiparticles. From these studies we can find
how electrons are transfer through various energy-gapped 1D systems. Moreover, we con-
sider dynamical transition processes (sudden quenches) between two different topological
phases of the SSH chain [45-47] and observe mid-gap topological states migration between
the system sites. We expect that topological states do not disappear immediately after the
quench, but they survive in nontopological systems for a longer time and can penetrate
even middle sites of the normal or trivial chain.

It is worth noting that new experimental techniques allow one to investigate quench
dynamics and different geometric configurations of such atomic systems within the scan-
ning tunneling microscope methods. Moreover, train-like perturbations can be realized
experimentally in many one-dimensional systems e.g., for a linear series of QDs with
fully controlled external electrodes, for atomic chains in the mechanically controlled break
junction geometry with periodical changes of the electrode position. Alternatively, one can
use fully controlled 1D optical lattices or atomic chains epitaxially grown on a surface and
change the atom-atom couplings using a piezoelectric substrate or laser impulses.

The paper is organized as follows. The theoretical model and the calculation methods
are described in Section 2. In Section 3, the main results of the paper are discussed for
electron pumping through the SSH chain. In Section 4 the spectral density dynamics for
train impulses and quenches is analyzed. The last Section 5 gives a short summary.

2. Theoretical Description

The physical model consists of the SSH chain composed of N sites that may be coupled
to the electron reservoir (substrate electrode) underneath or to the left and right leads via
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the edge sites as shown in Figure 1. This model corresponds to atomic chains on vicinal
surfaces (with the insulating or conducting substrate below the chain) or to the linear series
of QDs with fully controlled system parameters.
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Figure 1. Model of atomic SSH chain composed of N sites on the insulating surface (which can stand for a gate electrode).

The nearest-neighbor couplings between sites are denoted by V and W and the couplings with the left and right electrodes

represent I'y /g symbols.

The SSH chain is characterized by the two-site primitive cell with two different cou-
plings between sites inside each cell and between cells—V and W parameters, respectively.
The chain for V = W represents nontopological normal chain without an energy gap. For
the intracell couplings greater than intercell couplings we get a topological SSH chain in the
nontrivial phase i.e., with topological mid-gap states at both chain ends (S5SH;), otherwise
we obtain a chain in the trivial topological phase with an energy gap but without the edge
states (SSHj).

The Hamiltonian describing the SSH chain composed of N sites coupled with the
electrodes can be written in terms of the second quantization notation as follows:

N N N
Z eiala; + Z Z(saa%_aa_ + V];l_ll.a;g_ai) + Z Vi/]-(t)a?aj + H.c. (1)
i=1 =1, ! ! ij

Here 4], a; are creation/annihilation operators respectively at i-th site, ¢; is the on-site
energy level and ¢; corresponds to possible electron energies in the leads. V; ; stands for
the coupling between electrodes and corresponding chain atom and V  is resp0n51ble for
the couplings between chain sites (note that V; ; = V within the pr1m1t1ve celland V;; = W
between the neighboring cells). These couplings can vary in time during the train-impulse
propagatlon or sudden quenches. For V2, = 0 except fori = 1and i = N (i.e., for nonzero

, and V; ; elements) the model corresponds to that from Figure 1.

In our'paper time dynamics of the system is calculated within the interaction picture
using the evolution operator method for which the following equation of motion can be
written (i = 1):

i%U(t, tO) = V(t)U(t, tO)/ (2)
where V(t) = Uy(t, to)V(H)UT (t, to), Up(t, tg) = T exp <i ft; dt’Ho(t’)) and 7 is the time
ordering operator. Here V(t) is the coupling part of the total Hamiltonian and Hy(t)
represents the on-site energy part, Hy = ¥, exata,. The physical properties of the system
are expressed by the evolution operator matrix elements obtained from Equation (2). The
local time-dependent charge occupancies, #;(t), can be found from the relation [48,49]:

N
ni(t) =Y _ nj(to)|U;j(t to)] +Z”k to) U, 7 (ff t)|?, 3)
j=1 ],

where n;(to) represents the initial filling of the corresponding single-particle state. As
we are not interested in the transient effects, which appear only for small ¢ (t > f), we
assume empty initial occupancies of all chain sites. The evolution operator elements, which
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are necessary to obtain the occupancies, satisfy the following set of integro-differential
equations (fp = 0 is assumed):

ou. - (t) (e
.k i(e; £~)t
5 = DVa(OFT g () - Vi (e @

ot
2 / ie(t—t') jie;(t—t' /
Vg ) /O dt / deD; (e)e" e (1),
where Dj(e) is the j-th lead’s spectral density function.

Assuming the wide-band approximation which is justified for flat leads DOS or
in the case when the lead’s DOS varies slowly in the vicinity of the central system
electron energies, the effective chain-electrode coupling can be expressed by T;(e) =
27t Y1 |Vz[*6(e — &) = T, which is energy independent. Within this approach Equation (4)
for the left electrode takes the form:

AU (1) I

dt = _IZ‘/ZI iy = S)tu () iVLEL(t)el(Sl SkL)t 7ui,EL(t)’ (5)

and similar for the right lead.
The current flowing from the left electrode is obtained from the time derivative of the
total number of electrons in this reservoir:

. d
() = —ed T (1), ©
kp

where the occupancies ng (t) can be expressed similarly to Equation (3) by the correspond-
ing evolution operator matrix elements. In this case, the spectral density function at each
chain site for the zero temperature satisfies the relation:

EDa ) Uia(e 1), @)

where U; , elements are calculated numerically from Equation (4) or Equation (5).

In this manuscript we use the unit of energy I'r = I' = 1, the time unit is 72/T’, and the
current is expressed in the units of eI /fi. Thus, for I' = 1 meV the units of time and current
are 0.66 ps and 0.25 pA, respectively. Please note that the reference energy point is the left
electrode Fermi energy, Er = 0.

3. Electron Pumping through SSH Chains

Topological chains seem to be very poor candidates for an effective quantum pump
due to their electronic structure i.e., energy gap at the Fermi level. However, for quan-
tum systems which are suddenly quenched the spectral density function at each site
changes/evolves and it takes some time for the system to obtain its new equilibrium state.
For a system with strong asymmetry in its LDOS this non-equilibrium processes can lead to
the pumping effect between unbiased leads. Here we propose a 1D topological chain as an
electron pump where the electron current direction can be controlled by means of the gate
voltage potential. In such systems a gate electrode can be provided by external auxiliary
electrodes or the substrate underneath the atomic chain. To avoid the electron leakage to
the substrate we consider the chain on the insulating surface with two electron reservoirs
at both chain ends (751 = kL and %N = ER). It is assumed that the external perturbation
applied to the chain does not change the couplings homogeneously but there is a kind of the
wire inertia which introduces the phase shift between the couplings (depending on the site
position in the chain). In our investigations we consider the one-Gaussian or two-Gaussian
perturbations in the form of a train-impulse spreading through the chain, see Figure 2,
upper panels, where we show time-dependent perturbations, fy, f; and fy which are
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related to the couplings, Vz,, V; and V;, , respectively and V;(t) = V;f;(t). The analytical

kL’ kR 7
relations for these perturbations can be written in the following form f;(t) = 1+ exp (%)

for the one-Gaussian pulse and f;(t) = 1+ exp (%) —exp (M) for the two-Gaussian

g

perturbation, where f = t — (too + jty) and j = 0,1,2,---,N. Here to stands for the
time for the first Gaussian maximum, t, is responsible for the time shift of the external
perturbation between the nearest-neighbor couplings (for ¢, = 0 all couplings change
simultaneously in time in the same way), ¢; stands for the time shift between the Gaussian
functions, and ¢ corresponds to the half-width of the Gaussian signal. Such train pulses
locally modify the site-site couplings and can change the system topology (depending
on the coupling differences between chain sites). This perturbation concerns only small
part of the whole chain, but it has a huge impact on the electron current flowing through
the system.

o
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Figure 2. One-Gaussian (left panel) and two-Gaussian (right panel) perturbations of the time-
dependent couplings: fj (between the left electrode and first wire site, red lines), f; (between i-th and
(i + 1)-th sites, broken curves) and fy (between the last chain site and the right electrode, back solid
curves)—upper panels. Charge occupation of the first wire site (middle panels) and time-dependent
current flowing from the left electrode (bottom panels) for the SSH chain in the trivial phase (yellow
lines, V = 4, W = 1, SSHy) and for nontrivial phase (violet lines, V = 1, W = 4, SSH;). The other
parameters are: g = 3, ty = 3,0 =10, VL, = Vg =4, too =400, t; =4, N = 8.

The time-dependent occupancies are obtained from Equation (3) and the current
flowing through the system from Equation (6), which in the wide-band approximation we
calculate from the relation:

L) = —rLfOZ(t)nl(t)—zIm{2nh<0)Vhfo(t)el‘@n—so)fum(t)}, ®)

KL
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where the evolution operator matrix elements Uz, are obtained from Equation (5).

In the beginning in Figure 2 we analyze the time-dependent electron occupations
(middle panels) and the currents flowing from the left electrode (bottom panels) for the SSH
topological chain in the trivial phase (SSHy, V = 4, W = 1, yellow curves) and nontrivial
phase (SSHy, V = 1, W = 4, violet curves) for ¢g = 3. Before the train impulse starts (at
t ~ 390) the system is in its equilibrium state — the occupancies do not change in time and
the currents do not flow between electrodes. The structure of LDOS is symmetrical with
respect to €g and in the first case (SSHy chain) there is an energy gap around the Fermi
energy, thus the electron occupancy is almost 0.5 (middle panels) even for ey = 3. For the
one-Gaussian perturbation, in the first stage, the chain-lead coupling strength increases and
some charge from the chain leaks to the lead and the chain occupation locally decreases.
This is also the reason why in this case the current is negative (it flows from the chain to the
left electrode). In the second stage of this train perturbation the couplings between atomic
sites inside the chain increase and the lower sideband LDOS states move deeper below
the Fermi energy, thus the occupancy locally increases, and the current is positive. On the
other hand, in the presence of this perturbation, for the chain with topological states at
both edges (nontrivial phase) the empty LDOS states spread below the Fermi level and
the occupancy of the chain site increases rapidly (the current flows from the left electrode
to the chain). Please note that the perturbation (train impulse) goes through the chain
up to t = 420 units of time but the occupancies and the currents tend very fast to their
equilibrium values.

The situation changes for the two-Gaussian perturbation (right panels). In this case,
charge oscillations do not vanish rapidly, but they are visible also for larger ¢, i.e., even
for times for which the perturbation has passed through the system. The reason for such
long-time oscillations is very low value of the two-Gaussian perturbation for a short period
of time, f(t), which leads to almost vanishing site-site couplings in the system. Thus, the
chain sites are almost decoupled for a moment (like in the atomic limit) and then the system
needs much more time to reach the equilibrium state. Please note that after and before
the perturbation, the occupancies are exactly the same and from the careful inspection of
the currents flowing from the left electrode one can find the total charge pumped through
the chain. For the SSH; chain and two-Gaussian impulse it is evident that most of the
violet curve is negative, thus one expects the net pumping charge in the system. For the
one-Gaussian impulse (left bottom panel) the currents for SSHy and SSH; chains oscillate
around the zero value, but they are asymmetrical and more detailed study is required to
classify these systems as electron pumps.

The total charge pumped through the chain is obtained by integrating the time-
dependent currents, Ny /g = [ ji/r(t)dt, where in our system the condition N = —Ng
is always satisfied. Here, positive values of N} g correspond to electrons flowing from
the electrode to the chain. In Figure 3 the pumped charge from the left lead is analyzed
as a function of gy (which corresponds to the gate voltage) for the one-Gaussian (upper
panel) and two-Gaussian perturbations (bottom panel) for both SSHy (yellow curves) and
SSH; (violet curves) chains. As one can see for symmetrical LDOS with respect to the
Fermi energy (g9 = 0) the charge does not flow through the chain, independently on the
perturbation shape and topological phase of the chain. For ¢y # 0 the shape of the train
impulse spreading through the chain plays a crucial role in the electron pumping effect in
topological systems. For the one-Gaussian perturbation the couplings between sites locally
increase leading to smaller difference between V; parameters. In this case, the energy gap is
not closed. It is the reason that electrons do not flow through the SSHy chain for ¢y smaller
than the energy gap width (here the gap appears for |¢ — €| < 3, cf. the inset in Figure 3,
bottom panel). Note that also for the chain in the nontrivial phase the pumping effect does
not occur for these values of gy although there is a topological state at the first chain site
(nonzero LDOS at the Fermi level, see the inset, violet curve). In this case, electrons which
flow out from the electrode cannot be transferred through the middle part of the chain
due to the energy gap at these middle sites. It means that the zero-energy edge states do



Appl. Sci. 2021, 11,772

7 of 14

not play a main role in the electron pumping through 1D systems—this problem will be
discussed in more details in the next section.
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Figure 3. Charge pumped through the 8-atom SSH chain as a function of ¢y for ty = 3. The
upper (lower) panel corresponds to the one-Gaussian (two-Gaussian) perturbation. The broken line
corresponds to the normal chain with V' = 1. The other parameters are the same as in Figure 2. The
inset in the bottom panel shows the local DOS at the first site of the SSH chain in the trivial (S55Hy)
and nontrivial (SSH;) phases.

For larger ¢g (beyond the energy gap) electrons are pumped in the system. In our
case for g > 3 the bottom sideband peaks which are below the Fermi level (they are
occupied) change their positions in the presence of the one-Gaussian perturbation, and
thus the electron charge leaks out of the chain (the current is negative). Next, for larger
g9 (g9 ~ 4.7) the bottom LDOS sideband is symmetrical with respect to the Fermi energy
and the current does not flow through the system (similarly as for ¢y = 0). The second
upper LDOS sideband lies too far from the Fermi level and does not influence the current.
For gy > 4.5 there are more LDOS peaks above the Fermi level and in the presence of the
perturbation they move below the Fermi energy. In that case electrons from the electrode
occupy these empty LDOS states and the current is positive. For larger and larger ¢( there
are no electron states near the Fermi level and the net charge cannot be pumped through
the system. Note that for the nontrivial chain (SSH;, violet curve upper panel) and the
one-Gaussian impulse the pumping current almost does not flow through the system which
is a consequence of relatively low LDOS in the upper and lower sidebands (cf. the violet
curve in the inset), and because the sidebands are responsible for the pumping current this
effect is marginal in the SSH; chain. Thus, the shape of the pumping current as a function
of the gate voltage allows us to distinguish between the trivial and nontrivial phases of the
topological system.

In Figure 3 the results obtained for the SSHy and SSH; chains are compared also
with the normal chain of the same length (black broken curve, upper panel). There are
crucial differences between topological and normal systems. First, for the normal chain
the pumping current starts to flow for ¢y > 0 as there is no energy gap in the system
and even small asymmetry in its energetic structure leads to the electron pumping. The
maximal pumping current is observed for such gy for which the bottom of chain energy
band corresponds to the Fermi energy (here it is for g = 2). For larger gy the pumping
current vanishes due to the lack of states at the Fermi level. It is also important that for the
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normal chain the pumping current is always positive (for g > 0) whereas in the topological
chains one can control the direction of the current slightly tuning the gate voltage of the system.

The situation changes for the two-Gaussian perturbation (bottom panel) which mod-
ulates the coupling strengths along the chain in such a way that in the first stage the
couplings increase but then they decrease below their initial values. It leads to smaller
difference between the neighboring couplings in the chain which almost closes the energy
gap at the Fermi level. Thus, electrons can flow from the electrode to the chain (like in
the normal chain) even for small 9. However, in the second stage of the perturbation
the couplings tend to zero and these electrons cannot back to the previous sites (they are
pushed toward the second electrode). In this case, the pumping current is always positive
and for larger and larger ¢ it vanishes. Moreover, the system in the trivial phase, SSHy,
more effectively pumps electrons through the chain due to its unique energetic structure
which will be analyzed in the next section. Please note that the pumping current curves are
not very smooth because they reflect the peaked structure of the sidebands (see the inset
figure) which for smaller couplings in the two-Gaussian mode tends to atomic limit and
the peaks are much more evident.

4. Spectral Density Dynamics

To explain the nature of the pumping process in topological chains in more details
we must study time-dependent LDOS along the chain during the perturbations. Please
note that within the evolution operator method which we use in our calculations one can
analyze simultaneously the occupancies, currents and time-dependent LDOS structures.
Detailed analysis of the spectral density dynamics during the pumping process or sudden
quenches allows one to observe time evolution of the system quasiparticles at a given site
as well as their time-migration along the system or between chain sites.

4.1. Train Impulses

Here, we are going to explain more precisely the electron transfer process through the
energy-gapped structure between unbiased leads. Thus, in Figure 4 we show the spectral
density functions related to four sites of the SSHy chain during the propagation of the train
impulse (one-Gaussian perturbation, panel a, or two-Gaussian impulse, panel b). As one
can see the chain is characterized by the energy gap at the Fermi level, independent on
the site number (the total chain length is N = 8). The perturbation starts at t = 400 and it
leads to wider LDOS - the sidebands are shoved outside the Fermi energy due to larger
values of the coupling parameters. After some time, all LDOS peaks return to their initial
positions and the induced sideband structure follows the perturbation. When the train
impulse reaches the edge site the system evolves to its previous equilibrium state. In this
case, electrons are transferred through the LDOS sidebands which are outside the energy
gap of the chain.
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Figure 4. LDOS time evolution at i = 1, 3,5 and 8 sites of the SSH trivial chain [V = 4, W = 1, panels
(a,b)] and nontrivial chain [V = 1, W = 4, panel (c)] composed of N = 8 sites. Panel (a) represents
the system disturbed by the one-Gaussian perturbation, panels (b,c) correspond to the two-Gaussian
impulse, the same as in Figure 2.

The situation changes for the two-Gaussian perturbation (panel b) as now some site-
site couplings decrease in time and at the same time some of them increase. It leads to
the induced sidebands outside the energy gap (like in the one-Gaussian impulse) but also
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dynamical nonzero LDOS structure in the energy gap region is observed. Thus, for this
perturbation electrons can be pumped through these temporary mid-gap states. For the
nontrivial topological chain, SSH;, the LDOS dynamics during the two-Gaussian impulse
is analyzed in panel c. In this case, the sidebands outside the energy gap are slightly visible
and the main pumping process is realized only inside the energy gap region. Thus, one
expects lower values of the net pumping current in comparison with the trivial chain, as
one can see in Figure 3. The inside structure of LDOS during the perturbation is formed
from the mid-gap topological state localized at the first site—this state oscillates in time and
we observe a periodic emission of this state to other chain sites. These induced states also
follow the train-impulse propagation along the chain. Please note that sudden local change
of the site-site couplings disturbs both topological states related to the first and the last
chain sites for a moment (the difference between the nearest-neighbor couplings decreases
rapidly which influences the chain periodicity) but after some time the mid-gap states
are rebuilt again. It is also interesting that for the two-Gaussian pulse both topological
states have very high intensity for short period of time. This results from the fact that for a
moment the coupling between the first (last) chain site and its neighboring site decreases
and the energetic structure of LDOS tends to the atomic limit in this case.

From the detailed studies of time-dependent LDOS characteristics we have found that
electrons are transferred through the mid-gap temporary states in nontrivial topological
chains or through the induced sidebands outside the energy gap region in trivial chains.
The pumped current direction depends only on the relative position of the LDOS peaks
and the leads Fermi energy, cf. Figure 3. We have also checked that the spectral density
dynamics of the SSH chain coupled with a noninsulating surface underneath does not
reveal significant differences. In that case the chain-substrate coupling is responsible for
the half-width of the spectral density peaks and for larger couplings these LDOS peaks are
wider and smoother. It is important from the practical point of view, because it opens more
perspectives for experimental studies of such structures.

4.2. Quench Dynamics in SSH Chains

Topological chains which are characterized by an energy gap along the system can
transfer electrons through the induced mid-gap states as shown in the previous section.
This effect can be observed only for non-equilibrium processes such as in the presence of a
train impulse moving along the chain. Alternatively, after a sudden change of the system
parameters (so called the quantum quench) the system needs some time to reach its steady
state which opens a new possibility for coexistence of both trivial and nontrivial phases
simultaneously in the system. Thus, it is desirable to analyze the mid-gap topological
states dynamics between SSH; and SSHj (or normal) chains, which takes place not just for
a while (as during the train impulse) but which lasts for a long time after the quench.

Thus, in Figure 5 we analyze a segment of energy-dependent LDOS near the Fermi
energy (at sites from i = 1 to i = 10) as a function of time for topological chain of the
length N = 20. At a given time (¢ = 400) the quantum quench switches topological phase
from nontrivial to the trivial one (panel a) or to the normal chain (panel b) and we can
analyze the mid-gap state dynamics along the chain. As one can see before the transition
the system is characterized by wide topological states at the edge sites (i = 1, and the same
ati = 20) and the energy gap in all middle sites (panels a and b). For very large time after
the quench, we can notice that the system reaches its steady state i.e., trivial topological
state with energy-gapped LDOS (panel a) or normal nontopological chain with no energy

gap (panel b).
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Figure 5. LDOS time evolution at first 10 sites in the topologically nontrivial chain, SSH; (V = 0.5, W = 2) quenched to the
trivial chain SSHy [V = 2, W = 0.5, panel (a)] or to the normal chain [V = W = 2, panel (b)] at t = 400. The chain length is
N = 20 and the on-site energies ¢y = 0.

The most interesting physics happens just after the quench. Surprisingly, topological
state does not disappear immediately but rather moves into middle parts of the chain.
However, in the upper panel this state survives only on the first few boundary sites and
then it is blurred in time, but it is visible that at t ~ 410 it reaches the middle site of the
chain. The same signal moves from the last chain site and they pass each other. Thus, the
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X-shaped LDOS is observed and as time evolves these states balance between the edges
with vanishing intensities. This process is more evident in the bottom panel where both
topological states migrate after the quench through the normal chain and they also form a
V-shaped LDOS dynamical structure. Note that in the normal chain the edge states travel
much faster and they reach the middle chain site just at t ~ 403, i.e., only 3 time units after
the quench. It means that the travel speed of the mid-gap state strongly depends on the
energy-gapped structure in the spectral density function and for nonzero LDOS it moves
much faster along the chain. Please note that similar time evolution was observed for the
absolute value of the spinor component related to the Majorana mode in 1D topological
systems [50].

5. Conclusions

In this work we have studied electron transfer through the 1D topological systems
which are characterized by an energy gap and are expected to be poor electron pumps.
Using the evolution operator technique and the tight-binding Hamiltonian we have an-
alyzed the occupancies, currents and time-dependent LDOS along the SSH trivial and
nontrivial chains affected by external train impulses in the form of the one-Gaussian and
two-Gaussian perturbations. It turns out that such systems can work as effective electron
pumps and surprisingly, topological trivial chains can transfer more charge during one
cycle of such external perturbation than nontrivial SSH chains. This effect is explained
by strong asymmetry in the structure of LDOS for the edge sites (due to the absence of
topological states) and is crucial for the pumping effect. It is also important that for the
normal chain the pumping current is always positive (for positive on-site energies) whereas
in topological chains one can control the direction of the pumping current slightly tuning
the gate voltage of the system.

We have also analyzed how electrons are transferred through the energy-gapped
topological materials and we have found that during the train perturbation electrons are
pumped through the mid-gap temporary states in the nontrivial topological chains and
through the induced LDOS sidebands outside the energy gap region in the trivial chains.
This conclusion stands for the main result of the paper and can be useful for potential
applications of such topological materials in nanoelectronics.

Additionally, we have investigated LDOS time dynamics along the chain after a
sudden quench which changes topological phase of the system (from the nontrivial to the
normal or to the trivial one). We have found that during this change topological states do
not disappear at once, but they balance between the edges of the chain with vanishing
intensities. Even more importantly, the travel speed of topological states strongly depends
on the chain energetic structure such that for gapped materials the states move relatively
slow and for normal materials they move much faster along the chain.
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Abstract:
structures are investigated using the tight binding Hamiltonian and the Green’s function technique.

Mid-gap 1D topological states and their electronic properties on different 2D hybrid

There are considered straight armchair-edge and zig-zag Su-Schrieffer-Heeger (SSH) chains coupled
with real 2D electrodes which density of states (DOS) are characterized by the van Hove singularities.
In this work, it is shown that such 2D substrates substantially influence topological states end evoke
strong asymmetry in their on-site energetic structures, as well as essential modifications of the
spectral density function (local DOS) along the chain. In the presence of the surface singularities
the SSH topological state is split, or it is strongly localized and becomes dispersionless (tends to the
atomic limit). Additionally, in the vicinity of the surface DOS edges this state is asymmetrical and
consists of a wide bulk part together with a sharp localized peak in its local DOS structure. Different
zig-zag and armachair-edge configurations of the chain show the spatial asymmetry in the chain
local DOS; thus, topological edge states at both chain ends can appear for different energies. These
new effects cannot be observed for ideal wide band limit electrodes but they concern 1D topological
states coupled with real 2D hybrid structures.

Keywords: atomic chain; Su-Schrieffer-Heeger model; density of states; van Hove singularities;
localized states; hybrid systems

1. Introduction

Nowadays, one can notice a growing interest of scientists in low-dimensional struc-
tures which find almost constantly new applications in many branches of science and
technology, e.g., in nanoelectronics [1,2], biotechnology, engineering [3], chemistry [4] and
medicine [5]. Atomic wires as the thinnest possible electrical conductors are especially
interesting objects to study mainly from practical point of view. Their electronic properties
are the subject of many theoretical and experimental papers as they reveal a great deal of
interesting physical phenomena which are often hard to notice in bulk materials, e.g., spin-
charge separation [6,7], Majorana topological states [8,9], charge-density waves [10-12],
turnstile effects, photon-assisted tunneling and pumping effects, or coherent destruction
of tunneling [13-20]. In low-dimensional structures one can also observe unique solid-
state phases such as time crystals [21-23], transient crystals [24] or Floquet topological
insulators [25,26]. Especially interesting are hybrid systems composed of different low-
dimensional structures where quantum states of one structure could penetrate to the second
one leading to a kind of proximity effect which was studied, e.g., in one-dimensional (1D)
coupled systems [27,28].

The main topic of interest in this work are the electrical properties of 1D topolog-
ical chains which are fabricated on a flat two-dimensional (2D) electrode or which are
placed between two 2D leads. Such a hybrid system can reveal constructive or destructive
coexistence of 1D and 2D features of different quantum structures thus it is desirable to
investigate their properties thoroughly. Topological chains are special materials where
energy gaps appear inside the system and the edge states (topological states) are observed
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at the system boundaries. Such materials have unique electrical properties, i.e., topological
states are insensitive to external perturbations, they survive for different substrates, reveal
long-range conductance oscillations and can play a role of effective electron pumps [11,20].
Simple topological phases in one-dimensional chains can be obtained within a fermionic
Su—Schrieffer—-Heeger (SSH) model [29,30]. The model possesses two different topological
phases: the trivial phase with an energy gap along the whole system, and the nontrivial
one with spectrally isolated mid-gap states at the system boundaries.

In this paper we analyse modified SSH chains (straight, zig-zag and armchair edge
geometries) in contact with different types of 2D electrodes which play a role of electron
reservoirs. The leads can be characterized by a flat band structure or can possess van Hove
singularities in their density of states (DOS). Such singularities (peaks or dips in DOS) are
commonly found in real 2D structures like graphene, silicene, antimonene or other atomic
layers that could be fabricated and modified to obtain fully functional materials [2,31,32].
Although topological insulators, as well as topological 1D structures have been intensively
investigated in last years the influence of low-dimensional electrodes on topological states
in hybrid systems has been often overlooked. The main objective of this work is to find
how topological SSH states are influenced by the DOS singularities of 2D substrates. It is
crucial to verify if these states are robust to these singularities and if the space and energetic
symmetries of 1D edge states (which are responsible for the particle-hole symmetry) survive
in the presence of 2D substrates. Moreover, the question if the SSH topological states can
appear outside the electrode’s DOS (beyond the band) is going to be answered in this

paper.

2. Model and Theoretical Description

Hybrid systems under consideration are shown in Figure 1. In the simplest case
there is a straight SSH chain on 2D electrode (panel a). The surface is described by the
tight-binding Hamiltonian for a regular atomic lattice (e.g., rectangular or hexagonal)
which leads to the effective surface DOS with the van Hove singularities (see Appendix A).
The hybrid systems (Hybrid1l and Hybrid2) are depicted in panels (b) and (c) in Figure 1,
where a zig-zag (or armchair edge) SSH chain is placed between two 2D electrodes. In this
case, the electronic structure of the chain is influenced by two different electron reservoirs
(hybrid structures) which is the central point of studies prested in this paper.

a) Surface b) Hybrid1 c¢) Hybrid2

Figure 1. Schematic view of the SSH atomic chain for different geometries: (a) straight chain on 2D
electrode, (b,c) zig-zag and armchair edge chains between two 2D electrodes called here Hybrid1l
and Hybrid2, respectively. The broken and solid red lines represent different couplings between the
nearest-neighbour atomic sites in the SSH chain.

Such systems can be realized experimentally using modified vicinal surfaces where a
single or double chains as well as atomic ribbons can be easily fabricated within the epitaxy
method. These structures can be investigated by means of the STM (Scanning Tunneling
Microscope) technique which measures current-voltage characteristics or the conductance
that is proportional to the local DOS. Detailed analysis of this quantity allows one to distin-
guish different topological phases of the SSH chains [33,34]. Among many experimental
fabrication methods of 1D systems one can find atomic chains grown epitaxially on silicon
surfaces, such as 5i(335), Si(557) [35-37], 1D chains with gate-defined quantum dot in 2D
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electron gas or chains of dopant atoms in silicon [38,39]. Alternatively, the SSH topology
was found in chlorine vacancies on Cu(100) surfaces [34,40]. In such systems, the role of
2D substrate electrodes can play the surface atomic reconstruction (like Si(111)-(6 x 6)Au
surface) or atomically flat graphene, silicene, antimonene or other layers which nowadays
can be easily fabricated [2,31,32,41,42]. It is also possible to combine one-dimensional SSH
chains between two 2D substrates (hybrid geometry). In such a case, the chain localized at
the step of the surface is coupled with both nearest terraces (they stand for 2D structures
with different DOS). Alternatively, one can use precisely controlled quantum dot chain
coupled with different electrodes characterized by the van Hove peaks.

The tight-binding model Hamiltonian in the standard second-quantized notation for
the system shown in Figure 1, can be written as follows: H = Hg + Hcoup, Where:

Hy =

{Il a; + Zzgkaaﬁ ke @

] Mz

describes the on-site electron energies in the atomic chain, ¢;, and in the « electrode, €y

with the wave vectors k (x = S corresponds to only one surface electrode (Figure 1, panel a),
and & = L, R corresponds to the hybrid geometries shown in Figure 1, panels b and c).
The operators ai(a;r) annihilate(create) an electron at i-th site of the chain (i = 1, ..., N) and

ag, (al ) are the according leads annihilation(creation) operators. In calculations both spin

direcfcciaons are independent of each other and the spin index in operators is suppressed. As
we are interested in the SSH topological state modifications, in the first step it is assumed
that the electron correlation effects do not play an important role. This assumption is
reasonably well satisfied, e.g., for lead or gold chains on vicinal silicon surfaces. For small
electron-electron correlation it can be captured by an effective shift of the chain onsite
energies [43—45]. The electron transitions along the chain and between the surface and

chain sites are described by the coupling Hamiltonian in the following form:

Heoup = ZVzt-i-la “z+1+22 lkak“z‘f'HC ()
i=1 %y

The first part of this Hamiltonian consists of the tunneling matrix elements V;;;
which describe the couplings between the neighboring sites in the chain. Note that for
different every second couplings V; ;11 (Viit1 = V,Vii1i40 = W such that V # W) the
system corresponds to the topological SSH chain [46—48] and for equally coupled sites
(V = W) the system is in the normal state. By taking V < W one gets a topological chain
in the nontrivial phase (called here SSH,), i.e., with topological mid-gap states at both
chain ends. When one applies V > W it is obtained a chain in the trivial topological phase
without end states (SSHy). The second part of Equation (2) describes the chain-substrate
coupling where electron transitions between the i-th chain state and the surface states are
established by V. » o MAtrix elements (hybridization terms).

In this paper the topic of interest is the spectral density function at atomic sites in
the chain (local DOS) which can be obtained from the knowledge of the corresponding
diagonal matrix elements of the retarded Green’s operator at a given site: [49,50]

LDOS/(E) =~ 1n(G}(E")), ©

where ET = E + ie (¢ is positive infinitesimal number which tends to zero) and G/;(E) for
the time-independent Hamiltonian satisfies the following equation of motion:

EG}(E) = ([a;, af]+) + ({[a;, H]-;a])), )

where the bracket ((...)) g corresponds to new energy-dependent Green'’s function which
includes ku states due to the total Hamiltonian in the above equation. For N-site system
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the total Green'’s function could be obtained by solving N coupled linear equations which
can be written in the matrix notation: G” - A = I, where I is the identity matrix. The matrix
G’ stands for N x N array of the appropriate Green’s functions and A is a square N x N
complex array which can be found from Equation (4) and it takes the following form:

Afj'XN(E) = (E—#€)dj — Vijt1(dijr1 +diy1,j) + X (E), (5)

where % (E) = ¥ ‘gf“_vg’;“ The off-diagonal elements of the matrix % (E) depend expo-
nentially on i-th and j-th atomic distance [45,51] so they rapidly vanish and in the paper
are negligible. It allows one to consider the electrode as a set of equivalent leads such
that each chain site is coupled with its own electrode. Thus, assuming that only diagonal
terms of the matrix £(E) play an important role (and they are the same for all chain sites,
%;i(E) = 6;;Z(E)) one can express this function by the real and imaginary complex forms
as £(E) = A(E) —iI'(E)/2. Here [(E) = 27|V; [* Yz, 6(E — ¢, ) = 27|V; [*DOS4(E),
where DOS,(E) stands for energy dependent a lead (surface) DOS. Both functions A(E)
and I'(E) are not independent, see Appendix B, and they are responsible for the localized
states in the system which appear for some values of the chain on-site energies. For a

flat and E—independent surface DOS, i.e., within the wide band approximation one has:
A(E) = 0and I'(E) =T which is constant and energy independent [44,45,49,51]. On the
other hand, assuming a specific surface DOS like for 2D materials (see Appendix A for the
2D van Hove DOS) one can find I'(E) function and then using the Hilbert transform can
obtain the second A(E) function. It allows one to write explicitly all matrix elements of
A, Equation (5), and the retarded Green'’s functions can be obtained by inversion of this
matrix, i.e.,
A cof Ay
Ghi(e) = (A )i = SeiA )

where cof A and det A mean the cofactor (algebraic complement) and determinant of the
matrix A. For a regular chain with the same atom-atom couplings and homogenous on-site
energies these functions can be expressed analytically by means of the Chebyshev poly-
nomials of the second kind [45,52]. In general case, for topological SSH chains analytical
solutions are also possible but they have no simple transparent forms. Thus, we obtains
here the local DOS along the chain for a given leads DOS numerically (using Java and
Fortran codes) and compare the results for different system geometries.

In the calculations homogenous on-site energies for all chain sites are considered,
¢; = go and there is used the zero temperature limit. The energies are expressed in units
of I' = 1 where I is defined as usually for a flat, k-independent lead DOS of the width w
as follows: I' = 271 VE|2 /w (which is related to the wide band limit approximation). The
energy reference point is the chemical potentials of the leads, Er = 0. For experimentally
available values of I' >~ 0.5eV the typical coupling units between atomic sites would be
0.5 —2eV.

3. Results and Discussions
3.1. Straight SSH Atomic Chain

The first system under consideration is a straight SSH chain on 2D electrode (see
Figure 1, panel a). In Figure 2 we analyze the local DOS of the chain for different surfaces.
In particular it is assumed a flat rectangular surface DOS (panels a and d), surface DOS
with one van Hove singularity in the middle of the band (panels b and e), and the surface
DOS with two van Hove singularities with vanishing value in the middle of the band
(panels ¢ and f). These functions are shown in Figure 2 (dashed black curves) and they
correspond to the wide-band approximation, 2D rectangular lattice, and 2D honeycomb
lattice, respectively. The surface DOS can be obtained exactly for different regular atomic
latices [53-56] and their analytical forms are shown in the Appendix A. Note that such
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atomic lattices are fabricated in many experiments e.g., Pb atomic films form a hexagonal
close-packed structure on Al(111) substrate, Sn atoms on Al(100) or Al(111) are found to
form square-like structures [57,58] similarly, Sb films form square-like structures on Rh(111)
[59]. In addition, on vicinal surfaces one can obtain multiple Pb chains which form regular
atomic nanoribbons on each terrace of Si(553)-Au substrate [43]. We are interested in the
local DOS of the chain at the edge site (where the mid-gap topological state appears, i = 1,
dashed blue curves) and also at one inner site with no topological states (here i = 2, red
solid curves). Additionally, both symmetrical and asymmetrical cases, i.e., gg = Ep = 0
(left panels) and ey = 4 (right panels) are considered.

€n= £n=4
0-4\‘\‘\‘9\;‘\_‘\‘ \‘\‘\‘O\‘:w,w
I a) e !=é o] 1d) i :=5 """"
i =2 —— =2 ——
m 03[ ¥ 1T H ]
~ I e 1T HE b
%3 0.2
o} L
o 0.1
0
m 0.3
< L
s 0.2
3 L
o 01
0
m 0.3
< L
& 0.2
3 L
o 0.1
r\ \rw r ‘

I S - Sl !
-15-10-5 0 5 10 15-15-10-56 0 5 10 15
energy energy

Figure 2. Local DOS at two sites of the straight SSH chain (see panel a in Figure 1), i = 1 (blue broken
curves) and i = 2 (red solid curves) as a function of energy, and for different surface DOS shown by
the dashed black curves: rectangular DOS (panels a and d), 2D-DOS with one van Hove singularity
(panels b and e) and for 2D-DOS with two van Hove peaks (panels ¢ and f). The left (right) panels
correspond to eg = 0 (¢9 = 4). The chain length is N = 12 sites, the couplings are V =1, W = 4, and
the surface DOS width is w = 30 (all energies are expressed in I units).

For the SSH; chain on the surface with rectangular DOS (panels a and d) the electronic
structure of the chain is characterized by two sideband peaks (bulk bands) with the
energy gap between them for the interior sites (e.g., for i = 2) and the mid-gap state
localized at E = g for the edge site (i = 1 and i = N). In this case, the surface DOS is
flat (energy independent) and can be effectively described within the wide-band limit
approximation. Thus, the surface described within this approximation does not influence
the chain topological states which is in agreement with the literature results [60]. The
situation changes for realistic 2D square lattice substrate with the van Hove singularity in
the middle of the band (panels b and e). This van Hove peak can be considered as a kind of
sharp atomic state which is coupled with the mid-gap edge state of the SSH chain. It is the
reason that the topological SSH state splits for E = 0 (panel b) and it is not robust against
the surface states. In addition, for the asymmetrical case (panel e, ¢y = 4) the energy of
the van Hove peak corresponds to the energy of the lower (left) sideband in the chain and
there is a small local minimum in the structure of this band at E = 0. For other energies,
i.e.,, beyond the van Hove singularity the substrate spectral density is relatively flat and
thus the chain DOS is almost the same as for the rectangular case (see the upper panels).
The most interesting case one can observe for the honeycomb lattice underneath the chain
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(panels c and f). Now, the substrate DOS is characterized by two van Hove peaks at E = 5
and a local minimum in the middle of the band. As before these peaks are responsible for
the local minima in the chain DOS, i.e., in both sidebands (panel c) or in the mid-gap state
(panel f). However, for very low values of the substrate DOS (near E = 0) the chain-surface
effective coupling T'(E) tends to zero which leads to the atomic limit for this energy span.
Thus, for the symmetrical case the mid-gap topological state is very narrow (and almost
disperssionless) than for non-zero surface DOS (shown in panels a and b). One can see
that 2D substrates essentially modify topological states and change effectively their shape.
For the asymmetrical case (panel f) low values of the substrate DOS correspond to the left
sideband of the chain DOS. The sidebands consist of many bulk states (due to the surface
coupling they form relatively smooth function of the energy) but in this case the lower one
reveals an atomic structure around the zero energy and has many sharp peaks. At the same
time the second (upper) sideband of the chain DOS (around E = 9) remains in the form of
the bulk shape. As a consequence, very regular structure of the chain DOS can drastically
change in the presence of the van Hove singularity or energy dips in the substrate DOS.
Note that for eg = 0 (left panels) all local DOS functions are symmetrical in the energy scale
which results from symmetrical structures of the surface DOS with respect to the Fermi
energy and the particle-hole symmetry is not broken in this case. For different value of g
this symmetry still exists for a plane surface DOS (right upper panel) but it is broken for
real 2D lattice DOS (panels e and f). Thus, strong asymmetry in the local DOS of atomic
system can come from the peaked structure of the surface DOS which was not reported
before and it leads to breaking of the system particle-hole symmetry.

3.2. Boundary Effects in Chain DOS

It was shown that local dips in the structure of the substrate DOS strongly modify
electronic properties of the SSH chain for symmetrical as well as asymmetrical cases (i.e for
different positions of the chain on-site energies, €y). However, for larger ¢ or for relatively
narrow surface band the chain on-site energies can lie in the vicinity of the substrate DOS
boundaries or even beyond the band. In such a case one expects localized states in the
system (like for an adatom on the surface [50]) and significant changes in the chain DOS
structure can appear. Thus, it is desirable to study this effect for topologically trivial and
nontrivial SSH chains on a surface. The corresponding results are depicted in Figure 3 for
both chains, SSHy (upper panel) and SSH; (bottom panel) in the form of heatmaps of the
local DOS along the whole chain, i.e., at each chain site, i = 1, ..., 12. The position of ¢g is
very close to the surface DOS boundary, 9 = 14, such that the bottom sideband of the SSH
chain lies inside the surface DOS and the second one is outside this band. For the trivial
SSH chain (upper panel) the boundary of the surface DOS (E = 15) corresponds to the
chain energy gap and there are still two sidebands of the chain DOS (inside and outside the
surface band). The lower sideband is quite smooth (like the sidebands in Figure 2, upper
panels) as its energy lies inside the surface band. On the other hand, the outside sideband is
characterized by very sharp and high DOS peaks as in this case there are no corresponding
energy states in the substrate and the effective coupling I'(E) = 0 for E > 15. Thus, outside
the substrate band the chain states tend to atomic limit and strong asymmetry of the local
DOS appears (as a function of the energy). For nontrivial SSH; chain (bottom panel) both
chain sidebands are also nonsymmetrical and they behave in the same way as for the SSHy
chain. However, at both edge sites, i = 1 and i = N, there exist topological states and as
one can see for E > 15 (outside the substrate band) these states suddenly disappear and no
extra states are observed above this energy. In this case, the structure of topological state
becomes asymmetrical and this interesting effect is going to be studied in more details.
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Figure 3. Heatmap plots of the energy and site dependent local DOS along the whole chain, N = 12,
for the same system as in Figure 2 for the rectangular surface DOS and for ¢y = 14 (in the vicinity of
the edge surface DOS). The upper (bottom) panel corresponds to the SSHy chain with V =4, W =1
(SSH; chain with V =1, W = 4).

In order to analyze the SSH mid-gap states near the surface DOS boundary there
were performed additional studies which are described in Figure 4. Here it is considered
the local DOS at i = 1 for different on-site energies in the chain, around ¢y =~ 15, as it is
depicted in the legend. Note that the surface is described by a rectangular DOS with nozero
constant value for |E| < 15, thus the chain on-site energies correspond to the surface band
edge. For ¢y = 12 the whole mid-gap state lies inside the surface DOS region and its shape
is almost the same as for smaller ¢y (see Figure 2, upper panels) or as for the surface DOS
obtained within the wide band limit. Here, the maximum of this state is somewhat shifted
from gy = 12 towards higher energies due to nonzero A(E) function which effectively
shifts the on-site energies (see Appendix B). Note that for small value of ¢ (in the middle
of the band) the local DOS peak at the edge site appears for E ~ ¢y because A(E) tends to
zero for E = 0 as was shown in Figure A1 in the Appendix. However, for larger value of
g¢ this function increases thus the local DOS maximum is slightly shifted and appears for
E =124 in this case (g9 = 12). For g9 = 14 the state lies closer to the band edge (red curve)
and the structure of topological state drastically changes. As before there is no maximum
of this state at E = ¢g = 14 but it is shifted towards higher energies. However, outside the
surface band only dispersionless localized states can be observed (a very high and narrow
peak appears for the energy near the surface DOS edge). Its position is determined by the
cross of E — g linear function with A(E), as was shown in the Appendix B. In consequence
the mid-gap topological state assumes asymmetrical structure which consists of a wide
part together with strongly localized peak (red curve). Such a shape of the edge topological
state in 1D chain has not been reported before and it cannot appear in a system described
by the wide band approximation. For further values of ¢y, beyond the surface band, one
can observe only sharp dispersionless states of the chain local DOS (¢g = 16, 18) but also
some small DOS spikes are visible for E > 15. These small peaks are related to the sideband
structure of the local DOS in the chain. It is worth mentioning that for the SSHy chain the
local DOS at the edge sites has only two sidebands structure and for the SSH; chain this
structure still exists together with the mid-gap states.
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Figure 4. Local DOS at the first site of the SSH; chain on a surface described by a rectangular DOS (the
same as in Figure 2, upper panels) for different values of the chain on-site energy, ¢y = 12,14, 15,16
and 18, respectively. The SSH; couplingsare V =1, W = 4.

3.3. Zig-Zag and Armchair-Edge Chains between 2D Systems

Thus far, there was investigated a straight SSH chain on different 2D substrates. Now
the objects of study will be more complex hybrid systems composed of a chain between
two 2D electrodes which are schematically shown in Figure 1 (panels b and c). We consider
a simple zig-zag geometry of the SSH chain, as well as an armchair edge chain structure
which can be fabricated on various vicinal surfaces. For the same lattice structure of both
(left and right) leads the results are similar to those discussed in the previous sections,
thus in this part there is considered two different surface leads composed of a square or
hexagonal 2D atomic lattices which are characterized by the van Hove singularities.

Let us first assume a simple zig-zag SSH chain which sites are coupled alternately
with the left or right electrodes (so called Hybrid1 system, Figure 1, panel b). It is analysed
the energy dependent local DOS at each chain site along the whole chain (N = 20) for
the symmetrical case (Figure 5, upper panel) and for ¢y = 4 (Figure 5, bottom panel). In
this system every odd chain site is coupled with an electrode characterized by a single
van Hove peak in the middle of the band. Thus, for the first atomic chain the nontrivial
state is relatively wide with small local minimum appearing for E = 0 - the same effect
was discussed in Figure 2 panel b. On the other hand, every even number of atom in the
chain is coupled with a honeycomb lattice electrode characterized by two van Hove peaks
and minimum value of DOS in the middle of the band, thus the edge topological state at
the last site, i = 20, becomes narrower and higher (as was discussed in Figure 2, panel c).
However, this state has some effective dispersion as it is coupled via the last but one site
(and also other sites) with the left electrode for which there is a finite value of DOS at the
Fermi level. It is also interesting that every second site in the SSH; chain is characterized
by small but nonzero DOS in the energy gap region. This effect is known in the SSH chains
where topological states appear mainly at both chain ends but they also symmetrically leak
inside the chain with decreasing intensities [29,46]. Here one can observe asymmetrical
values of DOS along the chain. It is a consequence of much higher topological state at the
last site i = 20 in comparison with the first site DOS, which allows for deeper penetration
of this state into the chain. As an unexpected result it was found that nonzero local DOS at
the Fermi level in the chain is observed for these sites which are directly coupled with the
right electrode (which has no states at the Fermi energy).
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Figure 5. Heatmap plots of the energy and site dependent local DOS along the whole zig-zag chain
for the Hybrid1 system (see panel b in Figure 1) for the on-site energies g = 0 (upper panel) and for
g9 = 4 (bottom panel). The left (right) 2D electrode is described by DOS with one van Hove (two van
Hove) singularity and the chain length is N = 20 sites, V =1, W = 4.

For the non-symmetrical case (¢g = 4, bottom panel) both topological states in the
chain are coupled with nonzero DOS of the leads and their energy dispersions are similar
to each other. However, the local DOS along the chain is not symmetrical and the maxima
of both topological states appear for slightly different energies (the left one for E ~ 4.2 and
the right one for E ~ 3.5). It results from the fact that the last chain site (and also every
even site in the chain) is coupled with the lead characterized by two van Hove singularities
(they appear for E = +£5). Thus, the edge state for i = 20 is split (cf. also Figure 2, panel
f), and the topological peak becomes asymmetrical with shifted maximum. This effect
shows that maxima of topological edge states in the SSH chain can appear at both edges
for slightly different energies in 2D hybrid systems which is a new feature of topological
states. It is interesting that the edge state at the first site is symmetrical (as it is coupled
to the plain lead DOS around E = 4) and it much more effectively spreads over the chain
in comparison with the last site topological state which is strongly suppressed inside the
chain due to the splitting effect. Moreover, the upper and bottom sideband structures of
the local DOS are non-symmetrical in this case-the upper one is relatively smooth but the
bottom one reveals periodical oscillations from site to site along the chain depending on
the lead band structures. In general, the bottom sideband maxima for this system should
appear near E = 0 but for this energy the left lead possesses a single van Hove peak and
the right lead is characterized by a local dip in DOS. Taking into account that the sites are
coupled directly with only one electrode and non-directly with the second one (via the
neighbouring sites), one observes mixed effects from both leads-split states with shifted
maxima at every second chain site.

In the last study of this paper there is considered armchair edge geometry of the
SSH chain (Hybrid2 system), i.e., every atomic dimer of the chain (two sites) is coupled
alternatively with the left or right electrodes (see Figure 1, panel c). As before it is plotted
energy and site dependent local DOS for two positions of the chain on-site energies g = 0
and g9 = 4, Figure 6, upper and bottom panels, respectively. Note that in our case the
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chain length is N = 20, thus the first and last sites are coupled to the same left electrode
which leads to fully symmetrical structure of the local DOS along the chain (they are the
same for i-th and (N — i 4 1)-th sites). This armchair edge geometry is also reflected in
the results depicted in both panels in Figure 6. In the upper panel the edge topological
states are split and have local minimum at the Fermi energy due to the coupling with the
van Hove singularity of the left lead. Two next sites are coupled to the right lead with
the singularities localized at E = +£5, and for these energies one observes local minima in
the upper and bottom sidebands. It is the reason that the sideband maxima appear below
|E| = 4. The further two sites are coupled again to the left lead with relatively flat DOS
around the chain sideband energy so the maxima of these sidebands are for E = £5. Note
that beside the space symmetry of the local DOS along the chain there is also full energy
symmetry of DOS at each atomic site with respect to the Fermi energy.

Hybrid2
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Figure 6. The same as in Figure 5 but for the armchair edge SSH; chain (Hybrid2 geometry-see panel
c in Figure 1). All parameters are the same as in Figure 5.

This symmetry is broken for nonzero value of the on-site energies, ey = 4 (bottom
panel). Now, the edge topological states at i = 1 and i = N are described by almost
symmetrical local DOS with respect to E = ¢( but at the rest chain sites this function is
non-symmetrical. The upper sideband energy lies beyond the singularities of the lead
DOS and for this energy the sideband structure is relatively simple with a local maximum
at E = 8 (see also the right panels in Figure 2). On the other hand, the bottom sideband
corresponds to the Fermi energy of the system where there are extrema of the lead band. In
particular, the right lead for the zero energy has no states (local minimum in DOS); thus,
the corresponding chain states tend to the atomic limit which is well visible for every two
sites of the chain coupled with this electrode (light narrow peaks for E = 0). The other
chain sites are coupled with the left lead characterized by a single van Hove peak at the
Fermi level. In this case, the bottom sideband is split leading to a local minimum in the
chain DOS for this energy. In consequence, the local DOS function is asymmetrical with
respect to the energy and it reveals double-site periodical oscillations in space (along the
chain).

To conclude, for non-linear chain in 2D hybrid configurations one observes interesting
periodical in space structures of the local DOS which reflect topological nature of the chain
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and singularities of both leads. In consequence, one can obtain modified topological chain
with asymmetrical sideband structures and split edge states. Such a behavior makes these
structures very attractive to potential applications in nanoelectronics. In the next step, it
could be interesting to consider superconducting electrodes which can lead to the Majorana
states in the chain and analyze time dynamics and proximity effect with topological states
in 2D hybrid structures.

4. Conclusions

In this paper, the electronic properties of different hybrid systems composed of the
SSH topological chain coupled with 2D electrodes were investigated. In particular, the
mid-gap state modifications due to real structures of the surface characterized by the van
Hove singularities were analysed. For rectangular or hexagonal 2D atomic lattices, such
singularities in DOS often appear (like in graphene or silicene). The calculations were
performed within the tight binding Hamiltonian and the Green’s function technique. The
main conclusions of this work are as follows:

1. Surface with singularities in DOS essentially influences the spectral density function
(local DOS) along the chain and is responsible for strong asymmetry in the topological
chain energetic structure. It leads to the particle-hole symmetry breaking in the
system.

2. The surface van Hove singularities can split the SSH topological state of the chain.
On the other hand dips in the surface DOS lead to dispersionless strongly localized
states (topological or normal) in the chain.

3. There was also discovered that topological mid-gap states can exist outside the surface
band boundaries. It is important that when the chain on-site energies lie near the
surface DOS edges topological state reveals partially localized behaviour with both
wide dispersion due to continuous band states and sharp localized peak which comes
from the surface band boundaries.

4.  Different geometries of the SSH atomic chain between two 2D electrodes systems
show spatial and energetic asymmetry in the structure of chain DOS which leads to
different energies of both topological edge states at the chain ends.

The above findings can be verified experimentally for self-assembling or
STM-manipulated atomic chains in the SSH geometries fabricated on different 2D materials
(in particular on vicinal substrates).
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Appendix A

The energy-band dispersion, DOS,(E), for the surface described by a regular tight-
binding Hamiltonian can be expressed analytically by the relation:

DOS,(E) = Z/ (2‘17’;)25[5 —en(F)], (A1)

where the summation over n concerns the energy bands in the Brillouin zone with the
energy dispersion, ¢, (E) In 2D tight-binding models e.g., for square, triangle, honeycomb,
graphene-like, Lieb, Kagome and other lattices the energy dispersion is derived analytically
and can be expressed by means of the elliptic integrals [53-56]. In particular for 2D

rectangular lattice one has:

DOS,(E) = niuK( 1- (if)z)@(ZfE), (A2)

where K(x) = O"/ 2 (1 —xsin? ) _1/2d(p, and w is the bandwidth of DOS. This relation

is characterized by a van Hove logarithmic singularity in the middle of the band as it is
shown in Figure 2 (dashed black curve, panel b). For the honeycomb lattice the structure of
DOS is described by the following formulae:

1 K 4|E|/¢t , 0<IEl <t
DOSS(E):@ \/f(E/t)((f(lE/t)) for |E|

242 1 FUEL/D)
P K (L ), for t<|E| <3t

where f(x) = (1+x)? — (1 —x?)2/4, and t = w/6. In this case, the structure of DOS has
two van Hove singularities localized at E = +t with a local minimum in the middle of the
band, which is shown in Figure 2 (dashed black curve, panel c). It is worth noting that
in three dimensions a simple cubic lattice is characterized by a flat dispersion of DOS in
the middle of the band thus a rectangular DOS (or even wide band limit approximation)
relatively well describes this structure.

(A3)

Appendix B

Localized states which can appear at the chain sites are related with the Green’s
function determinant in the form E — ¢g — X(E), where X(E) is expressed by the relation
below Equation (5) and satisfies the relation: X(E) = A(E) —iI'(E)/2. These functions,
A(E), T'(E), are related through the Hilbert transform:

1= I(E)
T 21 ) wE—F

A(E) dE’, (A4)
thus the knowledge of I'(E) which depends in the substrate DOS structure allows one to
determine all other functions. Moreover, it is also possible to predict the appearance of
localized states in the system. These states are observed for vanishing I'(E) (outside the
surface band) and they appear for minimal value of E — ¢y — A(E), i.e., for E — g9 = A(E).
In this case, A(E) function renormalizes the on-site energy position leading to the localized
state outside the substrate DOS. It can be shown graphically in Figure A1, where A(E),
I'(E) and E — ¢ functions for a rectangular lead DOS are analysed.
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Figure A1l. Real and imaginary parts of the X(E) function, ReX.(E) = A(E) and ImX(E) = —T'(E)/2,

respectively, for a rectangular lead DOS of the width w = 30. The cross point of E — ¢y and A(E)
indicates a localized state in the system, here it is set ¢y = 15.

As one can see I'(E) function (red solid curve) is strictly related to the lead DOS. Its
Hilbert transform, Im>(E) = A(E) (broken blue curve), is nonzero even for vanishing I'(E),
and the localized state appears for the crossing point of E — ¢g and A(E) functions.
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Braid Plot—A Mixed Palette Plotting Method
as an Extension of Contour Plot

Marcin Kurzyna ® 3nd Tomasz Kwapinski ® Maria Curie-Sklodowska University, 20-031 Lublin, Poland

In this article, we propose a new method of three-dimensional data plotting based
on the use of mixed hue palettes, which makes it possible to distinguish
simultaneously both huge and subtle changes in the value of the presented quantity
at the same plot. This method called “braid plot” is based on the alternating use of
multiple palettes of colors (a kind of interlacing), which greatly increases the
sharpness of the graph and allows us to define areas of equal values more
accurately than using traditional graphs with a single palette or contour plot. We
present here an algorithm of preparing braid plot composed of any number of initial
color sets. As a result of using this type of plot, it was possible to detect, e.g., weak
perturbation effects or subtle oscillations of the spectral density function, which is

very hard to observe using classical plots.

with 2-D, 3-D, or even multidimensional sets of

data. The most common visualization technique of
3-D data is based on associating values of studied
quantity with colors."22 It enables mapping 3-D data
into 2-D plane. Rainbow color plots, though regarded
as not always the best way of visualization,** are very
intuitive. Warm colors (red, yellow) are received as the
colors representing high values in contrast to cold col-
ors (blue, cyan). We are able to imagine a lot of exam-
ples of such representations in an instant, even based
on real-life experiences: temperature maps in a fore-
cast, altitude maps in a geographic atlas, pressure
maps, etc. There are many areas of science where
such representation helps to analyze large sets of
data and sometimes it is the only way to get appropri-
ate interpretation of results. In past years, much effort
was made to improve techniques of visualization of
often highly varied data in vast fields of scientific disci-
plines, e.g., oceanography,6 meteorology,7 or network
visualization.? In the aforementioned altitude maps,
except color palette, the technique of drawing con-
tours is used. Such an approach makes it much easier
to distinguish the terrain of the same height. It is espe-
cially important when planning, for example, a bicycle

I n scientific work, we often face the need to work

0272-1716 © 2021 IEEE

Digital Object Identifier 10.1109/MCG.2021.3057924

Date of publication 9 February 2021; date of current version
26 January 2022.

January/February 2022

Published by the IEEE Computer Society

or scooter trip. The use of a contour plot, however,
has its drawbacks. Namely, we have reduced the
possibility of precisely assigning a specific value to
points on the map. Instead, we have to be content
with a discrete set of values as opposed to the tra-
ditional chart where hue transitions (and their cor-
responding values) take place continuously. To
see the difference, let us first take a look at Figure 1
in which graphs of two-variable, arbitrarly selected
function

f(z,y) = sinl.1xcosy + sin 2y cos0.9x + cos0.3xy (1)

are presented. The top panel shows the use of a con-
tinuous color palette. We can see that this chart
shows many details of the function in a very good
resolution. It is easy to describe properties of the func-
tion like, for example, smoothness, extrema, monot-
ony, etc. On the other hand, it is more difficult to
define areas of the same value on this graph due to its
continuity and the imperfection of our organ of vision.
It is hard to distinguish at which point the function is
almost zero as this area appears to be blurry. The con-
tour plot, presented on the lower panel of Figure 1, is
different. Here, the ease of data reading is much
greater, because we have a countable set of values (in
the lower panel, the set of values has been divided
into 20 equal segments, which the skilled eye of the
observer can easily distinguish). In this kind of plot, it
is very easy to see regions of equal values, but one
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FIGURE 1. Graph of a function f(z,y) = sin1.1xcosy + sin2y

o

'
N

c0s0.9x + cos 0.3xy made in two different ways. (a) Continuous
(upper panel). (b) Discrete palette (lower panel).

must be content that this benefit comes at the
expense of accuracy.

So do we have to face a choice? The answer is no!
We can gain profits of both styles by introducing iso-
lines—curves along which the function has a constant
value, such that each curve joins points of equal
value.® Thanks to this approach, we gain the ease of
data reading, while maintaining the continuity (high
resolution of details) of the chart. In Figure 2, we can
see the graphs with isolines of the function described
by (1). Each panel, A, B, C, and D, represents different
density of isolines. Isolines are drawn for such points
for which the value of the function f(z,vy) is equal to
furx + Af. All panels share the same minimal value of
the function fynn = —3. In panel A, we have Af = 0.5;
in panel B, isolines are drawn two times denser Af =
0.25; in panel C, four times Af = 0.125, and in panel D,
10 times denser Af = 0.05. As we can see, isolines sep-
arate regions of different function values keeping
smoothness of the hue transition. However, if we want
to increase density of drawing isolines to reach better
accuracy, we have to face another problem. Isolines
have nonzero thickness. Therefore, increasing their
amount covers a bigger amount of the plot. In pan-
els A and B of Figure 2, we can see that the bigger
amount of isolines brings a positive result. Panel B
reveals much more detail than panel A, so one can
think “the more, the better.” However, increasing
the amount of isolines brings benefits only to a
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FIGURE 2. Graphs of an arbitrary selected function f(z,y) =
sin 1.1xcosy + sin 2y cos0.9x + cos0.3xy prepared with iso-
lines of different density. In panel A, isolines are drawn every

Af = 0.5 starting from fyuy = —3. In panel B, Af =0.25, in
panel C, Af = 0.125, and in panel D, Af = 0.05.

certain critical point. In panels C and D of Figure 2,
higher density of isolines at some areas starts to
decrease readability instead of improving it. In
panel D, we see whole black regions, which arise
from overlapping isolines. It makes such a graph
completely useless.

Are we doomed to fail then? The results of scien-
tific work are rarely analytical and most often we have
to analyze numerical results and some information
(subtle physical phenomena, terrain topology) can be
lost by smoothness and approximations of 3-D charts.
In the most popular computer programs that allow
one to create 3-D plots, we cannot find a type of chart
that would make it possible to distinguish minor
changes from large.>'™° In the field of programming
languages there exist a vast number of graphical
libraries allowing one to perform high-quality plots. In
the Java language, an effective library named JFree-
Chart is available, which mainly supports 2-D charts. A
more interesting comprehensive library for creating
static, animated, and interactive visualizations in
Python is Matplotlib."" We can find there a variety of
different color pallets including periodic color maps,
like prism and flag plots (which can be also found in
MATLAB"). This kind of color map greatly enhances
the amount of information available in the plot, but
completely loses any metric information-one cannot
distinguish values and magnitude order of the pertur-
bations, which is a major disadvantage of such
methods.

The comparison of the classical approach with
flag and prism plots is shown in Figure 3, where an
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FIGURE 3. Plots of an arbitrary selected function of two varia-

fa,y) = 1 =5 +2° + ¢ )exp(—5 (a” +47))
with different types of color maps. Upper panel represents

bles prepared

classical plot, middle and bottom panels represent flag and

prism plot, respectively.

arbitrary selected function of two variables, given by
the following formula

flay) = (1-5+a"+y )8 @

is drawn. Upper, middle, and bottom panels corre-
spond to classical, flag, and prism plots, respectively.
As we can see, flag and prism plots reveal many
details of the function invisible in the upper panel.
However, their accuracy is not as good as one can sus-
pect. This type of plot has another big disadvantage
concerning the plot resolution, which we discuss in
the “Results” section.

Unfortunately, there is a lack of methods that com-
bine the benefits of value reading ease (continuous,
contour plots) with high quality of detail (prism, flag
plots). Using both techniques separately and compar-
ing the results is difficult, time-consuming, and
requires big effort to properly interpret data of high-
complexity in which simultaneously small perturba-
tions and big changes appear. However, in this article,
we give a remedy for this problem.
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FIGURE 4. Model of a mixed hue palette created by inter-

weaving two palettes with different hue saturation.

In this section, we introduce a new type of 3-D plot
based on a combination of multiple color palettes. We
present an algorithm of creating mixed palettes and
give few examples of its use.

As one can see in Figure 4, every numerical value
V is associated with more than one color (upper
palettes). Colors assigned to any value are similar
(in this figure, V is represented by blue colors of dif-
ferent saturation) but fully distinguishable by the
human eye. What is the most interesting, our idea of
both color sets combination (presented in the bot-
tom mixed palette) brings surprising benefits. Over-
lapped colors play a similar role as isolines. They
allow one to determine regions of equal value, but
they have the advantage that high overlapping fre-
quency does not reduce the readability of the chart.
In this article, graphs created with mixed palette are
called braid plots. Similarly, as in the case of a braid
where several hair strands are interlaced with each
other to create a hairstyle, our technique requires
interweaving of several color palettes to create a
plot. The recipe for creating the mixed palette of
density D (color compaction factor) composed of M
initial palettes (each composed of N initial colors) is
described by the following algorithm.

1) Choose the number N of initial colors, which are
represented by red, green, and blue components
[r, g,0]. Define M arrays (M is a number of com-
ponent palettes) of size N and freely pick colors
for each array:
palette®
color) = [r], 5, b0].

0 __ 0 0 10
color! = [V, g7, 8%,

0 —_ [,0 0 0
colorl_; = [% 1 g% 1, 6% 4]
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palette!
color} = [rf, g¢, by ],

color] = [r{,g1,b}],

colory,_; [rn—1,gn-1,bn-1]

palette?—!
M—1 _ [M—1  M—1 pM—1
colorg™! = [rg" 1, g™, 05" 1],

Colori\[—l — [ M—1 7gﬂl 1 b]\] 1}'
\[ l _ [,,M=1 M-1 pM-1
colorl = [r¥=l gl AL

2) For every array palette’ find differences between
all neighboring colors:
A4y = [Ariy;, Adgh, Aby ] = [} — i g} — g, b} — B
le = [Arﬁ,mAgleAbzl,z] = [7’22 7"1792 gy, 05 — by

Define density of output braid plot D. Divide each
difference A’ by D rounding to integers:

. . . . Art - Agt i
1 _ i k) () _ 0,1 0,1 0,1
81 = [57'0,175901’5(’041] = [ D D ' D }
. . ) ) Art o Agi . Ab

7 _ 7 k) 7 _ 1,2 71,2 1,2
810 = [57'1,275912’5(’142] = [ D D ' D }

3) Add to every color (D—1) times the 5”+1
element. Store each result in one of M tempo-
rary arrays temp’ of size N x D:

tempj.+ = color + k(SJ i1 where 0 <k < D.

4) Define the weaving number w, which determines
how many colors from a given palette should be
taken during each iteration. Create output array by
taking alternately w elements from each temporary

array temp’ and place them into final array.

To better understand the algorithm in Figure 5, we
give an example of creating the mixed color palette
shown in Figure 4. This palette was created with two
arrays of colors (M = 2). Each palette has N = 3 initial
colors: palette’ : ([128, 128, 255], [128, 255, 128], [255, 128,
128]) palette’ : ([0, 0255], [0255, O], [255, O, 0]). Density of
braid plot D = 5 and weaving number w = 2. An imple-
mentation of the algorithm written in Java is available in
the Appendix.

In this section, we will demonstrate examples of
graphs prepared with a mixed palette plotting tech-
nique and compare them to traditional plots.

98 IEEE Computer Graphics and Applications

r g b
| = [128,128,255] r g b
= [128,255,128] | o =[128,128,255]
| = [255,128,128] §+89, .
W 1=[128,153, 230] r 8
m2=[128,178,205] url' 0 = [128,128,255]
3=[128,203,180] W1 = [128, 153, 230]
-me=[0,127,-127
];_.g E1;7 127 e} Cria= [128,228,155] I!"l 2 = [000, 000, 255]
5= [128,255,128]] | L™ 3 = [eee, @51, 204]
L divide by D ‘,+5 W 4 = [128,178,205]
501- [0,25,-25] Py [153 230,128] 5 = [128, 203,180]
89 = [25,-25,0] (" 7=[178,205, 128] M 6 = [000, 102, 153]
127 < s=[293,1se,1zs] M 7 = [e@0, 153, 102]
2 9 =[228,155,128] 8 = [128, 228,155]
: 9 = [128, 255,128]
3 = 10 =[000, 204, 051]

B 11 =[000, 255,000]
12 =[153, 230, 128]
r g b 13 =[178, 205, 128]
W0 =[000, 000,255] W 14 =[051, 204,000]
60,1 m 15 =[102, 153, 000]
W 1:[000,051,204] 16 =[203, 180, 128]
M2 =[000,102,153] 17 =[228, 155,128]
m3=[e00,153,102] | M 18 =[153, 102, 000]
M 4 =[000, 204,051] B 19 =[204, 051, 000]
=5 = [000, 255,000]
01,
W6 = [051 204,000]

r g b
Mo = [000,000,255]
1 = [000,255,000]
M2 = [255,000,000]

w1-mo=[0,255,-255]

W2-m1=[255,-255,0]
& divide by D
65,1= [@,51,-51]

81, = [51,-51,0] W7 =[102,153,000]

" W8 =[153,102,000]

M 9 = [204,051,000]

2

FIGURE 5. Preparation example of mixed color palette of den-
sity D=5
sets (M = 2) with three initial colors (N = 3) each.

and weaving number w = 2 composed of two color

Braid Plots of Simple Functions

As a first example, we consider, shown in Figure 6,
a graph of a freely selected positive function of two
variables:

2
flz,y) = (sinxcosy + sin 2y cosx + cos %) . (3)

For easier understating, the graph of the function
f(z,y) could be compared to an archipelago. Blue can
be associated with water, while green, yellow, and red
resemble terrain. Looking at panel A and using this
analogy, we can notice differences in the terrain con-
struction, we can easily find height changes there. On
the other hand, the water gives an impression of a
static area. So we can get a false impression that this
is one great set of constant values and nothing inter-
esting happens there. The reason for that observation
is caused by the fact that the altitude differences at
sea are several orders of magnitude smaller than the
terrain height differences. This chart cannot capture
such subtle changes. In panel B, which is made with
isolines drawn with density Af = 0.5, one has a greater
possibility to notice areas of constant height on the
islands, but still is not able to capture changes taking
place at sea. In panel C, in which the isolines have
been more concentrated Af = 0.1, we finally notice
differences in water levels. Unfortunately, this hap-
pens at the expense of the readability of the data on
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FIGURE 6. Comparison of four plotting styles for arbitrary
function f(z,y) = (sinxcosy + sin 2y cosx + cos )2 In panel
A, the plot is generated with classical color palette. In middle
panels, we see the contour plots with different isoline densi-
ties: Af = 0.5-panel B, Af = 0.1-panel C. Panel D represents
prism plot in which different colors are used every Af = 0.015.
Panel E represents a braid plot created with two mixed color

palettes of the same hue change frequency as in panel D.

the islands, which disqualifies this type of chart. In
panel D, we can see a prism plot of high resolution
Af =0.015 (rate of color change). As we could see in
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Figure 3, despite the inability to read values, this type
of plot is very useful in detecting small perturbations.
Panel D, however, reveals to us another major draw-
back of a prism plot. Increasing the resolution of the
plot and, hence, the accuracy of small effects comes at
the expense of the possibility of distinguishing big
changes like in panel C. On the other hand, if we
decrease a color change rate, we cannot observe sub-
tle perturbations anymore (like in panel B). Therefore,
we must be very careful in interpreting this type of
chart, because often a wrongly chosen scale may lead
to false conclusions. Finally, in panel E, which was
made using our hue layering technique, not only do we
see changes taking place on land in good resolution,
but also we have a full view of small changes at sea
level. One can see that this is not a static area as we
used to suppose looking at panel A. The changes that
occur there are small, but very dynamic, which would
be important if we wanted to cross our water by boat.
Thanks to this technique, we can notice channels of
constant values along the coasts (calm sea) and vor-
texes further from the mainland that we would cer-
tainly like to avoid. Comparing panels D and E, we
can see that in both cases details of small pertur-
bations are very well visible. Nonetheless, in case
of bigger values, only the braid plot keeps all
details of the land, which are almost completely
illegible in panel D. In Figure 6, we do not show a
flag plot, because it shares the same properties as
a prism plot and reveals the same issues. In this
example, the analogy with the terrain construction is
not accidental. We hope that analyzing topography with
our method can be very useful in Solar System explora-
tion missions. We think that braid plots could help to
find the most optimal diameter of rovers’ wheels and
will allow one to adjust the appropriate speed to the sur-
face conditions of the terrestrial planets or the moons of
the Gas Giants.

To visualize benefits of the braid plot even more in
the upper panel of Figure 7, we analyze a Gaussian curve
given by the following analytical expression:

floy) = e @), (4)
The function takes values from 0 to 1 and has its maxi-
mum at point (0,0). Another Gaussian-like function we
consider is shown in the second panel of Figure 7. It is
given by the following formula:

1
e (@3?

1)) 5
100 ' 5)

g(z,y) =

As we can see in the two upper panels of Figure 7, g(z, y)
is a scaled and shifted version of f(x,y) with the scaling
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FIGURE 7. Plots of two-variable functions made using stan-
dard technique: f(z,y) = e~@+¥) (upper panel), g(z,y) =
ﬁe*“z*‘)z*@“)z) (middle panel), and their sum (f(z,y)+
g(z,y)) (last but one panel). Bottom panel represents plot of
f(z,y) + g(z,y) made with the mixed palette (braid plot)
method (M =2, N =5,D = 10,w = 1).

factor A = 7L, and the translation vector ¢ = [3, —1]. The
two bottom panels show a sum of both Gaussian curves
f(z,y) + g(z,y). As one can see, the traditional method
(last but one panel) completely covers up the existence
of small perturbations. This disqualifies the applicabil-
ity of the traditional coloring methods in tasks requiring
capturing external disruptions. This simple example
can play a role of representing small impurities that are
present in many experimental studies on the back-
ground of collected data. We can imagine that f(z,y)
represents distribution of measured physical quan-
tity like, e.g., quasi-particle spectrum energy or
velocity and g¢(z,y) is an external interruption. Lack
of awareness of environmental disturbances
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existence is a crucial issue in many studies, which
require high accuracy. We believe that our tech-
nique of drawing will allow one to avoid such prob-
lems. The important thing is that although we do
not see full details of g(z,y), we are aware of its
existence!

Method Limitations and Discussion

As almost every method, braid plot has, unfortunately,
its disadvantages and limitations. The main disadvan-
tage of this method is the fact that in the case of rap-
idly changing functions (high gradient) in certain areas,
the interweaving of colors can appear. For the human
eye, the colors in these areas merge to form a more uni-
form hue. In the critical case of an extremely high
growth rate, this phenomenon can lead to a similar
effect as in the case of a traditional chart, which uses a
single color palette. One could observe such an effect
looking at local maxima (terrain) shown in panel E of
Figure 6, where the big change rate of the function
makes it difficult to spot smaller perturbations with the
same ease as it was in the “sea level.” However, this
issue could be improved by using more contrasting col-
ors and increasing the number of mixed palettes. The
braid plot is not limited to a single set of hues and can
be used for arbitrarily selected colors, which can signifi-
cantly improve the quality of the plots.

Figure 8 is an example of braid plots prepared with
different sets of colors. It represents the plots of the
same function as in Figure 6. Panel A corresponds to a
braid plot created by mixing four palettes of colors.
Black and dark gray colors associated with the mini-
mal value are in a big contrast with brighter hues rep-
resenting greater values. Such a selection of colors
makes the differences between the subtle perturba-
tions and big changes more apparent. Additionally,
increasing the amount of initial palettes increases the
quality of details in structures representing big values.
Panel B represents a braid plot composed of two
diverging color maps.? Although a smaller amount of
initial colors (IV = 3) decreases the possibility of pre-
cise assignment of specific numbers to colors, this set
of hues strongly increases readability of the plot as
suggested by Borland and Taylor Il.* As we can see,
properly selected sets of colors allow us to notice
more details on the “terrain” level, which were less evi-
dent in previous graphics. The human eye can more
easily notice differences at high-valued regions of the
graph.

Another disadvantage of braid plots is the fact that
they are not applicable for drawing data of a very low
number of samples, which in the case of a classical
plot is not an obstacle. We must be aware that setting
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FIGURE 8. Braid plots of the function f(z,y) = (sinxcosy +
sin 2y cosx + cos %)2 prepared by mixing four initial palettes
of colors (N =5,D = 10, w = 1)-panel A and by mixing two
diverging color sets (V = 3, D = 15, w = 1)-panel B.

too big mixing density D will not always improve the
quality of the chart if we do not have accurate enough
data. However, this problem concerns all 3-D methods.

The last minor disadvantage of the braid plot
technique is a higher computational complexity.
Preparing braid plots requires more time than classi-
cal plots due the mixing algorithm, which should be
executed earlier. What is important, the difference is
almost indistinguishable for braid plots made with
up to 10 palettes and density counted in the hun-
dreds. However, we need to notice that modern
computers have high technical parameters, which
make the execution of the algorithm not a problem-
atic task. Additionally, we can always save the mix-
ing algorithm output in a file if we want to use one
style of a braid plot multiple times.

Applications in Physics

A mixed palette plotting method has found practical
usage in physics, where one can find dozens of subtle
phenomena that can be often overlooked when appro-
priate magnification of plot is not used.
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FIGURE 9. Graph of harmonic oscillator's distance from the
point of equilibrium |z|, where = denotes oscillator’s position,
which is a function of damping factor b and time ¢. Oscillator's
position is given by the equation z(b,t) = Ay exp(—5L)
cos (wt), where Ay =1 m is an initial amplitude, m = 0.5 kg
denotes mass of a physical object, » = (£— %)1/2 is
damped oscillation frequency, and k = 150 Nm~! represents
harmonic constant. Upper plot is made with traditional
method, panel with mixed palette technique
(M =2,N=3,D=50,w=1). Purple curves, given by the
equation b(t) = — 2" ln%,
which damped amplitude A(b,t) is equal AA = 5 mm.

lower

connect all the points (b,¢) for

Damped Harmonic Oscillator

The first practical example we consider is a simple
model of damped harmonic oscillator, which is a type
of oscillator where the vibrations (more precisely the
amplitude of vibrations) are weakened due to the
action of external forces (e.g., friction). The solution of
harmonic oscillator is given by the formula

x(b,t) = A(b,t) cos (wt) (6)
where z is a position of physical object, ¢-time, b-damp-
ing factor, o = %fﬁfﬂ is damped oscillation fre-

quency with harmonic (e.g., spring) constant % for
physical object of mass m. The damped amplitude
A(b, t) is expressed by the following relation:

A(b,t) = Age 77 (7)

where Ay is an initial amplitude of vibrations.

In Figure 9, we can see two plots of harmonic oscil-
lator's distance from the point of equilibrium-|z| as a
function of time ¢ and damping factor 4. The upper
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panel, made with the classical method, reveals that
the damping factor strongly decreases the oscillation
amplitude of the physical object. We can see that
starting from b = 2, the system reaches its equilibrium
position (i.e., does not oscillate) for ¢t ~ 1.8. Our con-
clusions are different when we take a look at the braid
plot made by mixing two color palettes (lower panel).
Here, the oscillations last much longer, and for b = 2,
we can see that system needs almost twice as much
time to be stabilized than we initially thought. Subtle
phenomena detection is very important from a practi-
cal point of view. It could help, e.g., to estimate the
minimum time that must elapse between two conse-
cutive attempts of a given experiment so that these
attempts have no effect on each other, which is hard
to do looking at a classical plot where the boundary
between the excited and stable state is more blurred.
In this example, the colorbox in the lower panel is
divided into n = M x (N — 1) x D =200 segments of
equal width. That gives us a possibility to detect vibra-
tions to AA = % =5 mm. It means that changing
parameters of the braid plot allows experimenters to
set the desired vibration detection scale in advance!

To verify the last statement, let us find an equation
of the curve along which vibrations are equal A(b,t) =
AA = const. To do so, let us transform (7) by taking
A(b,t) = AA

AA = Age 75 /) + Ay (8)
AA% =e2n//In() (9)
lni—f:—;—;//+% (10)
b(t) = meln%. (11)

In both panels of Figure 9, except |z|, we can also see
curves, given by (11), along which A(b,t) = AA. As we
can see, there is no correlation between the graph
shown in the upper panel and the curve. In the bottom
panel, we can see that the readability limit of the braid
plot follows the curve precisely.

Two Atom System

Thanks to the benefits of our new plotting method, an
interesting phenomenon in the field of condensed
matter physics has been detected in our studies. The
effect manifests itself in slight oscillations of the elec-
tron density of states p in the system composed of
two interconnected quantum dots, one of which is
coupled to an electrode. We are interested in the
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FIGURE 10. Graph of the spectral density function [p(e,t),
where ¢ denotes energy and ¢ time] of the first site of system
composed of two quantum dots and electrode made using
traditional color palette-upper panel and with mixed palette
method-lower panel (M =2, N =5,D = 10,w = 1).

time evolution of the spectral density function. This func-
tion describes the amount of states that are to be occu-
pied by electrons from the lead. Its maxima correspond
to quasi-particles, which can change dynamically in the
system. To calculate p at given energy (¢) and time (¢), we
use commonly known in quantum physics evolution
operator technique, which often gives long, hard for
interpretation formulas.” Therefore, a more reasonable
way of analysis is to calculate equations numerically and
draw a plot of quantity to study its properties in detail.
The electron density at first dot (p,) evolves in time and
for large t it has a shape of two Lorentzian curves as it is
shown in the upper panel of Figure 10. Looking at the
plot, which is created with the traditional coloring
method, we can predict that after some time the system
is in its equilibrium state (after around 12 time units) and
after that time p, does not change in time. We also
notice that region between spectral density peaks is
quite smooth and flat.

However, if we apply our method of drawing
graphs, we come to different conclusions. Looking at
the bottom panel of Figure 10, we see that time evolu-
tion of the quantum dot system is much richer
(dynamical) than the results depicted in the upper
panel. However, the oscillation/perturbation magnitude
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is much smaller than the value of p at the main peaks,
which makes it a very subtle phenomenon. We can
notice subtle structure which shows the quantum
nature of electrons after the quench and reveals inter-
esting dynamic oscillations which take the form of geo-
metrical shapes called transient crystals."> We also see
that regions outside Lorentzians are highly perturbed
and even for a long time the system is definitely not yet
in its equilibrium state. It is highly important if we think
about the potential applications of these systems in
nanoelectronics or quantum computing.

In conclusion, this work presents a new alternative
method of 3-D data visualization based on the use of
multiple hue palettes that reveals essential/significant
advantage over traditional methods, contour, and peri-
odic-color plots. It can lead to a significant increase in
the possibility of interpreting the presented results by
specifying areas characterized by the constant value
in the chart without need of drawing solid lines.

We hope that this method will find many applica-
tions in physics, mathematics, geography, and other
areas of science. We believe that it will allow one to
notice phenomena that have often been overlooked
due to their almost imperceptible, subtle nature. We
believe it will influence new discoveries through a new
look at usual things.

Here, we show an implementation example of the algo-
rithm presented in the “Model, Description, and Algo-
rithm” section. The code is written in Java language and
represents three methods responsible for data reading,
creating temporary arrays, and mixing palettes. Running
all three methods will allow one to create a mixed pal-
ette of any density, number of colors, number of compo-
nent palettes, and weaving number.

Listing 1 represents a method of reading data.
Input parameters are N-number of initial colors in
each array, M-number of arrays. The method reads
the RGB components of each color from the standard
input and puts them to the output array of palettes.
This method represents the first step of the algorithm.

In Listing 2, we can see a Java method, which is
responsible for creating a temporary array that stores
base and transitional colors. In this method, we have
two input parameters D-braid plot density and array
of colors representing one of the M component color
palettes. As a result, the method returns an array of
initial and transitional colors of given density. This
method represents steps 2 and 3 from the algorithm.

January/February 2022

Authorized licensed use limited to: Eileen McGuinness. Downloaded on January 26,2022 at 22:03:24 UTC from IEEE Xplore. Restrictions apply.

FEATURE ARTICLE

static ArrayList<ArrayList<Color>> readData (int N, int M)
throws java.io.IOException{

ArrayList<ArrayList<Color>> outputArray = new ArrayList<>();

BufferedReader reader =
new BufferedReader (new InputStreamReader (System.in));
for (int j = 0; j < M; Jj++) {
// 0 <= j < M - palettes counter
ArrayList<Color> palette = new ArrayList<>();
println("palette_"+73);
for (int i = 0; i < N; i ++) {
// 0 <=1 < N - colors counter
int r, g, b;
println("Insert_color_"+i+"_RGB_components");
r = Integer.parselnt (reader.readLine());
g = Integer.parselnt (reader.readLine());
b = Integer.parselnt (reader.readLine());
palette.add(new Color(r,g,b));
¥
outputArray.add(palette);
}
return outputArray;
}

LISTING 1. Data reading method implementation example.
The method reads from the standard input M palettes
composed of N colors each. The user enters the colors
by specifying red, green, and blue components of each

color.

static ArrayList<Color> createTemporaryPalette
(int D, ArrayList<Color> pallete) {

ArrayList<Color> result = new ArrayList<>();

int N = pallete.size();
// N - nuber of colors in array
int [][] differences = new int [N -1][3];

// differences is an array storing § elements

//step 2: finding differences
for (int i = 0; 1 < N - 1; i++){
// 0 <=1 < N - color counter
differences[i] [0] =
((pallete.get (i + 1) .getRed()) -
(pallete.get (i) .getRed()))/D;
differences[i] [1] =
((pallete.get (i + 1) .getGreen()) -

(pallete.get (i) .getGreen()))/D;

differences[i] [2] =
((pallete.get (i + 1) .getBlue()) -
(pallete.get (i) .getBlue()))/D;
}

//step 3: adding § elements to colors
for (int n = 0; n < differences.length; n++)
{
for(int i = 0; 1 <= D; i++){
int r = (pallete.get(n) .getRed()
+ differences[n] [0]*1)

int g = (pallete.get(n) .getGreen(
+ differences[n] [1]%1);
(pallete.get (n) .getBlue()
+ differences[n] [2]*1)

int b

result.add (new Color(r,qg,b));
}
}
return result;

}

LISTING 2. A Java method representing creating temporary

array of colors of density D from initial set of colors chosen

by the user in method shown in Listing 1.
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static ArrayList<Color> mixPalettes(
ArrayList<ArrayList<Color>> palletes,//list of palettes
int w, int N){
//step 4: mixing palettes
ArrayList<Color> mixedPalette = new ArrayList<>();
// mixedPalette - output palette
int M = palletes.size();
for (int i = 0; 1 < N; i += w) {
// 0 <= i < N - colors counter
for (int j = 0; j < M; Jj++) {
// 0 <= j < M - palettes counter
for(int k = 0; k < w; k++){
// 0 <= k < w - weaving number counter
mixedPalette.add(palletes.get (j).get (i + k));

}
}
return mixedPalette;
}

LISTING 3. Implementation example of a method which inter-
twines M arrays and puts results in mixed palette of colors.

Listing 3 represents a method of mixing palettes
received by using function from Listing 2. This method
intertwines colors from each palette and puts results
in final output mixed palette. Here, input parameters
are list of palettes, number of initial colors in each pal-
ette NV, and the weaving number w. The method corre-
sponds to step 4 in the algorithm.

This work was supported in part by the National
Science Centre, Poland, under Grant 2018/31/B/ST3/
02370.

1. S.Bianco, G. Francesca, and S. Raimondo, “Color
coding for data visualization,” Encyclopedia of
Information Science and Technology, M. Khosrow-Pour,
Ed., 3rd ed. Hershey, PA, USA: IGI Global, 2015, pp. 1682-
1691, 2015. [Online]. Available: http://doi:10.4018/978-1-
4666-5888-2.ch161

2. R. M. Karim,0.-H. Kwon, C. Park, and K. A. Lee, “Study of
colormaps in network visualization,” Appl. Sci., vol. 9,
no. 20, 2019, Art. no. 4228.

3. D. A. Szafir, “Modeling color difference for visualization
design,” IEEE Trans. Vis. Comput. Graph., vol. 24, no. 1,
pp. 392-401, Jan. 2018.

4. D. Borland and R. M. Taylor Il, “Rainbow color map (still)
considered harmful,” IEEE Comput. Graph. Appl., vol. 27,
no. 2, pp. 14-17, Mar./Apr. 2007.

5. R.Bujack, T. L. Turton, F. Samsel, C. Ware, D. H. Rogers,
and J. Ahrens, “The good, the bad, and the ugly: A
theoretical framework for the assessment of
continuous colormaps,” IEEE Trans. Vis. Comput.
Graph., vol. 24, no. 1, pp. 923-933, Jan. 2018.

IEEE Computer Graphics and Applications

6. K. Thyng, C. A. Greene, R. D. Hetland, H. M.
Zimmerle, and S. F. DiMarco, “True colors of
oceanography: Guidelines for effective and accurate
colormap selection,” Oceanography, vol. 29, no. 3,
pp. 9-13.

7. K.Potter et al., "Ensemble-Vis: A framework for the
statistical visualization of ensemble data,” in IEEE Int.
Conf. Data Mining Workshops, 2009, pp. 233-240,
doi: 10.1109/ICDMW.2009.55.

8. D.Hughes-Hallett, W. McCallum, and A. M. Gleason,
Calculus: Single and Multivariable, 6 ed. Hoboken, NJ,
USA: Wiley, 2013.

9. K.P.Janert, Gnuplot in Action: Understanding Data
With Graphs. Shelter Island, NY, USA: Manning
Publications Co., 2009.

10. Plot3D-Wolfram Language Documentation. [Online].
Available: https://reference.wolfram.com/language/ref/
Plot3D.htm. Accessed: Aug. 8, 2020.

11. J. D. Hunter, “Matplotlib: A 2D graphics environment,”
Comput. Sci. Eng., vol. 9, no. 3, pp. 90-95, May/Jun.
2007.

12. M. Kurzyna and T. Kwapinski, “Nontrivial dynamics of
two-site system: Transient crystals,” Phys. Rev. B,
vol. 102, no. 24, 2020, Art. no. 245414,

MARCIN KURZYNA is currently working toward the Ph.D.
degree in physics with Maria Curie-Sktodowska University
(MCSU), Lublin, Poland. His research interests include solid-
state physics, nanotechnology, quantum information, numeri-
cal methods, physical phenomena modeling, and program-
ming languages. His professional career is also associated
with software development for medical facilities. He has
graduated in theoretical physics in MCSU and computer sci-
ence from the Lublin University of Technology (LUT), Lublin,
Poland. He is the corresponding author of this article. Con-

tact him at marcin.kurzyna@live.umcs.edu.pl.

TOMASZ KWAPINSKI is currently an Assistant Professor
with the Department of Surface Physics and Nanotechnol-
ogy, Institute of Physics, Maria Curie-Sktodowska University,
Lublin, Poland. His research interests include quantum dots,
guantum chains, stationary and time-dependent electron
transport through low-dimensional systems, charge waves,
guantum and spin pumps, STM conductance, and topological
chains. He is a Fellow of the Foundation for Polish Science
and the Alexander von Humboldt Foundation. Contact him at

tomasz.kwapinski@umcs.pl.

January/February 2022

Authorized licensed use limited to: Eileen McGuinness. Downloaded on January 26,2022 at 22:03:24 UTC from IEEE Xplore. Restrictions apply.



