ANNALES UNIVERSITATIS MARIAE CURIE-SKLODOWSKA

LUBLIN-POLONIA

VOL. XLlII, 13 SECTIO A 1989

Zaklad Zastosowan Matematyki
Instytut Teorii Rozwoju Spoleczno Ekonomicznego UMCS

A. WESOLOWSKI

Quasiconformal Extension for Functions Defined
in the Upper Half-ple ne

Quasikonforemne przedluzenie funkeji zdefiniowanych
w gornej polplaszczyznie

Abstract. In this paper sufficient conditions for functions defined and locally univalent in the
upper half-plane U to have a K —quasiconformal extension to the whole complex plane C are given.

This result generalizes the results of Anderson, Hinkkannen [2) and Lewandowski,
Stankiewicz [3].

Anderson and Hinkkannen in a recent paper [2] proved a certain univalence
condition for functions'f meromorphic in upper half-plane U = {z : Im z > 0} given
in terms of the Schwarzian derivative

o f”(z) 1 -]; fll(z) 2
Sf(z) 7 (f’(z)) 2 ( f’(z)) =
This result was based on a hypothesis established by Ahlfors [1].
The Theorem proved here and based on a theorem given in [4] is an essential
generalization of results due to Ahlfors (1], Anderson and Hinkkannen [2],
Lewandowski and Stankiewicz [3].

Theorem . Let f and g be meromorphic and locally univalent functions in U.
If for the function g and some fized k, 0 < k < 1, there ezists a holomorphic function
c(z), z € U, such that

d(z) _¢"(z)
% ~ 7o) 5

e(z)—1+ 2iy(

(1) |C(Z)_1| Sk )

and the function f satisfies the inequality

(@) [27(S1(x) = Sy(2)) - 2iy('(x) - c(z)j’.(‘:)’) = e(z)(e(z) = 1)| < Kle(2)]

y=Imz, 2€eU
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then f is univalent in U and has a quasiconformal extension to the whole complez
plane C. If additionally the assumptions of the theorem are satisfied in
U ={z:Imz > 0} then the quasiconformal eztension has be form :

f(z) forzeU
L
AT 7 UG I UG
* 5@ Lot 1)
For k = 1 the inequality (2) together with (1) imply univalence of function
famU.

F(z2) =

z€ L={z, Imz2 <0}

Proof. We may assume the non-existence of poles of the functions f and g and
" "

zeros f" and ¢"” on the positive imaginary axis and also 7 - g_' # 0.
" "
If the above holds then the proof is trivial. In the case fF_ —gg7 =0inlU,S;=S5,
and further part of the proof with some changes remains true.

For R > 0 we denote

DR={Z!|Z—2()‘<R}, 20=20(R)=iv1+R2

(3) Dr={z€C: |z-2|>R)=C-Dg
Cr={z:|z— 20| = R} =8Dgr = 0D}y
Rz EZQ—I

Let z = hplw) =20+ —— = ~
w-—-2p o - Zy
respect to the circumference Cr and

, hr(w) is an anticonformal reflection with

’giirlw hp(w) =w .

We observe that if 0 < Ry < R < +-- < R, = 00 as n — oo then

1 o0
(4) U= P
n=1
. Moreover
0z oz —-R? . z
(5) "E=0. 8—5=ZE_—20)2—’ z—hn(z) and Rh—ronw%_l
and
a — a
(6) ﬁz'SI for we Dp ia—;i=1 for z€Cgr.

And finally we put

- g'(2)
.(7) v(z) = \/f'(z)
(8) u(z) = f(z) - v(z) .
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Hence

(9)

Also from (8) taking (9) we have

uv—u' =g
/"

':T 9'(51 "Sg)

(10) u'v —uv'' =g
u'v' - u'v" =
We observe that v and v are meromorphic functions in U, f, ¢ cannot have maltiple
poles and f',¢' cannot have zeros. i
Let Fp be the function obtained from f by restricting the range to Dg and
subsequently extended on the whole elosed plane C in the following way :

flw) for w € ﬁn

1A - 7
(11) Fr(w) = 4 (e =T w'(z)

i 5
Iv(-)} (i:) '(z)

for w € Dy

By (9) Fr(w) has the form

[ f(w) forwe Dy

> f'(z)
| - c(z)
If(z)+1“w__z( (2)_f”(2)\

2%(z) \g'(z)  f'(=)/

Next it needs to be proved that the function is a local homeomorphism mapping
the plane C onto C with complex dilatation bounded by k, 0 < k < 1.

In order to demonstrate this we consider the following cases :

1°. The function Fg = f(z) is a locally conformal mapping in the domain Dp
and so it is a local homeomorphism with the complex dilatation equal zero in Dy.

(12) Fg(w)=

, z=hp(w) € Dp, w € Dy.

2°. In the domain D}, \ {oo} the formal derivatives of the function Fp(w) are
expressed using (10) and (9) by the equalities :

(13) LA f'(2)
ow g"(z) A f"(z) 2
c(Z)[l + 2c(z) (g’(z) 7(2) )]
aF, z "
(14) 3Fn a:{c(z)-l—(m_ }( ((z)) q'((:)))
l { R‘Z - :
5 !‘[s (S!(Zl—s’( ))} ( m) 2= hpte)
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It is known that Fpr(w) is a local homeomorphism preserving the orientation for
w € D* \ {oo} if the modulus of complex dilatation

|3F}1 OFﬂl

| o 0w|"k<l'

w=pu(Fr) =

So p(Fp(w)) is bounded by k < 1 if

R? A(€2)  g"(2)
fomop |40 1= =035 - G )

q
+é e C(z)) (S1(2) - S4(2))| < & .

The last inequality is equivalent to the following

d(z) - “{z)z'f(:}) i
(15) 207 (S4(2) = 5y(2)) - ——— 1 4+
('(z)(c(z) 3 49?17 - %[
—(—_—2),—4!/ |Skm'|c(2)|

From the assumption of the theorem and in particular from the inequality (2) it follows
that the condition (15) will be satisfied if the following condition. which follows from
geometrical considerations, is satisfied

W=z "z "(2)\ 2iy(w — z) — 4y?
1) () @IS () Sl Il -9 o4
43 -3 2
Sk( ;Jﬁ—;il _1)'

We observe that

2iy(w — z) — 4y? = 2iy(w — z + 21y)

(17) (w—2)* +4y° = (w - z + 2iy)(w — z - 2iy)

Hence the inequality (16) can be rewritten in the form :

R PR S
Sk4y jw—zo|* = R*|w — 2|2

R|w - z| - jw — z + 2iy|

Now using (1) the left hand side of the inequality (18) can be estimated as follows :

2%y 1d(z) #(2)\e 2
e ar’ (c(:) T g'{z))z'”l < (] t. [wfz]

((2)-1)2
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Considering the above we can see that the inequality (18) will be satisfied only if one
of the following inequalities is satisfied :

2y 4’ w — 20|’ — R?|w —

14 .
lw—z| = RP|lw-—z| |w-z+2iy|
, 4y
(19) (lw = z| + 2y)jw — z + 2iy| < 'j'g? lw= 2] — |w—z|? .

Moreover, we observe that for z = hg(w) the expression

- o I
(20) Wk g 3 zo_l_|z 20|

w— zg w— zg R?

is nonnegative for w € D,.

If we put
z—z=re’ 0<r<R, pe€(0,2n)
vy _
(21) R—A
r_|z—z| _
i =t, te(0,1)
then
1 _Z-% _ g i
e 1P rR™ ‘e
(22) y=Imz=Im(re')+ 1+ R? = rsinp + V1 + R?
y V1+R? :
A=~}-_l.-—R—+tsm¢
Moreover,

0<1-t"+24t<1-t2424 for te(0,1), A>0,
2V1 + R?
R

(VI+R2-1)+1+2tsing +t>>0.

24 —-(1-t}) =

_2
"R

+2tsing — 1412 =

Hence the inequality (19) can be rewritten by (20), (21) and (22) in the following
form :

(23) (1—1% 4 24t) |1 — t? 4 2Atie | <44 - (1 —t?)?,

which 1s satisfied if ;
11— % + 2A4tie ™| <24 - (1-1?).

The last inequality is equivalent to : 1 +tsingp < A.

By (22) we have
; V1 + R? :
1+tsm¢§———n + tsing
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This inequality is satisfied because R < v/1 + R?. Hence the inequality (16) is satisfied
aud so is the incquality (15) which ensures that Fp(tw) is a local homeomorphism in

D3\ {20} with the complex dilatation j( Fe(w)) < k < 1. The above considerations

also hold for w0 € D* \ {~c}, as well as in those points in which f(z(w)), Fr, 63@

are equal to infiniry.
A
If fz(1)) = oo and f(z(w) ¢ ¢) = - ~I- “+ 40 4 4,4 + - - for sufficiently small ¢
{

then it is casy to show that Fg(w) = co. Thercfore the above considerations are true
in this case.

. . (} F'H !-) F .;" )
If f(2(2)) # 0 and Fr, —== or ——=- are mfinite then
dw ow
n
') f) 22) . = = hp(w)

-() f(z)  w-z

1 il
In those points we can cons'der — because jof — ) = u(Fgr).
p o e “(FR) n(Fr)

3°. Let wp € Cr. Then 2(wg) = wo and Iet ¢ be sufficiently sinall.
We put w = wq + ¢ € Dpg, then

Fr(wo +q) = f(wo +9) = f(wo) + f'(10) - q + O(¢?) = Fr(wa) + f'(wo)-q+ O(g?) .
Hence
(25) ' Fr(wg + q) = Fa(we) = f'(wg) - g + O(¢?) .

Let us put w = wq + ¢ € D then by (12) we have

wy+qg—2
e T f'(z)

FR(wo + Q) = f(z) + wo+qg—2 /g"(Z) f"(z)\
I

dz)  \gz) ~ fi(z))

1=

where z = z(wo + ¢) = hp(wo + q) = hr(wo) + a_ q+ g_ 3+0(¢*) =

=wo +ag + 0(¢%) ,
e~ 0z |
- aﬁ)’lwlu.lo
Using the fact that f and g are locally univalent functions, f’, f",¢',¢",c are
the holomorphic functions, after long calculations considering the above, we obtain

(26)  F(wo +9) = f(wo) = f(wo) —) -7 +0(e) .

q
c(wq) +a(1 e(wp)

Because wy € Cgr we have |a| = 1 and (1) implies |¢(z) — 1| < 1, hence the expression
in the square brackets in (26) is different from zero.
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By virtue of (25) and (26) it follows that for every sufficiently small g the ex-
pression Fr(wo + q) — Fr(wo) # 0 and therefore Fr(w) is a local homeomorphism on
Chr.

4°. Finally let wy = 0o and let w belong to a certain neighbourhood of infinity.
Then

R? 1 R?
E_O—Zo+—+0(_2),
Wo

u.li_.moo 2(w) = hp(oo) = zo

wl_

2.“-’-0)
”(2) f"(zo)
9(z0) ~ f'(z0)
¢"(z0)  f"(20)
7(z0) F'(z0)

function Fr(w) is a local homeomorphism at oo if the function g(w) = Fg(ﬁ) is a

Jim_ Fa(w) = f(z0) + =B#w

because we may suppose that - # 0 on the imaginary axis. The

local homeomorphism at the origin.
Using the calculations in 2° it can be seen that G can be represented in a neigh-

bourhood w = 0 in the form

G(w) =B+ B,w+ Byw + O(w’)

where

B =G(0) = mlim Fp(w) # oo

1 8Fr 1.1
= g0y =gy = ()| e
) @ f()R?
it 0@ PO
@)1= 2c(z)(g(z) figz) )8 ==F

ce(2)(e(z) = 1) + (w— z)(c’(z) c(z)g (2 )) + %{w -2)*(S;-S,) =

g'(2)
2f'(20)(Ss(20) = S 5(20)) - R?
K (9" (20) f'(ZO)\
\ ¢'(20) f'(ZO)’

By =0 ==0x T =
3f (=)
c(2)

r J:_rgo w—zr¢"(z) f"(z)\1? -
[ 2¢(2) \g'(z) f’(z)}.l
4f'(20) - ¢(20)
g"(z0) _ L,(ZL)V

1g'(z0)  f'(20)!
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The function (¢ will be a local orientation preserving homeomorphism at w = 0 if

B, #0 and

|B1]
| B,

The first of these conditions is satisfied because f'(z9) # 0 and ¢(z9) # 0. The
second is also satisfied as the calculations below demoustrate :

| By |R‘ Sy(20) = Sy(20) | _ | Rr? 2y§(5;(zo)—5,(z.,))|
B, ~ 172 (z0) 14(1 + R?) (z0)

where yy = Im 29 = V1 + R2.
With the inequality (2) we obtain by (1)

1242 (Sy(2) — So(2))| <

n
< Hle(2) + 2 (e'a) = () ) 4 o) (ele) 1)1 < 2He(o)]
Finally
21. i
B RE k)
B, 201+ R?) — 22

For k = 1 we have —‘

Thus G(u) is a local homeomorphism at w = 0, that is Fr(w) is a local homeo-
morphism at w = oo.

In this way we have proved that for every fixed R > 0 the function Fp is a
local homeomorphism mapping the complex plane C onto itself, which preserves the
orientation and has the modulus of the complex dilatation u(Fg(w)) bounded by
k<1

This means that Fg is a global homeomorphism of C with the modulus of the

complex dilatation bounded by k < 1, so it is a = K-quasiconformal self-

1—-k
mapping of the plane C.
Now let us consider the sequence {R,}

0<R) <R <+ <Rp, = o0
For every integer n we can consider the function
Fo(w) = Fp, (w) .

In this way we obtain a sequence of K-quasiconformal mappings. This sequence
forms a normal family. Thus we can choose a subsequence Fy,(w) which is almost
uniformly convergent to the function F(w) which is K-quasiconformal mapping.

We observe that for R, = c0 F,(w) — f(w). It means that the limit func-
tion F(w) coincides with the function f(w). Therefore F(w) is a well defined K-
quasiconformal extension of the function f(w) on the closed complex plane C.
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For k =1 the above considerations can be repeated with some modifications. In
this way we obtain a sequence F,,(w) of global homeomorphisms-of the plane C onto
itself.

The limit function restricted to the upper halfplane U (f = F|y) is the limit of
1: 1 mappings, so is a univalent function in U. q.e.d.

Corollary . Let f be a meromorphic and locally univalent function in U. If for
any fized k, 0 < k < 1, there ezists a function c(z), |c(z) — 1| < k such that

[ et2) - 1) + 2i0(e ) - )| < Mot . y=tmz, s e,

then f is univalent in U and has a quasiconformal eztension on C.

If further assumptions are satisfied in U = {z : Im z > 0} then the quasiconformal
extension can be rewritten in the form

£(2) . forzeU
Pl f('f)+fz(§z)—‘f'(z) forz€ L={z:Imz <0},

For k = 1 the Corollary is a sufficient condition for the univalence of the function
f in U. By a suitable choice of the functions g(z) and ¢(z) from Theorem we obtain
the results of Lewandowski and Stankiewicz [3], Ahlfors [1], Anderson
and Hinkkanen [2], respectively.

Moreover, the result contained in the Corollary cannot be obtained from the
results obtained by the authors mentioned above.
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STRESZCZENIE

W pracy tej podano warunki dostateczne na to, aby funkcje okreslone i lokalnie jednolistne w
gornej polplaszezyinie U mialy i quasi konforemne rozszerzenie na calg plaszczyzng zespolong —C-
Wynik fen uogdlnia rezultaty prae Andersona i Hinkkanena [2] oraz Lewandow-
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