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On `1-preduals distant by 1

Abstract. For every predual X of `1 such that the standard basis in `1 is
weak∗ convergent, we give explicit models of all Banach spaces Y for which the
Banach–Mazur distance d(X,Y ) = 1. As a by-product of our considerations,
we obtain some new results in metric fixed point theory. First, we show that
the space `1, with a predual X as above, has the stable weak∗ fixed point
property if and only if it has almost stable weak∗ fixed point property, i.e.
the dual Y ∗ of every Banach space Y has the weak∗ fixed point property
(briefly, σ(Y ∗, Y )-FPP) whenever d(X,Y ) = 1. Then, we construct a predual
X of `1 for which `1 lacks the stable σ(`1, X)-FPP but it has almost stable
σ(`1, X)-FPP, which in turn is a strictly stronger property than the σ(`1, X)-
FPP. Finally, in the general setting of preduals of `1, we give a sufficient
condition for almost stable weak∗ fixed point property in `1 and we prove
that for a wide class of spaces this condition is also necessary.

1. Introduction and Preliminaries. The notion of nearly isometric Ba-
nach spaces was introduced by Stefan Banach in the celebrated Théorie des
opérations linéaires [2]. Recall that two isomorphic Banach spaces X and
Y are said to be nearly isometric (or almost isometric) if

d(X,Y ) = inf
{
‖φ‖

∥∥φ−1∥∥ : φ is an isomorphism from X onto Y
}

= 1.
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The constant d(X,Y ) is currently named the Banach–Mazur distance be-
tween X and Y . It is well known that for any finite-dimensional spaces X
and Y , d(X,Y ) = 1 if and only if X is isometrically isomorphic to Y . Ste-
fan Banach posed the question whether the space c of convergent sequences
with the standard sup norm and its subspace c0 of sequences convergent to
0 are nearly isometric. A precise answer to Banach’s question was given
by Michael Cambern in [3], where it is proved that d(c, c0) = 3. The first
example of two nearly isometric spaces that are non-isometric was given by
Czesław Bessaga and Aleksander Pełczyński in [13]. The problem of indi-
cating geometric properties that are not invariant under the Banach–Mazur
distance 1 has been posed and studied in [14]. Recall that Property P is said
to be not invariant (or not preserved) under the Banach–Mazur distance 1 if
there exist two Banach spaces X and Y such that X has Property P, Y fails
Property P and d(X,Y ) = 1. On the other hand, we say that Property P
is invariant (or preserved) under the Banach–Mazur distance 1 if for every
pair X,Y of Banach spaces with d(X,Y ) = 1, X has Property P if and only
if Y has Property P. In [14] the reader can find a collection of geometric
properties that are invariant under isometries but not invariant under the
Banach–Mazur distance 1, even in the restricted setting of preduals of `1.

In this context, the following problem arises: for a given Banach space
X, give explicit models of all Banach spaces that are nearly isometric to X.

For example, if X = `2, then every Banach space Y which is almost
isometric to `2 must be isometric to `2. This is a consequence of the ob-
servation that the Parallelogram Law is invariant under the Banach–Mazur
distance 1.

In the present paper we solve this problem for every predual of `1 such
that the standard basis in `1 is weak∗ convergent (see Theorem 2.1 and
Remark 2.9). This is the main result of our paper and in order to prove
it, we shall need some intermediate steps that are interesting in themselves
(see Section 2).

In Section 3 we introduce a new property that we call almost stable weak∗

fixed point property. Then, basing on the results obtained in Section 2, we
give examples showing that this property lies strictly between the weak∗

fixed point property and the stable weak∗ fixed point property (see Examples
3.4–3.5). It is worth noticing that it is impossible to find such an example
if we restrict our attention to the class of preduals of `1 for which the
standard basis in `1 is weak∗ convergent. Indeed, in this special case almost
stable weak∗ fixed point property is equivalent to the stable weak∗ fixed
point property (see Proposition 3.1). Moreover, for every predual X of
`1 such that the standard basis in `1 is weak∗ convergent and `1 has the
weak∗ fixed point property but lacks the stable weak∗ fixed point property,
there are infinitely many mutually non-isometric spaces distant from X
by 1 whose duals fail the weak∗ fixed point property (see Remark 3.2).
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Finally, in the general case of preduals of `1, we give a sufficient condition
for almost stable weak∗ fixed point property in `1 (see Proposition 3.6) and
we prove that for a wide class of spaces this condition is also necessary (see
Proposition 3.3, Proposition 3.8 and Remark 3.9). Furthermore, we show
that the sufficient condition introduced in Proposition 3.6 is invariant under
the Banach–Mazur distance 1 (see Proposition 3.10).

Throughout the paper we use standard terminology and notations. In
particular, given a real infinite-dimensional Banach space X, BX and SX
denote its closed unit ball and unit sphere, respectively. If A ⊂ X, then
ext A and int A stand for the set of all extreme points of A and the interior
of A, respectively. The dual of X is denoted by X∗. If A ⊂ X∗, then A

∗

denotes the w∗-closure of A, and A′ stands for the set of all w∗-cluster points
of A:

A′ =
{
x∗ ∈ X∗ : x∗ ∈ (A \ {x∗})∗

}
.

For any Banach spaces X and Y , X = Y means that X is isometrically
isomorphic to Y . Similarly, X ⊂ Y means that Y contains a subspace
which is isometrically isomorphic to X. Recall that a Banach space X
is called an L1-predual or a Lindenstrauss space if X∗ = L1(µ) for some
measure µ. In particular, X is named an `1-predual if X∗ = `1. The spaces
c0 and c are among the best-known examples of `1-preduals.

In the sequel, (e∗n) denotes the standard basis in `1.
The first main tool in our considerations is a class of hyperplanes in c: for

every functional f = (f(1), f(2), . . . ) ∈ `1 = c∗ with ‖f‖ = 1 and f(1) ≥ 1
2

we define a hyperplane Wf in c by

Wf = {x ∈ c : f(x) = 0}

=

{
x = (x(1), x(2), . . . ) ∈ c : f(1) lim

i→∞
x(i) +

∞∑
i=1

f(i+ 1)x(i) = 0

}
.

This class of spaces was widely studied in [4]–[8] and [14]. By Theorem 4.3
in [4], every element y = (y(1), y(2), . . . ) ∈ `1 can be identified with a
functional φ(y) ∈W ∗f via the relation

(φ(y))(x) =

∞∑
j=1

x(j)y(j)

for every x = (x(1), x(2), . . . ) ∈ Wf , the mapping φ : `1 → W ∗f is an
isometrical isomorphism and

e∗n
σ(`1,Wf )−−−−−→ e∗ =

(
−f(2)

f(1)
,−f(3)

f(1)
,−f(4)

f(1)
, . . .

)
.

(Note that in [6]–[8] and [14] the hyperplane Wf is denoted by We∗ .) This re-
sult has some important consequences. Namely, let e∗ = (e∗(1), e∗(2), . . . ) ∈
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B`1 be arbitrarily chosen. Then, for the hyperplane Wf with

f =

(
1

1 + ‖e∗‖
,
−e∗(1)

1 + ‖e∗‖
,
−e∗(2)

1 + ‖e∗‖
,
−e∗(3)

1 + ‖e∗‖
, . . .

)
∈ S`1 ,

we have e∗n
σ(`1,Wf )−−−−−→ e∗. Moreover, by Corollary 4.4 in [4], if X is a predual of

`1 such that (e∗n) is σ(`1, X)-convergent to e∗, then X must be isometrically
isomorphic to the hyperplane Wf .

The second main tool is the so-called property (a∞) introduced by
E. Michael and A. Pełczyński in [11]. We say that a Banach space X has
property (a∞) if for every finite set Z in X and for every η > 0, there is an
integer n and a linear map T : `n∞ → X such that

dist(z, T (`n∞)) := inf
x∈T (`n∞)

‖x− z‖ < η

for every z ∈ Z, and

(1 + η)−1 ‖x‖ ≤ ‖Tx‖ ≤ (1 + η) ‖x‖

for every x ∈ `n∞, where `n∞ denotes the space of n-tuples of reals with the
norm ‖x‖ = max1≤i≤n |x(i)|.

The third main and new tool is the function p : `1 × `1 → [0,∞) defined
for every (x, y) ∈ `1 × `1 by

p(x, y) = inf

{ ∞∑
n=1

|x(n)− ε(n)y(π(n))|

}
,

where the infimum is taken over all permutations π : N → N and all se-
quences of signs ε = (ε(n))n∈N, ε(n) = ±1 for all n ∈ N.

Below we list some basic properties of p, useful in the sequel of this paper:

• p(x, y) = p(y, x) = p(x,−y) = p(−x,−y) for all x, y ∈ `1,
• p(x, y) ≤ p(x, z) + p(z, y) for all x, y, z ∈ `1.

Consequently, p is a pseudo-metric on `1. However, it is not a metric.

• Let x = (x(1), x(2), . . . ) ∈ `1. Let E be the set of all sequences
of signs ε = (ε(n))n∈N, ε(n) = ±1 for all n ∈ N. For ε ∈ E and
i ∈ N ∪ {0} we define

xi,ε =
∞∑
n=1

ε(n)x(n)e∗n+i

and for i =∞ we put

x∞,ε =

∞∑
n=1

ε(n)x(n)e∗2n−1.
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Let Π be the set of all permutations π : N → N. Then, for ε ∈ E ,
π ∈ Π and i ∈ N ∪ {0,∞} we define

xi,ε,π =
∞∑
n=1

xi,ε(n)e∗π(n).

Let

F̃x = {xi,ε,π : i ∈ N ∪ {0,∞} , ε ∈ E , π ∈ Π} .
It is easy to see that for any x, y ∈ `1, p(x, y) = 0 if and only if
y ∈ F̃x.

We also have the following relation between the function p and the stan-
dard norm in `1:

• for all x, y ∈ `1,
|‖x‖ − ‖y‖| ≤ p(x, y) ≤ ‖x− y‖ .

2. Main results. Let f ∈ S`1 be such that f(1) ≥ 1
2 . For ε ∈ E and

i ∈ N ∪ {0} we define

fi,ε = f(1)e∗1 +

∞∑
n=1

ε(n)f(n+ 1)e∗n+i+1

and for i =∞ we put

f∞,ε = f(1)e∗1 +
∞∑
n=1

ε(n)f(n+ 1)e∗2n+1.

Let
FWf

=
{
Wfi,ε : i ∈ N ∪ {0,∞} , ε ∈ E

}
.

In what follows, X ∈ FWf
means that a Banach space X is isometrically

isomorphic to Wfi,ε for some i ∈ N ∪ {0,∞} and for some ε ∈ E .
We are ready now to state our main result.

Theorem 2.1. Let f ∈ S`1 be such that f(1) ≥ 1
2 and let X be a Banach

space. Then the following are equivalent.
(1) d(X,Wf ) = 1.
(2) X ∈ FWf

.

The proof of the implication (1) ⇒ (2) in Theorem 2.1 follows from the
series of results given below. We begin by proving Proposition 2.2 and
Lemmas 2.3–2.4, since it will allow to restrict our considerations to the case
of hyperplanes in c.

Proposition 2.2. The property of being a Lindenstrauss space is invariant
under the Banach–Mazur distance 1. In particular, for all Banach spaces X
and Y with d(X,Y ) = 1, X is a predual of `1 if and only if Y is a predual
of `1.
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Proof. It is straightforward to check that the property (a∞) is invariant
under the Banach–Mazur distance 1. Our assertion follows now from The-
orem 1 in [12]. �

Lemma 2.3. Let f ∈ S`1 be such that f(1) ≥ 1
2 and let X be a Banach

space. If d(X,Wf ) = 1, then (ext BX∗)′ = {±x∗} for some x∗ ∈ BX∗, that
is, (ext BX∗)′ is either a singleton or consists of two elements.

Proof. By Proposition 2.2, X is a predual of `1. Since d(X,Wf ) = 1, for
every m ∈ N there exists an adjoint isomorphism φ∗m : X∗ →W ∗f such that
for every n ∈ N

φ∗m(e∗n) = ε(n)e∗π(n) + w∗n,

where π : N→ N is a permutation, ε = (ε(n))n∈N is a sequence of signs and
‖w∗n‖ < 1

m for all n ∈ N. Using the mappings φ∗m, we can easily see that
if f = (1, 0, 0, . . . ), then (ext BX∗)′ = {0}, and if f 6= (1, 0, 0, . . . ), then
(ext BX∗)′ has exactly two elements. �

Lemma 2.4. Let X be a predual of `1 such that (ext BX∗)′ = {±x∗}, that
is, (ext BX∗)′ is either a singleton or consists of two elements. Then X is
isometric to some hyperplane Wf .

Proof. Since B`1 is σ(`1, X)-compact and the σ(`1, X)-topology is metriz-
able on B`1 , we can choose a sequence of signs ε = (ε(n))n∈N such that the
sequence (ε(n)e∗n)n∈N is σ(`1, X)-convergent to x∗. Consider the hyperplane
Wf with

f =

(
1

1 + ‖x∗‖
,−ε(1)x∗(1)

1 + ‖x∗‖
,−ε(2)x∗(2)

1 + ‖x∗‖
,−ε(3)x∗(3)

1 + ‖x∗‖
, . . .

)
.

Then

e∗n
σ(`1,Wf )−−−−−→ e∗ = (ε(1)x∗(1), ε(2)x∗(2), ε(3)x∗(3), . . . ) .

Let φ∗ : X∗ →W ∗f be defined by

φ∗(z) =
∞∑
n=1

z∗(n)ε(n)e∗n.

φ∗ is an onto linear isometry. Since φ∗(x∗) = e∗, φ∗ is a w∗-continuous
homeomorphism from {ε(n)e∗n : n ∈ N}∗ = {ε(n)e∗n : n ∈ N} ∪ {x∗} onto
{e∗n : n ∈ N}∗ = {e∗n : n ∈ N} ∪ {e∗}. By Lemma 2 in [1], φ∗ is a w∗-
continuous isometry from X∗ onto W ∗f . This shows that φ∗ must be the
adjoint to an isometry φ : Wf → X. �

The following result gives a necessary condition for any two `1-preduals
to be Banach–Mazur distance 1 apart.
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Proposition 2.5. Let X and Y be preduals of `1 with d(X,Y ) = 1. Then
for every y∗ ∈ (ext BY ∗)′ there exists a sequence (x∗m) ⊂ (ext BX∗)′ such
that

lim
m→∞

p(x∗m, y
∗) = 0.

Proof. As in the proof of Lemma 2.3, since d(X,Y ) = 1, for every m ∈ N
there exists an adjoint isomorphism φ∗m : Y ∗ → X∗ such that for every
n ∈ N

φ∗m(e∗n) = ε(n)e∗π(n) + w∗n,

where π : N→ N is a permutation, ε = (ε(n))n∈N is a sequence of signs and
‖w∗n‖ < 1

m for all n ∈ N. Without loss of generality we can assume that there

is a subsequence (e∗nk) of (e∗n) such that e∗nk
σ(`1,Y )−−−−→ y∗. Let x∗m ∈ X∗ be a

cluster point of
(
ε(nk)e

∗
π(nk)

)
k∈N. By passing to a subsequence, if necessary,

we can assume that ε(nk)e∗π(nk)
σ(`1,X)−−−−−→ x∗m. Then

p(x∗m, y
∗) ≤

∞∑
n=1

∣∣x∗m(n)− ε(π−1(n))y∗(π−1(n))
∣∣

≤
∞∑
n=1

|x∗m(n)− (φ∗m(y∗))(n)|+
∞∑
n=1

∞∑
j=1

∣∣w∗j (n)
∣∣ |y∗(j)|

≤ ‖x∗m − φ∗m(y∗)‖+
1

m

≤ lim inf
k→∞

∥∥∥ε(nk)e∗π(nk) − φ∗m(e∗nk)
∥∥∥+

1

m
≤ 2

m
.

Now it is enough to pass to the limit with m→∞. �

In the next result of this section, for every hyperplane Wf we describe all
the hyperplanes Wg that are isometrically isomorphic to Wf . In particular,
it allows us to finish the proof of the implication (1)⇒ (2) in Theorem 2.1.

Proposition 2.6. For f, g ∈ S`1 with f(1) ≥ 1
2 and g(1) ≥ 1

2 the following
statements are equivalent.

(1) Wf = Wg.
(2) There is a finite sequence of signs (ε(n))jn=1, ε(n) = ±1 for all

n = 1, . . . , j, and a permutation π : N \ {1} → N \ {1} such that

f = g(1)e∗1 +

j∑
n=1

ε(n)g(n+ 1)e∗π(n+1) +

∞∑
n=j+1

g(n+ 1)e∗π(n+1).

Proof. (2) ⇒ (1). An isometrical isomorphism φ : Wg → Wf is given for
every x ∈Wg by



48 Ł. Piasecki

(φ(x))(π(n+ 1)− 1) =

{
ε(n)x(n) for n = 1, . . . , j

x(n) for n > j.

(1)⇒ (2). We know that

e∗n
σ(`1,Wf )−−−−−→

(
−f(2)

f(1)
,−f(3)

f(1)
, . . .

)
= x∗

and

e∗n
σ(`1,Wg)−−−−−→

(
−g(2)

g(1)
,−g(3)

g(1)
, . . .

)
= y∗.

Consequently, f(1) = 1 if and only if g(1) = 1. Suppose that f(1) ∈
[1/2, 1). Let φ : Wf → Wg be an isometrical isomorphism. Then also its
adjoint φ∗ : W ∗g → W ∗f is an isometrical isomorphism. Therefore, there
exist a permutation π′ : N→ N and a sequence of signs ε = (ε(n))n∈N such
that φ∗(e∗n) = ε(n)e∗π′(n). Since φ∗ is w∗-continuous and (e∗n) is σ(`1,Wg)-
convergent, the sequence (φ∗(e∗n)) is σ(`1,Wf )-convergent. Consequently,
there exists j ∈ N such that either ε(n) = 1 for all n > j or ε(n) = −1 for
all n > j. Suppose that ε(n) = 1 for all n > j (otherwise consider −φ).
Again, by the w∗-continuity of φ∗, we have

x∗ = φ∗(y∗) =
∞∑
n=1

y∗(n)ε(n)e∗π′(n)

= −
j∑

n=1

g(n+ 1)

g(1)
ε(n)e∗π′(n) −

∞∑
n=j+1

g(n+ 1)

g(1)
e∗π′(n).

Taking into account that f(1) ≥ 1
2 , g(1) ≥ 1

2 and ‖f‖ = ‖g‖ = 1, we get
f(1) = g(1) and so

∞∑
n=1

f(n+ 1)e∗n =

j∑
n=1

g(n+ 1)ε(n)e∗π′(n) +
∞∑

n=j+1

g(n+ 1)e∗π′(n).

Finally, by putting π(n+ 1) = π′(n) + 1 for all n ∈ N, we get

f =

∞∑
n=1

f(n)e∗n = g(1)e∗1 +

j∑
n=1

g(n+ 1)ε(n)e∗π(n+1) +

∞∑
n=j+1

g(n+ 1)e∗π(n+1).

�

Corollary 2.7. Let X and Y be preduals of `1 such that (e∗n) is σ(`1, X)-
convergent to x∗ and σ(`1, Y )-convergent to y∗. Then the following are
equivalent.

(1) X = Y .
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(2) There is a finite sequence of signs (ε(n))jn=1, ε(n) = ±1 for all
n = 1, . . . , j, and a permutation π : N→ N such that

x∗ =

j∑
n=1

ε(n)y∗(n)e∗π(n) +
∞∑

n=j+1

y∗(n)e∗π(n).

We shall prove now the implication (2)⇒ (1) in Theorem 2.1:

Proof. (2)⇒ (1). For ε ∈ E and j ∈ N we define

f
(j)
0,ε = f(1)e∗1 +

j∑
n=1

f(n+ 1)e∗n+1 +
∞∑

n=j+1

ε(n)f(n+ 1)e∗n+1.

By Lemma 2.1 in [6] and Proposition 2.6, we get

d(Wf0,ε ,Wf ) ≤ d(Wf0,ε ,W
(j)
f0,ε

) · d(W
(j)
f0,ε
,Wf ) = d(W

(j)
f0,ε
,Wf )

j→∞−−−→ 1.

Therefore d(Wf0,ε ,Wf ) = 1. Next, for i ∈ N, ε ∈ E and j ∈ N we put

f
(j)
i,ε = f(1)e∗1 +

j∑
n=1

ε(n)f(n+ 1)e∗n+1 +

∞∑
n=j+1

ε(n)f(n+ 1)e∗n+i+1.

Again, by Lemma 2.1 in [6] and Proposition 2.6, we get d(Wf0,ε ,Wfi,ε) = 1.
Finally, in order to prove that d(Wf∞,ε ,Wf0,ε) = 1, it is enough to repeat
the above reasoning with

f (j)∞,ε = f(1)e∗1 +

j∑
n=1

ε(n)f(n+ 1)e∗n+1 +
∞∑

n=j+1

ε(n)f(n+ 1)e∗2n+1.

Consequently, d(X,Wf ) = 1 for every X ∈ FWf
. �

From Theorem 2.1, Proposition 2.6, and Corollary 2.7 we obtain the
following

Corollary 2.8. Let f, g ∈ S`1 be such that f(1) ≥ 1
2 and g(1) ≥ 1

2 . Then
the following are equivalent.

(1) d(Wf ,Wg) = 1.
(2) p(f, g) = 0.

(3) p(x∗, y∗) = 0, where e∗n
σ(`1,Wf )−−−−−→ x∗ and e∗n

σ(`1,Wg)−−−−−→ y∗.

Remark 2.9. We finish this section with yet another observation resulting
from Theorem 2.1 and Proposition 2.6. Namely, for every hyperplane Wf

we have one of two possibilities: either there is exactly one Banach space
that is distant from Wf by 1 (equivalently, f = (f(1), . . . , f(n), 0, 0, . . . )
for some n ∈ N) or there are infinitely many mutually non-isometric spaces
that are distant from Wf by 1 (equivalently, f(n) 6= 0 for infinitely many
n ∈ N). Consequently, for a given f ∈ S`1 with f(1) ≥ 1/2, the property of
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being the hyperplane Wf is invariant under the Banach–Mazur distance 1
if and only if f = (f(1), . . . , f(n), 0, 0, . . . ) for some n ∈ N. In particular,
this holds for the spaces c0 and c.

3. Almost stable weak∗ fixed point property. We shall present now
some applications of our results in metric fixed point theory. The reader
who is not familiar with this topic is referred to the book [9].

A nonempty, bounded, closed and convex subset C ofX has the fixed point
property (briefly, FPP) if each nonexpansive mapping (i.e., the mapping
T : C → C such that ‖T (x)− T (y)‖ ≤ ‖x− y‖ for all x, y ∈ C) has a fixed
point. A dual space X∗ is said to have the weak∗ fixed point property (briefly,
w∗-FPP or σ(X∗, X)-FPP) if every nonempty, convex, σ(X∗, X)-compact
set C ⊂ X∗ has the FPP. Moreover, X∗ is said to have the stable weak∗

fixed point property (briefly, stable w∗-FPP or stable σ(X∗, X)-FPP) if there
exists γ > 1 such that Y ∗ has the σ(Y ∗, Y )-FPP whenever d(X,Y ) < γ.

We introduce now a new definition related to the σ(X∗, X)-FPP: we will
say that X∗ has almost stable weak∗ fixed point property (briefly, almost
stable w∗-FPP or almost stable σ(X∗, X)-FPP) if Y ∗ has the σ(Y ∗, Y )-
FPP whenever d(X,Y ) = 1.

Clearly, for every dual space X∗,

stable w∗-FPP⇒ almost stable w∗-FPP⇒ w∗-FPP.

However, the reversed implications do not hold in general. Indeed, Examples
3.2–3.3 in [14] show that

w∗-FPP ; almost stable w∗-FPP

and Examples 3.4–3.5 presented below prove that

almost stable w∗-FPP ; stable w∗-FPP.

However, we begin by proving that for every predual of `1 such that (e∗n)
is weak∗ convergent, almost stable weak∗ fixed point property and the stable
weak∗ fixed point property are equivalent.

Proposition 3.1. Let X be a predual of `1 such that (e∗n) is σ(`1, X)-
convergent to e∗. Then the following are equivalent.

(1) `1 has almost stable σ(`1, X)-FPP.
(2) `1 has the stable σ(`1, X)-FPP.
(3) ‖e∗‖ < 1.
(4) For every x∗ ∈ S`1 we have p(e∗, x∗) > 0.
(5) For every Banach space Y such that d(X,Y ) = 1, c 6⊂ Y .

Proof. Clearly, (2) ⇒ (1) and (3) ⇔ (4). The equivalence (2) ⇔ (3) is a
particular case of Theorem 3.5 in [7]. The implication ¬(5)⇒ ¬(1) follows
from Theorem 3.2 in [5]. We show that ¬(3)⇒ ¬(5). Suppose that ‖e∗‖ = 1.
Then X = Wf , where f = (1/2,−e∗(1)/2,−e∗(2)/2, . . . ). Let ε = (ε(n))n∈N
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be the sequence of signs with ε(n) = −sgn(f(n + 1)) for all n ∈ N. By
Theorem 2.1, d(Wf ,Wf∞,ε) = 1. By Proposition 2.1 in [5], c ⊂Wf∞,ε . �

Remark 3.2. By Theorem 8 in [10] (and Proposition 2.2 in [5]) and Propo-
sition 3.1, the space `1, with a predual X as above, has the σ(`1, X)-FPP
and, at the same time, lacks the stable σ(`1, X)-FPP if and only if X = Wf ,
where f(1) = 1/2 and the set N+ = {n ∈ N : f(n+ 1) ≤ 0} is finite. From
this, Theorem 2.1, and Proposition 2.6, we get that for every such space
Wf there are infinitely many mutually non-isometric spaces Wfi,ε ∈ FWf

such that `1 has the σ(`1,Wfi,ε)-FPP and, at the same time, there are in-
finitely many mutually non-isometric spaces Wfi,ε ∈ FWf

such that `1 lacks
the σ(`1,Wfi,ε)-FPP. Indeed, for every ε ∈ E the set

{
Wfi,ε : i ∈ N ∪ {0}

}
consists of mutually non-isometric spaces such that d(Wf ,Wfi,ε) = 1 and
`1 has the σ(`1,Wfi,ε)-FPP for each i ∈ N ∪ {0}. On the other hand, for
every k ∈ N ∪ {0} consider a sequence of signs εk = (εk(n)) defined by
εk(n) = (−1)[(n−1)/2

k] for all n ∈ N, where [x] := max {m ∈ Z : m ≤ x}.
Then the set

{
Wf∞,εk

: k ∈ N ∪ {0}
}

consists of mutually non-isometric
spaces such that d(Wf ,Wf∞,εk

) = 1 and `1 fails the σ(`1,Wf∞,εk
)-FPP for

each k ∈ N ∪ {0}.

We also have a similar situation for the class of finite direct sums of
hyperplanes in c:

Proposition 3.3. Let {fi}mi=1 ⊂ S`1 be such that fi(1) ≥ 1/2 for all i =
1, . . . ,m and let x∗i ∈ `1 be the σ(`1,Wfi)-limit of (e∗n). Let X be the `m∞-
direct sum of hyperplanes Wfi, X = (

∑m
i=1Wfi)`m∞

. Then the following are
equivalent.

(1) `1 has almost stable σ(`1, X)-FPP.
(2) `1 has the stable σ(`1, X)-FPP.
(3) ‖x∗i ‖ < 1 for every i = 1, . . . ,m.
(4) For every x∗ ∈ S`1 and for every i = 1, . . . ,m we have p(x∗i , x

∗) > 0.
(5) For every Banach space Y such that d(X,Y ) = 1, c 6⊂ Y .

Proof. The proof is similar to the proof of Proposition 3.1, so we omit it.
�

We provide now some examples of `1-preduals such that `1 has almost
stable weak∗ fixed point property but it fails the stable weak∗ fixed point
property.

Example 3.4. For m ∈ N let

fm = (10m/(2 · 10m − 1),−1/(2 · 10m − 1), . . . ,−1/(2 · 10m − 1)︸ ︷︷ ︸
10m−1

, 0, 0, . . . ).
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Then, for every m ∈ N,

e∗n
σ(`1,Wfm )
−−−−−−−→ x∗m = (1/10m, . . . , 1/10m︸ ︷︷ ︸

10m−1

, 0, 0, . . . ).

We define X as the c0-direct sum of hyperplanes Wfm , X = (
∑∞

m=1Wfm)c0 .
Then X∗ = (

∑∞
m=1 `1)`1 = `1 and

(ext BX∗)′ = {(0, 0, . . . )} ∪
∞⋃
m=1

±(0, . . . , 0︸ ︷︷ ︸
m−1

, x∗m, 0, 0, . . . )

 ⊂ int B`1 .

From this and Theorem 4.1 in [5] we see that `1 has the σ(`1, X)-FPP. On
the other hand, since limm→∞ ‖x∗m‖ = 1, `1 lacks the stable σ(`1, X)-FPP
by Theorem 3.5 in [7]. We show that `1 has almost stable σ(`1, X)-FPP.
Let x̃∗m = (0, . . . , 0︸ ︷︷ ︸

m−1

, x∗m, 0, 0, . . . ), m ∈ N. For all m > n, we have

p(x̃∗n, x̃
∗
m) = p(−x̃∗n, x̃∗m) = p(x∗n, x

∗
m) = p(−x∗n, x∗m)

=

(
1

10n
− 1

10m

)
(10n − 1) +

1

10m
(10m − 1− 10n + 1) >

17

10
.

Consequently, for every y∗ ∈ S`1 and for every sequence of signs ε =
(ε(m))m∈N, we have

lim inf
m→∞

p(ε(m)x̃∗m, y
∗) > 0.

By using this, Proposition 2.2, and Proposition 2.5, we see that for every
Banach space Y such that d(X,Y ) = 1 we have Y ∗ = `1 and (ext BY ∗)′ ⊂
int B`1 . Therefore, by Theorem 4.1 in [5], Y ∗ has the σ(Y ∗, Y )-FPP.

Our next example shows that there are many spaces X such that X∗ fails
the stable σ(X∗, X)-FPP but it has almost stable σ(X∗, X)-FPP, which in
turn is a strictly stronger property than the σ(X∗, X)-FPP.

Example 3.5. Let X be as in Example 3.4. Let (rm)m∈N be a sequence of

all rational numbers in the interval [0, 1/2]. Put gm =
(

1
1+rm

, −rm1+rm
, 0, 0, . . .

)
and define Y as

Y =

X ⊕( ∞∑
m=1

Wgm

)
c0


∞

.

Clearly, Y ∗ = `1. By following the reasoning from Example 3.4, we see that
`1 has almost stable σ(`1, Y )-FPP but fails the stable σ(`1, Y )-FPP. Let p1,
p2 be arbitrarily chosen irrational numbers in [0, 1/2], p1 6= p2. Put

h1 =

(
1

1 + p1
,
−p1

1 + p1
, 0, 0, . . .

)
and h2 =

(
1

1 + p2
,
−p2

1 + p2
, 0, 0, . . .

)
.
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Let Z1 = (Y ⊕Wh1)∞ and Z2 = (Y ⊕Wh2)∞. By applying Lemma 3.1 in
[14] and Lemma 2.1 in [6], we easily see that d(Y, Z1) = d(Y,Z2) = 1. Since
(ext BZ∗1 )′ contains an element with norm p1 and (ext BZ∗2 )′ does not have
this property, the spaces Z1 and Z2 are not isometric. Similarly, Z1 6= Y .
This shows that there are uncountable many mutually non-isometric spaces
that are distant from Y by 1.

We summarize the above considerations in the following:

Proposition 3.6. Let X be a predual of `1. If for every x∗ ∈ S`1 and for
every sequence (x∗n) in (ext BX∗)′ we have

(♦) lim inf
n→∞

p(x∗n, x
∗) > 0,

then `1 has almost stable σ(`1, X)-FPP.

Proof. It is enough to follow the reasoning from Example 3.4 based on
Proposition 2.2 and Proposition 2.5 of the present paper, and Theorem 4.1
in [5]. �

Remark 3.7. The assumption (♦) in Proposition 3.6 can not be replaced by
the weaker one: “Let X be a predual of `1 such that (ext BX∗)′ ⊂ int B`1”
(see Example 3.2 in [14]).

Clearly, by Proposition 3.1 and Proposition 3.3, the sufficient condition
(♦) introduced in Proposition 3.6 becomes also necessary for the class of all
finite `n∞-direct sums of `1-predual hyperplanes in c. Moreover, the same is
true for the class of all c0-direct sums:

Proposition 3.8. Let
{
f (m)

}∞
m=1

⊂ S`1 be such that f (m)(1) ≥ 1/2 for all
m ∈ N. Let X be the c0-direct sum of hyperplanes Wf (m),

X =

( ∞∑
m=1

Wf (m)

)
c0

.

Then the following are equivalent.
(1) `1 has almost stable σ(`1, X)-FPP.
(2) For every x∗ ∈ S`1 and for every sequence (x∗n) in (ext BX∗)′ we

have lim infn→∞ p(x
∗
n, x
∗) > 0 (property (♦)).

(3) For every Banach space Y such that d(X,Y ) = 1, c 6⊂ Y .

Proof. The implication (2) ⇒ (1) follows from Proposition 3.6. We recall
that the implication ¬(3) ⇒ ¬(1) holds by Theorem 3.2 in [5]. We shall
prove that ¬(2)⇒ ¬(3). Let y∗m ∈ `1 be the σ(`1,Wf (m))-limit of (e∗n). Put

ỹ∗m = (0, . . . , 0︸ ︷︷ ︸
m−1

, y∗m, 0, 0, . . . ) ∈

( ∞∑
m=1

Wf (m)

)
c0

.



54 Ł. Piasecki

Suppose that property (♦) does not hold. If there is y∗m0
∈ S`1 , then,

as in the proof of the implication ¬(3) ⇒ ¬(5) in Proposition 3.1, it
is enough to replace the component Wf (m0) in X =

(∑∞
m=1Wf (m)

)
c0

by

the hyperplane W
f
(m0)∞,ε

with ε(n) = −sgn(f (m0)(n + 1)) for all n ∈ N.

Otherwise, there is a subsequence (ỹ∗mk) of (ỹ∗m) and y∗ ∈ S`1 such that
limk→∞ p(y

∗, ỹ∗mk) = limk→∞ p(y
∗, y∗mk) = 0. Let f ∈ S`1 with f(1) = 1/2

be such that (e∗n) is σ(`1,Wf )-convergent to y∗. We can choose a sequence(
f
(mk)
0,εk,πk

)
k∈N ⊂ S`1 , with each f

(mk)
0,εk,πk

∈ F̃f (mk) satisfying f (mk)0,εk,πk
(1) ≥ 1/2,

such that limk→∞
∥∥f − f

(mk)
0,εk,πk

∥∥ = 0. Define space Y by replacing each
component Wf (mk) of X =

(∑∞
m=1Wf (m)

)
c0

by W
f
(mk)
0,εk,πk

and leaving the

others unchanged. By Corollary 2.8, d(X,Y ) = 1. Let Ỹ = (Wf ⊕ Y )∞.
By Lemma 2.1 in [6], limk→∞ d

(
W
f
(mk)
0,εk,πk

,Wf

)
= 1. Therefore, by applying

Lemma 3.1 in [14], we easily conclude that d(Y, Ỹ ) = 1. Now we proceed as
in the first case. �

Remark 3.9. By applying the reasoning from the proof of Proposition 3.8,
we easily conclude that property (♦) becomes a necessary and sufficient
condition for almost stable w∗-FPP for the whole class of spaces of the
form (X ⊕ Y )∞, where X is as in Proposition 3.8 and Y is any `1-predual
satisfying (ext BY ∗)′ ⊂ rB`1 for some 0 < r < 1. It is unknown if property
(♦) characterizes almost stable weak∗ fixed point property in the general
case of `1-preduals.

As we have already observed, if X is an `1-predual space satisfying prop-
erty (♦), then for every Banach space Y with d(X,Y ) = 1 we have Y ∗ = `1
and (ext BY ∗)′ ⊂ int B`1 . However, more can be said:

Proposition 3.10. Property (♦) is invariant under the Banach–Mazur dis-
tance 1.

Proof. Assume that an `1-predual X satisfies property (♦) and let Y be
a Banach space distant by 1 from X. Suppose that there exists y∗ ∈ S`1
and a sequence (y∗n) in (ext BY ∗)′ such that limn→∞ p(y

∗
n, y
∗) = 0. By

Proposition 2.5, for every n ∈ N there exists x∗n ∈ (ext BX∗)′ such that
p(x∗n, y

∗
n) < 1

n . Then

p(x∗n, y
∗) ≤ p(x∗n, y∗n) + p(y∗n, y

∗) <
1

n
+ p(y∗n, y

∗).

Passing to the limit with n→∞, we get a contradiction. �

4. Concluding remarks. To tie up ends of this article and [14], we in-
troduce two further definitions. Namely, given a Banach space X having
Property P, we will say that Property P is invariant (or preserved) un-
der the Banach–Mazur distance 1 for the space X if every Banach space
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Y has Property P whenever d(X,Y ) = 1. On the other hand, we will
say that Property P is not invariant (or not preserved) under the Banach–
Mazur distance 1 for the space X if there exists a Banach space Y such that
d(X,Y ) = 1 and Y fails Property P.

For instance, using the notations from [14], the polyhedral properties
labelled (pol-iii)–(pol-viii), (pol-K) and their geometric equivalences are in-
variant under the Banach–Mazur distance 1 for the space X in Example 3.4,
Y in Example 3.5, and for all the spaces X satisfying the assumption of
Proposition 3.6 (see the implications in the diagram in Section 2 in [14]).
Observe that none of these properties is stable for the space X in Exam-
ple 3.4, even in the restricted setting of `1-preduals. To see this, consider
the hyperplane Wfn

with

fn = (1/2,−1/[2 · (10n − 1)], . . . ,−1/[2 · (10n − 1)]︸ ︷︷ ︸
10n−1

, 0, 0, . . . ), n ∈ N.

Then, for each n ∈ N, consider the isomorphism φn : Wfn → Wfn
defined

for every x = (x(1), x(2), . . . ) ∈Wfn by

φn(x) =

(
10n − 1

10n
x(1), . . . ,

10n − 1

10n
x(10n − 1), x(10n), x(10n + 1), . . .

)
.

Next, for every n ∈ N, define the space Xn by replacing the n-th component
in X = (

∑∞
m=1Wfm)c0 by Wfn

and leaving the others unchanged. Then
X∗n = `1 and

1 ≤ d(Xn, X) ≤ d(Wfn ,Wfn
) ≤ ‖φn‖

∥∥φ−1n ∥∥ n→∞−−−→ 1.

By Proposition 2.1 in [5], c ⊂ Wfn
⊂ Xn for every n ∈ N. This shows that

each space Xn lacks all these properties, and so they fail to be stable for X.
Clearly, the same conclusion holds for the space Y in Example 3.5.

On the other hand, all the above-mentioned properties are not invariant
under the Banach–Mazur distance 1 for the space X in Example 3.2 in [14].
Also, by Proposition 3.1, the polyhedral properties labelled (pol-iv)–(pol-
viii), (pol-K) and their geometric equivalences are not invariant under the
Banach–Mazur distance 1 for the spaces Wf discussed in Remark 3.2.
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