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Some Applications to Briot—Bouquet Differential Subordinations

Kilka zastosowar podporzagdkowania rézniczkowego Briota—Bouqueta

Abstract. Some applications of Briot-Bouquet differential subordination are obtained which
improve and sharpen a number of classical results in the univalent functions theory. These also lead
to sharp results for Libera and Bernardi transforms.

1. Introduction. Let H denote the class of functions f(z) of the form
(2]
f(z) = 24+ ¥ anz" which are analytic in U = {z : |z] < 1}. Let S, $*(8) and

n=2
K(B) (0 € B < 1) denote the subclasses of functions in H which are respectively
univalent, starlike of order B and convex of order 8 in U. We denote S*(0) = S°,
K (0) = K. For given arbitrary numbers 4, B satisfying =1 £ B < A < 1, we denote
by P(A, B), the class of functions of the form

(1) p(2)=1+piz+:--
which are analytic in U and satisfy the condition

14 Az
1+ B:"°

(Here "<" stands for subordination). The class P(A.B) was investigated by
Janowski [10). By S*(4,B), we mean the dass of functions f € H such that
z2f'(z)/f(z) € P(A.B).

Similarly, by K(A,B) is meant the class of function f € H satisfying
(2£'(2))'/f'(2) € P(A. B). It is clear that S*(1-23,-1) = S*(8), K(1-23,-1)=
K(3), (0<B8<1),and that for0< 3 < 1,S°(3) c S*, K(B) C K.

In [22], Ruscheweyh introduced the class K, of functions f € H satisfying

Dt f(s)
D7)

where D" f(z) = (z/(1 — z)"*') ¢ f(2). (Herv ¢ stands for the Hadamard product or
convolution of two analytic functions.) In {1}, Al-Amiri investigated the classes

:el

plz) <

2) Re{ }>1/2, €U, neNo=NU{0)={0,1.2,...)
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Knla) of fanctions f € H, f(z)f'(z) #0in 0 < |z| < 1 satisfying,
(3) Re {(Ja(f;a)}>1/2, z€U
{or some a 2 0, where

Drf(s) | DM()
D7) T UDHG)

and showed that for each 8 € N, and @ 2 0
) Knt1(2) € Kn(0)

The case @ = 1 in (5) is due to Ruscheweyh [22].

Goel and Sohi [8] further generalized the class K (a) by introducing the class
Th.s(c). Thus a fanction f € H is said to be in T g(a) iffor0 € < 1/2,and @ 2 0
the condition

(4) Ja(fia)=(1-a)

(6) Re {Ja(fia)}>B, z€U

holds, where J,(f;a) is given by (4). It was 2lso claimed in [8, Theorem 1 and
Theorem 5] that

) Tas1,8(a) € Ths(0) foralin€No,0<8<1/2anda20.

However, as shown by the anthors [12], the containment relation (7) is not in geneml
valid. In fact, a rectifield version of (7) is shown to be true in [12].

Recently, many of the classical results in univalent function theory have been
improved and sharpened by the powerful technique of Briot-Bouquet differential sub-
-ordination (see eg. [6], [18], [19] etc.). Recall that a function p(z) analyticin U with a
power series of the form (1) is said to satisfy Briot-Bouquet differential subordination
if

z ._‘_’,i ) 3

for B and v complex constants and A(s) a convex function with A(0) = 1 and
Re (Bh(z)+7} >0in U.

The univalent function ¢(z) is said to be a daminant of the Briot-Bouquet differ-
ential subordination (8) if p(z). < g(z) for all p(z) satisfying (8). If §(z) is a dominant
of (8) and §(z) < g(z) for all other dominants g(z) of (8), then §(z) is said to be the
best dominant.

In the present paper, we propose to give some applications of Briot-Bouquet djf-
ferential subordination which would not only improve and sharpen many of the earlier
results for the classes S° (4, B), K{A,B), Kn(a), Tn s(a) etc., but would also give
rise to a number of new results for other subclasses as well. This is accomplished by
introducing and studying a very wide class T (A, B). Further use of Briot-Bouquet
differential subordination to the investigation of Libera and Bernardi transforms of
this class leads, perhaps for the first time, to sharp results in this direction. Finally,
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using differential subordination, we improve and generalize results of Singh and
Singh [25], and Mocanu [20].

3. We introduce the class T,o (4, B) as follows.

Definition 1. Let A, B, o and § be arbitrary fixed real numbers such that
-1 B<A<]l,a20and § 2 —1. A function f € H is said to be in the class
Ts.0(A, B) if it satisfies

14 As

9 Js(fi@) < Y

s€U

where
Tilfsa) = (1 - a) B t8) | D2+ (2)

) D‘f(‘) +¢'D‘r+if(‘) , and D‘I(x) = (s/(1- ')6-}1) o f(3).

It is readily seen that Too(A,B) = S°*°(4,B) , To.l(i;—g.B) = K(A,B).
Further it is clear that T, o(0,—~1) , » € No is the dass K, defined by Rus
cheveyh [22], whereas the class T.,o(-li-:f.-l) = R, has been studied by S
ingh and Singh [24], the class Too(l — 28,~1) (0 € A S 1/2) is the class
considered by Goel and Sohi [8]. The classes Tho(0, —1) and T;0(0,~1) were
considered by Al-Amiri [1, 2} and Tso(1 = 28,~1) (8 < 1) has been recently
studied by the authors [12]. Further taking § = 0, @ = 2u/(s +1) (s 2 0),
A=1-2(p/(p+1)), B = -1, it is seen that the class Ty a(A, B) reduces to the well
known class of p—convex functions [16] which is a subclass of S if g 2 0 and of K if

p2 1l
In order to prove the main theorems we will need the following lemmas.

Lermnma 1. [18, Corallary 3.2] [f =1 S B< A <1, #> 0 and complex number
~ satisfy Req 2 —(1— A)B/(1 — B), then the differential equation

wi(s) _1+A4s
Be(s)+v 1+Bs

has a univalent solution in U given by

a(s) +

gfirr-1+ Bg)llfl-ﬂllsl&t 4
0
(10) o) = oRlfh) 2 ypog

B [ 18+1-1 . exp{BAt)dt
0

If p(3) is analytic in U and satisfies

sp'(2) o 1+ As
Bp(s)+9 1+ Bs

p(s) +
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+
1+5: and g(z) is the best dominant.
Lemma 2. (23, Lemma 2] Let p de a positive measure on the unit interval
=[0,1). Let g(t,z) be a function analytic in U for eacht € [0,1], and integrable in
t for cach z € U and for almost allt € [0 1), and auppose that Re {g(¢,z)} > 0 on U

then p(z) < ¢(z) <

g(t,—r) is real for r real and Re {’{! x]} b for |z] < r andt €[0,1]. If
1
9(z) =;fg(l.z)dp(t), then Re {m} 2 for |z| <r.

For a, b, ¢ real numbers other than 0,—1,~2,..., the hypergeometric series

a-c ala+1)(b+1) ,
(11) F(abc.z)-—1+— W:

represents an analytic function in U [27, p.281]. The following identities are well
known.

Lermma 3. [27, Chapter XIV]. Fora, b, ¢ real numbers other than0,-1,-2,...,
ande> b > 0 we have

1
3 AL ~ \=a g4, _ T(O)T(e =) .
(12) !c* M- 1= - )t = S0 Flabiess)
(13) F(a,b;¢;2) = F(b,a;¢;2)
(14) F(a,b;62) = (1 - 2)"°F(a,e = be;2/(1 - 2))

Yo T(1/2)T((a + b+ 1)/2)

a Femesgeoan) =

/

3. Containment relations.

Theorem 1. Let —-1< B<A<L]1,6>-1and0 < a<éb+2 satisfy

(16) (6+2)(1-A)-a(l-B)20.
(a) Then
(17) Ts.a(A,B) C Ts0(A'. B)
where
o 1
(18) A—l-m_—a((6+2)(l-A)—a(l—8)).
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Further for f(z) € Ts,o(A.B) we also have

Di*1y(2) a (.1

(19) 576 ~5Ti s ow) = =d(z), s€U
where

1 <

Jsan) = D a a0
(20) 2z) =

fex‘p("‘-2 (t-l]Az}lL'P"dt ifB=0

(b) If in addition to (16) one has =1 < B < A< 0, then
(21) Ts.a(A,B) C Tso(l -2, -1)

6+2(B—A 6+2 -B ]-l

wlicrep':[F(l, 5o 1—3)

The result is sharp.

Proof. We follow the method similar to that of Mocanu et al. {18]. Since, for

T(n+4é . ! .
&> -1, Df(z)—z+za—t_?-i-)-ﬁ?£ﬁ,nmbemﬂyvenﬁedthu

(22) 3(Df(2)) = (6 + 1)D*+1 f(s) = 5D* f(2) .

Let f(z) € Ts4(AB) where § > =], a > 0 and =1 £ B < A € 1. Set
9(z) = z|D4f(2)/z]"/4*Y) and n = sup{r: g(z) # 0. 0 < |z| < r < 1}. Using
(22) it follows that

_2g'(z) _ D**'/(e)
(23) p(z) = 9(2) = D‘f(z)

is analytic in |z| < ry and p(0) = 1. Since f(2) € Ts,a(A, B), (9) coupled with (22)
easily leads to

zP!(z) 1+ Az

(24) P(z) + 3PG) 9 <175:’ lz] < ny
where B
1 1 : s+2
(25) P(z) = (1 - -ﬂ;)p(z) +5. withg= =" andy=-L
Using Lemma 1 we deduce that
14 Az
(20) P()<al) < pe» ll<r,
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where ¢(z) is the best dominant of (24) and is given by (10). Again by (19) we get

(27 p(z) < 2| < ry

s lgm) =i

where Q(z) iz given by (20).

By (25) and (26), we see from (23) that g(z) is starlike (univalent) in |z] < ry.
Thus it is not possible that g(s) vanishes in |z| < r; if ; < 1. So we conclude that
ry = 1. Therefare p(z) is analytic in U. However (27) implies that p(z) < g(z) in U.

Hence by (23), f(z) € Ty,o(A, B) implies o .‘, (z) =< ¢(z) provided 6, @, A and B

D"f( z)
satisfy (16). This proves (17) and (19).
(b) Next we show that

(28) Inf (Re q(z)} = d(=1) .

a+2

Hweaeta:ﬂ(-'ﬁ—‘).b:ﬂ+1.e=ﬂ+7+l (8= , 7= —1) then
¢> b> 0. From (20) by using (12), (13) and (14) we see that for B # 0

1
Q(s)= (1 + Bs)* / (14 Bts)=*f-' &t =

0
(29) =(1 +19s)‘£g")_l‘r—((:)__‘l (1+ Ba)™*F(a,e - bic; BB:- Bevl ™
i r(b)ll:((:)- b F(1,&¢;Bz/(Bs+1)) .

'Ibpm(zs)weshowmung{q( )}z 3= ”.xel/. Again (20), by (29) for
=1< B < A <0 (s0thate > e > 0), can be rewritten as

1
Q) = [ sit,5)dute
0

S (¢ 1+ Bz
o= T —08:
d
“n "(‘) = .L l“l(l = ‘]C—l—l dt
F(a)l'(e - a) ’

is a positive measure on [0, 1].
For =1 £ B < A < 0 it may be noted that Re {g(¢,2)} > 0, g(¢, —r) is real for
0Sr<1,t€[0,1)and

( 1 Yo fl+(l-t)8:)21—(l-t)8r__ 1
Lg(t,2) /) \"1+B: J 1-Br  glt.r)
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for |s| €S r < 1 and t € [0,1]. Therefore by using Lemma 2 we deduce that
1 . A . 1
{Rea(—z)-}zm,]z|5r<lu\dbylemngr—l weobtnnRe{Q(‘)}z

Q(l_"' 32 € U. This by (27) leads to (21). Hence the theorem
Putting 4 = 0 in the above theorem and using (23), (13) and (14) we obtain

Corollary 1. For f € H and 1 - (zﬁ) <€ B <0, (|B| £1) we have the sharp
result
D“"f(l} 3 D‘*’!(z) 1

U=pijGy * oG ~ T+ B

implies
D+ 1(s) 1

U.
Dfe) ~i1+B:’ '€

The case § = m € Ny, B = —1 was obtained by Al-Amiri [1] and by Rus
cheweyh [22 fora = 1. Takinga =1, A=1-2%, B = -1 in the above theorem
we obtain

1
Corollary 3. For all § > -1 and ml!{z-.-:—z-.a} € p < 1 we have

Tia(1-2p,-1) C Tyo(1 = 20", =1) where p* = [ F(1,2(6+2)(1 = p); (§ +2):1/2)]".

If we take p = (6§ 4+ 1)/(6 + 2) in Corollary 2 it follows that for f € H and

D*¥ir(z §+1 . D+ 1(2)
4 2 0 we have the sharp result Re D‘*';{x; > Y implies Re _DT[% >
F(l.2;6l+2;}) > ‘11. z € U. This improves Singh and Singh's result [24]
obtained for § = » € Np.
Taking A = 1 — 2p and B = —1 in Theorem 1, the fallowing Corollary not only
@ves the correct form of the containment relation (7) but also shows that it is not
possible to improve it further.

Corollary 8. Leté > -1,0<a < 6+2 and

o
°.+2'$p<l. Then

0+2)p-a
(30) Teall = 20,-1) € Tuo(1 - 255 —-1)
Further if f(2) € Ts.o(l — 2p.—1) then

(31)

D'+ y(s) a | frl—tay 222, 1., .
D*f(2) ‘5+2-n J(l—:) ‘ “]
Further more if max({ z-:.—z.é} < p<l then

(32) Tio(l =2p.=1) € Tso(l - 2p".-1)
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where o = [ F(1,2(222)(1 - ), S22 1),

The result is sharp.

Taking § =0, a = 2p/(p + 1) and p = p/(p + 1) in Corollary 3 we, by (15), find
that if f is p—convex (u 2 1), then f € S*(T((2 + u)/2p)/(x*/*T'(u + 1)/p)) which
in turn implies that £ € K (((s = 1)/p)T((# + 2)/26)/%'*T'((s + 1)/ps)). This is due
to Miller et. al. [17].

Similarly if we take § = 0, @ = 1 and p = (1 + A)/2 we obtain from Corollary 3
that for 0 S A < 1, € K(A) implies f € S*(3(A))
where

1-2)
1
2 log 2
The above expression for 8(A) can be obtained by expanding F{1,2(1 — A);2; 1/2).
This is due to Goel [7] and MacGregor [15].
The classes T4 (A4, B) have been defined for 6 2 —1. However, in Theorem 1, §

has been taken to satisly § > —1. The following theorem shows that it is possible to
obtain an extension of Theorem 1 for the case § = —1 and a - real with a > 0.

A #1/2
B(A) =

if A =1/2.

Theorem 2. Let f € H, § 2 =1, h be a conver univalent function in U unth
h(0) = 1. Then for a complez number a satisfying Re a > 0,

(33) (1-a)D‘+;f(‘) +aD‘+:’(” <h(z), z€U
implies

(36) D°+:f(z) < (6:2)"(%‘)!"“)!6'3""' e o

The above theorem can be proved on the same lines as those of Theorem 1 using,
in place of Lemma 1 the following well known result due to Hallenbeck and Rus-
cheweyh [9)].

Lemma 4. Ifp(z) =1+ pyz+-+- 1s analytic inU and h is a convez univalent
Junetion in U with h(0) = 1 and v is a complez number such that Re y > 0, then

(35) piz) + -’-%‘—) < h(z)

implies

plz) <gqlz) = 7:"’/h(l)l"" dt < h(z)
2

and ¢(z) is the best dominant.
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By giving different values to the parameters 6, @ and choosing suitable convex
function kb in the above theorem we get the improved form of the results obtained

by the authors [11], Chichra (5], Owe and Obradovic 21l Singh and Singh
[26] and others.

4. Integral transforms. For a function f € H, Libera [14] defined the
integral transform Fj(z) by

3
2
(36) Fy(z) = ;f!{f)ﬂ
)]
and showed that
(37) J €S or K implies that F} € S* or K

respectively. Bernardi [4] showed that the above result (37) continues to hold for
the more general integral transform

l14e¢ f A
= /t 1r()de

(38) Fe(z) =

where ¢ € N. Bajpai and Srivastava [3] extended the result of Bernardi to
S*(B) and K(B) (0 < 8 <1). FromLewandowski et. al (13] it follows that (37)
continues to hold for F.(2) if ¢ in (38) is taken to be a complex number satisfying
Ree 2 0.

Ruscheweyh [22] considered the Bernardi transform of functions in K, d:-
fined by (38) and showed that f € K, implies F.(z) € Ka provided Re ¢ > ——

Goel and Sohi [8] attempted to extend this result for Tp(l — 28,-1) for
Ree2(1-8)n-8 (n € Ny, 0 £ B8 < 1/2). Al-Amiri [2] showed that

-1
J € T4(0,-1) implies F.(3) € Ts(0,~1) provided Re ¢ > o whereas Singh
- - e
and Singh [24] showed that f € T,.(: :,—1) implies Fy(2) € T"(I-I-_:'-l)'
In our next theorem by showing that the class T,0(A, B) is preserved under the
Bernardi Transform (38) we not only get refinements of aforesaid results but also
show that it is not possible to improve them further.

Theorem 8. Let§ > =1, -1 £ B < A L1 and ¢ be a complez number
satisfying ,

§5(A-B)+A-1
1-8 ;

(8) If f € T4 o(A, B) then the function Fe(sz) defined by (38) satisfies Fe € Ts,0(A, B).
Furthermore we have

D'*'F () 1 g} = il
(40) A <,+1[Q(,)-(e 5] =), sev

(39) Ree 2
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where
1,14 Bray c+niag2
f *dt ifB#0
\ ]e {(1+6)A(t—1)z)tcdt if B=0.

§=(e+1)

1+6

(b) If in addition to (39), e is real and % >
[ € Ts0(4, B) we have

with B < 0, then for

D‘-H.Ft(z) e+1

DFc(z) = 6+1 [F(l.(l+a)((3-,4)/3;,+2;,,31(1_B)) —(e-a)] !

the bound is sharp.

Proof. Since Fe(z) = (z ﬂ zj) * /(2) = F(z), say, and

z Iin+é A :
D‘f(‘)=m‘f(‘ =z+n§(n—_—%l—) anz", it can be easily seen

from (38) that

(42) :(DF(z)) = (¢ + 1)D*f(z) - CD*F(2) .
We put
(43) S I=(zﬂi‘(z) )mm)

and ry = sup{r:g(z) #0, 0 < |z] < r}.
Then g(z) is single valued and analytic in |z| < r; and

1¢'(x) _ D*IF(2)
9(z) DiF(s)

(44) p(z) =

is analytic in |z] < ), p(0) = 1. (22) and (42) ensily lead to

z d41 -
5) (l+5)DD,FT‘)’ o= b (”""—Dnarﬁ)) ,

I f € Ts0(A, B) then it is clear that D®f(z) # 0 in 0 < |z} < 1. So (44) and (45)
give
D‘F(x) I+e

(46) D f(z) - c— s+ U+ 0p(3)
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Differentiating (44) and using (42) and (46), we get

+1 20'( s
(41) DA g+ s i<

Since f € T5,0(A, B), we have by (47) that

2p'(12) 1+ Az
(48) p(z) + B+ 1B’

Using Lemma 1, we deduce that

B=6+1, y=¢-§.

PRSI
BQ(z) B 1+Bz'

where Q(z) is given by (41) and §(z) is the best dominant. Sincefor-1 < B <A <1
it is easy to see that Re {(1 + Az)/(1 + Bz)} > 0in U, we have Re p(z) > 0 in
Jz| < ri. Now (44) gives that g(z) is univalent in |z] < r1. Thus it is not possible
that g(z) vanishes on |z| = r; if r; < 1. So we conclude that r) = 1. Therefore p(z)
is analytic in U and hence by (44) and (48) we obtain the first part of the theorem.

Proceeding as in Theorem 1 the second part follows. Putting 4 =1-2p, B = -1
in Theorem 3, we obtain

p(x) < glz) = gl < n

Corollary 4. Let 6 and p be real numbers satisfyingé > —1 and0 < p< 1.
() If f € Ts,0(1—2p,—1) andc is a complex number satisfyingRe ¢ 2 §—(1+6)p
then F.(z) defined by (38) satisfies F. € Ts0(1 — 2p,—1). Furthermore we Aave

D'*F(s) 1 11
D°F.(z)  §+1LQ()

c—&]:q’(z). 3/

where Q(z) is obtained from (41) withA=1-2p and H=~1.
(b) If ¢ is a real numder satisfying ¢ > mx{&—(l#)p,Z[&-(lH)p]} land ] €

Ts.0(1-2p,~1), thenF. € Tsp(1-2p',—1) withp' =

§+1 [F[l 202 + 6)(1 - p)ic+2;1/2)
(c— p)]. The result is sharp.

Remarks : (i) Substituting é = 0, in part (b)+o§Corolla.x)' 4 we see that
¢ .

J€S*(p) (0<p< ) imples F. € S* (F(l 20 = p)ie 1 2,1/2) c) provided
¢ 2 —p, which is the improvement of a result of Bajpai and Srivastava [3] and
Bernardi [4] fore= 1,2,.

(ii) Corollary 4 mdudes an improvemnent of the recent result of the authors (12,
Theorem 3} including the Singh and Singh's [24] result. That is for f € H,
p= ,{ﬂ-}h,&:n&N&ndc:litfollowsthat

Drtlf(z) 2n-1 Dt Fy(2) n
D76 > 2mrd) e R E G T Rel

selU

where F) () is defined by (36). This for n = 1 extends the results of Libera [14].
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(iii) It can be easily seen that by giving different values to the parameters §, 4,
B and ¢, the results obtained in this direction by Al-Amiri [2], Ruscheweyh
and Singh [23], Goel and Sohi [8], etc. get improved considerably in many cases.

In the case where ¢ in Bernardi transform (33) is taken to be §, Theorem 3 gets
improved as follows and can be proved on the same line as that of Theorem 3 (see
also [24]). So we omit its proof.

Theorem 4. Let§ > —1 and -1 < B < A< 1. If f € Ts0(A,B) then the
Junction F(z) defined by

2

R =22 (o150 a
0
belongs to Tas (A". B) Uk erecA? i B +;l_.+('52+ 1)

It is to be noted that for A = 1= 2p, B = -1 ud0$p<1mobtainthe
earlier result of the authors in [12, Theorem §]. For A=1 -~ 2( Tl ) B = -1 and

= n € No Theorem 4 leads to the result of Singh and Slngh [24).
The following theorem shows that it is possible to obtain an extension of Theorem
3, to the case § = —1 also. Since this can be easily proved nsing Lemma 4, so we
omit its prodof.

Theorem 8. Let§ > -1, Re(1+¢) >0, A de a conver univalent function in
U withh(0) =1 and f € H. Then we have

M < h(z) implies

w < g(z) = (1 4+ )3~ (149 / h(e)ec d&e

where F,, is defined by (38).

The above theorem generalizes and improves the earlier results obtained in {11].
For the case § = 0 and ¢ = 1, Theorem 5 not only generalizes an earlier results of
Libera [14] but also shows the result obtained is sharp. Further, Theorem 5 extends
the result of Singh and Singh [26, Theorem 4] for suitably chosen A(z).

4. Recently, Mocanu [20] showed that for f € H

1"(z) 2f'(2)
(49) IT,-(-;)-|< hesl -1|<1. 1€l
and in [25] Singh and Singh proved that if for some 4 > 0,
(50) Iﬂi.). | o ’"(')I (3), :ev

/() IZe)
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holds then f € S°. The resuits (49) and an improved form of (60) can be obtained
from the following more general theorem.

Theorem 6. If§ 2 —1 and f € H satisfies the condition

D"Hfg,) 1-q D""’f(z) M
1) l D% f(z) "ll |7,T+"i,—(;)'-M| <B(M,é7), z€U
for some 4 2 0 and M- < 1, where B(M, %) = [2M(5 + 2‘)(;:);)':' 8(6+ l)]'!li’ »
(52) ID;):;.{(; ~1|<1, z€U.

For the proof of the theorem we need the fallowing lernma.

Lemmna 8 [20]. Let Q2 be a set in the comples plane C. Suppose that the function
W : O? — O satisfies the condition

V(irg,m) €0

Jor all real ry and o; < —~ 1—'{! Fp(s) =1+ p3+--- is analytic in U and
¥(p(s),30'(s)) €N fors €U, thm Rep(s)>0inU.

' Proof of Theorem 6. Set p(s) = 2-5‘-% = 1, then p(z) is regular in U
with p(0) = 1. A simple calculation shows that

D*if(s)  1-17 DH3g(s
[DD‘[{z) l]l [FF;J'(;%'

53 ()1-77 1 1-p(z)) _ 22'(2) pan L
e l+:(z)] [8+2{(8+1)(1+p(3)) p(s)+l}+1 M] g
= ¥(p(2),29'(2)) ,
whepe
Col=ep=1p 1 (S4+1+(6+2)(A-M)-e—-r(M(6+2)-1) 117
'(""=[1+r] 5+2{ 1+r i

with ¢ = p(s) and o = 2p'(s).
By (53), we have to prove that |W(p(z),2p'(2))| < B(M,4,7), 3 € U implies
that Re p(s) > 0 in U which is equivalent to showing (52). Now for all real ry, and
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0 S —(1+r})/2, we have

Wirs o) = |G N6 +DA=M) o) + M6 +2) - )7

1413
_ 1 -2+ + (5 +2(1=M)}e
DR 1+1 8
J ”(f:r?“ =M -] 2

2 g [ +{6+0+ 6+ 20 - 101+ M6 +2 -1 =
= [(2M(6+2)—3)’ +8(6+1)y7 4

GTop ]
= B(M, 6, )

Taking ) to be the set 3 = {w € O : |w| < B(M.6,7)}, we see by lemma 5 that
Re p(z) > 0 in U. Hence the theorem.

Remark. Taking § = 0 and M = 1 in Theorem 6, it folows that for ¥ 2 0 and
fed&,

60 |LG o)L < 3 imptn [ L 1| <1, sev

whereas for § = —1 and M = 0, Theorem 6 gives
(8) (=) - ll"’|1+ %;-)r < ()7 implies |f*(s) = 1| < 1, s €U.

(54) improves Theorem 3 in {25] while (55) gives Theorem 4 in [25]. The case y =1
in (54) is due to Mocanu [20].
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STRESZCZENIE

Otrsymano pewne zastosowania podporssdkowania réenicakowego Briota-Bouqueta, ktére ule-
ps3ajy i zacstrzajy killa znanych twierdsed teorii funkcji jednolistnych. W ssceegéinodd otrsymano
w ten sposéb zacstreenie pewnych wynikéw dotyczecych transformat Libery i Bernardiego.



