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Some Applications to Briot-Bouquet Differential Subordinations 

Kilka zastosowań podporządkowania różniczkowego Briota-Bouqueta

Abstract. Some applications of Briot-Bouquet differential subordination are obtained which 
improve and sharpen a number of classical results in the univalent functions theory. These also lead 
to sharp results for Libera and Bemardi transforms.

I. Introduction. Let H denote the class of functions /(«) of the form
oo

f(z) = z + 22 an«" which are analytic in U = {z : |*| < 1}. Let S, S*\J3) andnss2
K(fi) (0 < < 1) denote the subclasses of functions in H which are respectively
univalent, starlike of order 3 and convex of order 3 in U. We denote S*(0) = 5*, 
A’(0) = K. For given arbitrary numbers A, B satisfying — 1 < B < A < 1, we denote 
by P(A,P), the class of functions of the form

(1) p(s) = 1 + Pi*+ •••

which are analytic in U and satisfy the condition

(Here stands for subordination). The class P(A,B) was investigated by 
Janowski [10]. By S*(A, B), we mean the class of functions f € H such that 
*/'(*)//(*) €P(A.P).

Similarly, by K(A,B) is meant the class of function / € H satisfying 
(«/'<»))'//*(«) e P(A, B}. It is clear that S*(l - 23, -1) = S‘(3), K( 1 - 23, -1) 3 
ff(3), (0 < 3 < 1), and that for 0 < 3 < 1, S’ (3) C S', A'(3) C K.

In [22], Ruscheweyh introduced the class K„ of functions / 6 H satisfying

(2) ~ } > 1/2 ’ teU' "€Aro 3iVu{0}= {0,1,2,...}

where Dnf(z] = (z/(l — r)"+l) • /(«)• (Here • stands for the Hadamand product or 
convolution of two analytic functions.) In [1], Al-Amiri investigated the classes
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K„{a) ot functions f e H, 0 in 0 < |i| < 1 satisfying,

(3) Re {/„(/;«)} >1/2, zeU

for some a > 0, where

(<) /„(/;«) = (l-o) 0"+>/(z)
0"/M

£"+’/(*) 
P«+1/(S) ’+ o

and showed that for each n € No, and a > 0

(5) *„+,(«) ctfn(0)

The case a = 1 in (5) is due to Ruscheweyh [22].
Goel and Sohi [8] further generalized the class Kn(a) by introducing the class

r„,4(o). Thus a function / € JT is said to be in T„,fl (a) if for 0 < < 1/2, and a > 0
the condition

(6) Re {/„(/;«)} > fi , z € U

holds, where /„(/¡or) is given by (4). It was also claimed in [8, Theorem 1 and 
Theorem 5] that

(7) r„+i,4(<r) C rn>i(0) for all n € tfo, 0 < 0 < 1/2 and a > 0.

However, as shown by the authors [12], the containment relation (7) is not in general 
valid. In fact, a rectified version of (7) is shown to be true in [12].

Recently, many of the classical results in univalent function theory have been 
improved and sharpened by the powerful technique of Briot-Bouquet differential sub­
ordination (see eg. [6], [18], [19] etc). Recall that a function p(r) analytic in U with a 
power series of the form (1) is said to satisfy Briot-Bouquet differential subordination 
if

<’>•

for 3 and 7 complex constants and h(z) a convex function with fi(0) = 1 and 
Re {(lh(z) + 7} > 0 in U.

The univalent function q(z) is said to be a dominant of the Briot-Bouquet differ­
ential subordination (8) if p(z) ■< q(z) for all p(r) satisfying (8). If q(«) is a dominant 
of (8) and q(z) ■< q(z) for all other dominants qr(sr) of (8), then q(z) is said to be the 
best dominant.

In the present paper, we propose to give some applications of Briot-Bouquet dif­
ferential subordination which would not only improve and sharpen many of the earlier 
results for the classes S*(A,B), K„(o), T„^(a) etc, but would also give
rise to a number of new results for other subclasses as well. This is accomplished by 
introducing and studying a very wide class Ts,o(A,B). Further use of Briot-Bouquet 
differential subordination to the investigation of Libera and Bernard! transforms of 
this class leads, perhaps for the first time, to sharp results in this direction. Finally,
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using differential subordination, we improve and generalize results of Singh and 
Singh [25], and Moc&nu [20].

2. Ws introduce the class T«,a(A,5) as follows.

Definition 1. Let A, B, a and 6 be arbitrary fixed real numbers such that 
—1<5<A<1, a>0 and S > —1. A function / € H is said to be in the class 
Ts^(A, B) if it satisfies

(»)' ,€tr

where

/,(/;«) = (1 - > “d D*M = (’/(! - *)*+*) • /(')•

It is readily seen that To,o(A,B) = S*(A,B) , To.i + ^,B) = K(A,B). 

Farther it is clear that Tn,o(O,—1) , n € No is the dass K„ defined by Rus 

cheveyh [22], whereas the dass Tn,o( £ l) s Rn has been studied by S

ingh and Singh [24], the dass rn,o(l - 2d» —1) (0 < d £ 1/2) is the dass 
considered by Goel and Sohi [8]. The dasses T„^>(0, -1) and Ti,o(O, — 1) were 
considered by Al-Amiri [1, 2] and Ti,o(l — 2d»—1) (d < 1) has been recently 
studied by the authors [12]. Farther taking 6 = 0, a = 2p/(p + 1) (p > 0), 
A = 1 - 2(p/(p + 1)), B = -1, it is seen that the class Ti,a(A, B} reduces to the well 
known dass of p-convex functions [16] which is a subclass of S* if p £ 0 and of K if 
p>L

In order to prove the main theorems we will need the following lemmas.

Lemma 1. [18, Corollary 3.2] 1} -1 < B < A < 1, > 0 and complex number
1 satisfy Re 7 > -(1 - A)d/(1 - B), then the differential equation

«(«) + faM + i
1 + As 
1 +J?s

has a univalent solution in U given by

o

(10)
s^expfdAr)_____ 7

d J <*+'»”1 • eicp{PAt}dt & 
o

»75 = 0

l/p(s) it analytic inU and satisfies

i \ l + A*p(’) + di>W+7 1 + Bs

t
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thcnp(z) -< q(z) •< ----- — andq(z) is the best dominant.

Lemma 2. (28, Lemma 2] Let p be a positive measure on the unit interval
I = [0,1]. Let g(t,z) be a function analytic in U for each I € [0, 1], and integrable in 
t for each z&U and for almost all I € [0,1], and suppose that Re {g(t, z)} > 0 onU 

g(t, —r) is real for r real and Re { -■-■■■ —y for |z| < r and t € [0,1). If

?(*) = / ?(*- *) «M0, then R* {-7-7} > ~-r for |z| < r. 
i tfU, ?(-«■)

Fbr «, b, c real numbers other than 0,-1, —2,..the hypergeometric series

(H)
' a'e a(« +1)6(6+1) 2F(«,6;c;z) = l + — , +z + ■

represents an analytic function in U (27, p.281]. The following identities are well 
known.

Lemma 3. (27, Chapter XTV). Fora. 6, c real numbers other than 0, —1, —2,.. 
and c > b > 0 we have

1
(12) I t»-^i-,Y-^(i~t-z)->dt=^^-^F(a,b;c-,z)

(13)

(14)

(15)
- \ 3 / • \ 3 /

1

3. Containment relations.

Theorem 1. Let — 1 < B < A < 1, 6 > — 1 and 0 < o < 6 + 2 satisfy

F(a,6;e; z) = F(6, a;e;z)

F(o,6;qz) = (1 - z)"’F(a,e-6;e;z/(l - 2))
,.a+6+,.,/o\_r(l/2)r((a + 6+l)/2) F( a, 6, -V-, 1/21 - . .. r-æ.

(16, (6 + 2,(1 - A) - o(l - B) > 0.

(a) Then

(17, Ti,a(A.B)cTi,0(A'.B)

where

6 + 2 — 0
((6 + 2)(1 — X) — o(l — BJ) .(18)
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Further for f(z) € T«,0(A,B) we alto have

(19)

where

(20)

D6+'f(z) , a / 1 \ ,
Dtflz) * 6 + l-a\Q(z)l *eU

i/B*a
<?(«) =

tiiBUY 
i \ 1 + Bz )

fexpi - - (t — dt if B — 0
, n 1 a )

- I o

(b) If in addition to (16) one hat — 1 < B < A < 0, then

(21) r,.a (A, 5)0 74,0(1-2^-1)
, r , 6 + 2 ,B —A 6 + 2 -B x1-j wAerep'=[F(l,—(~g-,—;—)] .

The retult it tharp.

Proof. We follow the method similar to that of Mocanu et ah [19]. Since, for
6 > -1, D* f(z) = i + £ n , it can be easily verified that

I" ~ i);r(« + 1)

(22) W'fW = (6 + l)Di+lf(z) - 6DAf(z) .

Let f(z) € Tt>a(A,B) where 6 > —1, a > 0 and — 1 < B < A < 1. Set 
ff(x) = x[Di/(i)/r],^4+,i and n = sup{r : ff(r) # 0, 0 < |i| < r < 1). Using 
(22) it follows that

(23)
Di+'fW
D*f(z)

is analytic in |«| < n and p(0) = 1. Since /(«) € Ttia(A,B), (9) coupled with (22) 
easily leads to

(24)

where

(25)

. zP'(z) 1 + Az , .P(z) + 3P(i) + 'T 1 + Bz ’ ***, Id < n

P(x) = (l-4)p(*)+| , with d = and K=-l
d

Using Lemma 1 we deduce that

(26) P(z) ■< 9(r) < , Id < r ,
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where q(x) is the best dominant d (24) and is given by (10). Again by (19) we get

m >’w< 1+137 loh)]"iw' |,|<ri

where Q(x) is given by (20).
By (25) and (26), we see from (23) that j(t) is starlike (univalent) in |z| < r>. 

Thus it is not possible that p(s) vanishes in |x| < rt if rt < 1. So we conclude that 
— 1. Therefore p(z) is analytic in V. However (27) implies that p(z) -< q(x} in U.

0^+* f (z}
Hence by (23), /(*) € Ts „(A, B) implies ■ ; ~ -< v(z) provided 6, a, A and J?

D /(»)
satisfy (16). This proves (17) and (19).

(b) Next we show that 

(M)

If we set a = ^(—«~)» *=0 + 7» « = 0 + 7+1 (0 = ~~. 7 = -l) then 
e > b > 0. Ftam (20) by using (12), (13) and (14) we see that for B # 0

(29)

i
Q(x) ss (1 + Bx}* y (1 + «»)*"<*“* dt = 

o

= <! + **)•
r(t)r(e-t)

r(e)
(l + 0»)-f(«,e-h;r, Bx

Bx + 1
rwr(e-h)

r(e)
F(l,a;r,Bx/(Bx + 1)) .

Tb prove (28) we show that Re { . x e U. Again (20), by (29) for

—1 < B < A < 0 (so that e > « > 0), can be rewritten as

i<?(*)=y
o

where
_ 1 + Bx

1 +(1-1)0«
and

is a positive measure on (0, lj.
For — 1 < B < A < 0 it may be noted that Re {;((,«)} > 0, f(t, —r) is real for 

0 < r < 1, ( € [0,1) and

f 1 1 _ fl + (l-<)fl«l > 1-U-Qgr______
lf(t,s)/ 1 1 + 0« / l-0r p(l,r
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for |«| < r < 1 and t € |0, lj. Therefore by using Lemma 2 we deduce that 
{Re > 57777, |*| < r < 1 and by letting r - 1* we obtain Re {q^j} £

<?<-!)

<?(*)’ - <?(-r)’
, * € U. This by (27) leads to (21). Hence the theorem.

Putting A as 0 in the above theorem and using (23), (13) and (14) we obtain 

i + 2
Corollary 1. For f e H and 1 - (—-—) < B < 0, (|2?| < 1) wt hone the sharp 

result
, *'+’/<»> t 1

' ' D*J(z) + P4+'/(z) 1 + Rz

implies

£>*/(*> 1 + 2?*’
«€17

The case h — n € No, B = — 1 was obtained by Al-Amiri (1] and by Rus- 
cheweyh [22] for a = 1. Taking o = 1, A = I - 2*, B = —1 in the above theorem 
we obtain

Corollary 2. For all < > —1 and max{y-^,^} < p < 1 we have 

r4., (1 - 2p, -1) C r4,0(1 - 2/', -1) where /»" = [ f (1,2(i + 2)( 1 - p); (« + 2); l/2)]~1.

If we take p = (< + l)/(i + 2) in Corollary 2 it follows that for f € H and
D^+’/iz) i + 1 I^+'/iz)

b > 0 we have the sharp result Re pj+rypy > ¿+~2 ) *

F(l 2- j + 2- j) > 1 € ‘mProves Singh and Singh’s result [24]

obtained for 6 = n € No-
Taking A = 1 — 2p and B = — 1 in Theorem 1, the following Corollary not only 

gives the correct form of the containment relation (7) but also shows that it is not 
possible to improve it further.

Corollary 3. Let 6 > — l,0<a<i + 2 and ■ ■ < p < I. Then b T<

(30) T4.o(l - 2p, —1) C r,.o(l -

Further i//(z) € Ti,o(l - 2p,-1) then

(31)
z>Vb) 6 u

Further more i/max{ —} < p < 1 then 
b 4" 2 2

(32) T4.„(1 - 2p. -1) C r4.o( 1 - 2p"'. -1)
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uAere //" = [ F(l,2(^-~)(1 - p), })]_1.

The result is sharp.

Thia ng 6 = 0, a = 2p/(p + 1) and p — p/(p + 1) in Corollary 3 we, by (15), find 
that if f is /»-convex (/» > 1), then f € S*(r((2 + p)/2p)/[xl^T(p + 1)//*)) which 
in turn implies that f € A'(((/»- l)//»)r((/» + 2)/2/»)/jr,^,r((/« + 1)//»)). This is due 
to Miller et. al. (17).

Similarly if we take 6 = 0, a = 1 and p = (1 + A)/2 we obtain from Corollary 3 
that for 0 < A < 1, / 6 A(A) implies f € S*(3(A))
where

£(A) =

1-2A
29-aA[i_2n-i]

1
2 log 2

if A# 1/2

if A = 1/2.

The above expression for 3(A) can be obtained by expanding F(l,2(l - A); 2; 1/2). 
This is due to Go el (7] and MacGregor (15).

The classes Ts,a(A,B) have been defined for 6 > — 1. However, in Theorem 1, 6 
has been taken to satisfy 5 > —1. The following theorem shows that it is possible to 
obtain an extension of Theorem 1 for the case 6 — — 1 and a - real with a > 0.

Theorem 2. Let f € H, 6 > —1, h be a convex univalent function in U with 
A(0) ss 1. Then for a complex number a satisfying Re a > 0,

(33)

implies

(34)

{1.o)£ïiAii + o£^.AW, ,€IZ

0,+7W J *(0^"* dt ■< *W . « 6 If

The above theorem can be proved on the same lines as those of Theorem 1 using, 
in place of Lemma 1 the following well known result due toHallenbeck and Rus- 
cheweyh (9).

Lemma 4. If p(r) = 1 + Pi« + • ’ • is analytic inU and h is a convex univalent 
function in U with A(0) = 1 and 7 is a complex number such that Re 7 > 0, then 

(35) p(r)+3^ ■< h(z)

implies I
=’I*""’ f h{t}l‘,~l dt ■< h(z}

0
and q(z) it the but dominant.



Some Application* to Briot-Bouquet Differential Subordinations 137

By giving different values to the parameters 6, a and choosing suitable convex 
function h in the above theorem we get the improved form of the results obtained 
by the authors [11], Chichra [5], Owa and Obradovic fill. Singh and Singh 
{26] and others.

4. Integral transforms. Fbr a function / € jff, Libera [14] defined the 
integral transform Fj (z) by

X
(36) F^^-J

o

and showed that

(37) f GS* or K implies that Fi € S* or K

respectively. Bernardi [4] showed that the above result (37) continues to hold for 
the more general integral transform

X

(38) Fe(z) = i±iyt'-‘/(t)dt

o

where e £ N. Bajpai and Srivastava [3] extended the result of Bernardi to 
S*(j9) and K(fi) (0 < fi < 1). FYomLewandowski et. aL [13] it follows that (37) 
continues to hold for Fe(z) if e in (38) is taken to be a complex number satisfying 
Re e > 0.

Ruscheweyh [22] considered the Bernardi transform of functions in Kn de­
fined by (38) and showed that f € Kn implies Fe(z) € Kn provided Re e > —y—• 
Goel and Sohi [8] attempted to extend this result for T„(l - 23,-1) for 
Re e > (1 - fi)n - fi (n € No, 0 < 0 < 1/2). Al-Amiri [2] showed that 

f € T<(0,-1) implies Fe(z) € T<(0,-1) provided Re e > —y whereas Singh
and Singh [24] showed that f € T„(-—-l) implies Fi(z) € Fn(| —l).

In our next theorem by showing that the class Tt,o(A,B) is preserved under the 
Bernardi Transform (38) we not only get refinements of aforesaid results but also 
show that it is not possible to improve them further.

Theorem 3. 
tatisfying

(39)

Let 6 > —1, — 1 < B < A < 1 and e ie a complex number

Ree>
i(A-F) + A- 1

l-B

(a) If f € ?«,o(A, B) then the function Fc(t) defined by (38) »atiifies Ft € TS,o(A, B). 
Furthermore we have

D^F^t) -< — i —
¿ + 1 IQ(x)

ceU(40)
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where

(41)

........

/exp{(l+ 6)A(t - l)z)fe<ft iJB — Q. 
1 o

(b) If in addition to (39), e is real and — > —-—-— with B < 0, then for B 1 + w
f € Tgfi(A, B) we have

e+1p^r,(x) l 
DsFc(z) ¿+1 lF(l,(l + i)((jP-A)/J?;e + 2;-BZ(l-O

the bound is sharp.
oo .

Proof. Since Fe(z) = ’*) * /(*) — ?(*)> 8ay>

-(«-<)] ,

p</(z) = (T^F+r• /(*) =z + £ (nij keasily““ 

from (38) that

(42)

We put

(43)

:(.£>%))' = («+ 1)Z>7(*) - GDiF(z) .

, . ,D4F(z)\i/<»+«>

and ri = sup{r : j(x) #0, 0 < |z| < r).
Then j(z) is single valued and analytic in |z| < n and

(44) p(a) = »/(a) D*'F(s)
9(z] ~ D*F(z)

is analytic in jz| < r», p(0) = 1. (22) and (42) easily lead to

(45) D*F(z} •

If f € ?«,o(A, B) then it is clear that D6f(z) 0 in 0 < |x| < 1. So (44) and (45) 
give

D6F(z) 1 + e
D*f(z) ~ e-6 + (l + 6)p(z) ■(46)
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Differentiating (44) and using (42) and (46), we get

Since f € 7i,o(A,J?), we have by (47) that

(«) p(<) + x rM* » P = 6+l , 7 = e - i .0p(*) + 7 l + Bz'

Using Lemma 1, we deduce that

, x , 1 7 1 + Az
=w^-?-iy+k> 1*1 < n

where Q(z) is given by (41) and q(z) is the best dominant. Since for — 1 < B < A < 1 
it is easy to see that Re {(1 + Az)f(l + Bz)} > 0 in U, we have Re p(z) > 0 in 
|s| < rj. Now (44) gives that jf(z) is univalent in |x| < n. Thus it is not possible 
that g(z) vanishes on |*| = n if n < 1. So we conclude that n = 1. Therefore p(r) 
is analytic in U and hence by (44) and (48) we obtain the first part of the theorem.

Proceeding as in Theorem 1 the second part follows. Putting A = 1 — 2p, B = — 1 
in Theorem 3, we obtain

Corollary 4. Let 6 and p be real numbers satisfying 6 > — 1 and 0 < p < 1.
(a) If f € Tf,o(1— 2p, — 1) ande is a complex number satisfying Re e > 6 — (l+<)p

then Fe(z) defined by (38) satisfies Fc € Ti,o(l — 2p, —1). Furthermore we have

Dt+1Fe(z) 1 r 1 
D6Fc(z) 6 + 11<?(2) “ 1

-6,=i(x), zeU

where Q(z) is obtained from (41) with A = 1 — 2p and B = —1.
(b) If e is a real number satisfying e > max{6-(l+i)p,2[6-(l+i)p]} and f €

r,t0(l-2p,-i), thenFc € rii0(l-2p',-l) unthp' = yy-j 2(1 + i)(l - p);e + 2; 1/2) 

(c — p)]. The result is sharp.

Remarks : (i) Substituting 6 — 0, in part (b) of Corollary 4 we see that
f € S*(p) (0 < p < 1) implies Fe € S*(yp-^T^T+M/^) " prwided 

e > — p, which is the improvement of a result of Bajpai and Srivastava [3] and 
Bernar di [4] for e = 1,2,.. v

(ii) Corollary 4 includes an improvement of the recent result of the authors [12, 
Theorem 3) including the Singh and Singh's (24) result. That is for f € H, 
p = . b = n € N and e = 1 it follows that

D"+7(r) 2n — 1 . ,. D P"+,F,(x)
Re —> ———77 implies Re —— > z€U

Dnf(z) ' 2(» + l) DnF\\z) ' n + 1 ’

where Fi (») is defined by (36). This for n = 1 extends the results of Li bera [14].
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(iii) It can be easily seen that by giving different values to the parameters 6, A, 
B and e, the results obtained in this direction by Al-Amiri [2], Ruscheweyh 
and Singh [23], Goel and Sohi [8], etc get improved considerably in many cases.

In the case where c in Bemardi transform (38) is taken to be 6, Theorem 3 gets 
improved as follows and can be proved on the same line as that of Theorem 3 (see 
also [24]). So we omit its proof.

Theorem 4. Let 6 > — 1 and -1 < B < A < 1. If f € Ti,o(A,5) then the 
function Ff (x) defined by

F‘W = ^rf t‘-'f(t)dt 

0

belongs to T<,i (A", B) where A" = -
b + 2

It is to be noted that for A = 1 — 2p, B = — 1 and 0 < p < 1 we obtain the
earlier result of the authors in [12, Theorem 5]. Fbr A = 1 — 2(----- -), B = — 1 and

n +1
6 = n 6 No Theorem 4 leads to the result of Singh and Singh [24],

The following theorem shows that it is possible to obtain an extension of Theorem
3, to the case 6 = — 1 also. Since this can be easily proved using Lemma 4, so we 
omit its proof.

Theorem 5. Let 6 > —1, Re (1 + e) > 0, h be a eonvex univalent function in 
U with A(0) = 1 and f € H. Then we have

x A(z) impaCJ < f (,) - (1 + e),-(»+«) j h(t)te dt

where Fe is defined by (38).

The above theorem generalizes and improves the earlier results obtained in [llj. 
For the case 6 = 0 and c = 1, Theorem 5 not only generalizes an earlier results of 
Libera [14] but also shows the result obtained is sharp. Further, Theorem 5 extends 
the result of Singh and Singh [26, Theorem 4] for suitably chosen h(z}.

4. Recently, Mocanu [20] showed that for / G H

(4#) ztU

and in [25] Singh and Singh proved that if for some 7 > 0,

(50)
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holds then f € S*. The results (49) and an improved form of (50) can be obtained 
from the following more general theorem.

Theorem 6. 1/ 6 > — 1 and J € H aaiisjiea ike condition

Fbr the proof of the theorem we need the following lemma.

Lemma 5 [20). Let 0 be a set in the complex plane C. Suppose that the Junction 
¥ : O’ -» C satisfies the condition

I

Jor all real rj and Sj < — * + /¡Fp(x) = I + pix + •••«* analytic in U and

♦(p(x), *P*(*)) € 0 Jor x € U, then Re p(x) > 0 in U.

Proct of Theorem 6. Set p(x) = 2^+{y"-~ — 1. then p(x) is regular in U 

with p(0) = 1. A simple calculation shows that

where

., _ [1 “rl,“1 i 1 1 * + l + (* + 2)(l-A/)-s-r(A/(* + 2)- 1) 11i
'r’’,“ll + rJ lf + 21 1 + r JJ

with r = p(x) and • = xp'(x).
By (53), we have to prove that |*(p(x),xp'(x))| < * € U implies

that Re p(x) > 0 in V which is equivalent to showing (52). Now for all real rj, and
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«1 < “(1 + r’)/2, we have

|4r(,^>,1)|’ = [ «* + *) + (* + 2)(1 - M) - ».)» + d(M(f + 2) -1)» p =

' I 1 + 7j

1 r»’-2{(6+l) + (6 + 2)(l-Af))s,
(6 + 2)’i I 1 + rJ

+<(<+1)i^)(1~M)+<"<*+2> - *>T2

> (^T_[l + {(« + l) + (< + 2)(l-M)) + (Ai(i + «-n’]’ =

f(2Ai(6 + 2)-3)’ + 8(6 + l)p_
“I 4(6 + 2)’ J "
= W,6,7)

Taking 0 to be the set fl = {w € C : |w| < #(Ai.6,7)}, we see by lemma 5 that 
Re p(*) > 0 in 17. Hence the theorem.

Remark. Taking 6 = 0 and M = 1 in Theorem 6, it folowa that for 7 > 0 and 
/etf,

whereas for 6 = —1 and M = 0, Theorem 6 gives

(55) |T(r) - l|»-?|l + ifflp < (f f implies |/'(«) - 1| < 1 , s € U.

(54) improves Theorem 3 in [25] while (55) gives Theorem 4 in [25]. The case 7=1 
in (54) is due to Mocanu [20].
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STRESZCZENIE

Otrzymano pewne aaztoeowania podporządkowania różniczkowego Briota-Bouqueta, które ule- 
pezaj* i zaartrzaje kilka znanych twierdzeń teorii funkcji jednolirtnych. W rzcngólnoici otrzymano 
w ten «porób zaoetrzenie pewnych wyników dotyczących traneformat Libery i Bemardiego.
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