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On Some Mappings Obtained by a Holomorphic Continuation 
from R*“ into C*"

O pewnych odwzorowaniach powstałych przez przedłużenie hotomorficzne 
z R,n -w Cta

O HeKOTopbot oTo6pa»eHHHX nojiynenHEix sepeo rojiOMOptpHoe 
npOAoaxeHMe M3 R*” a Cto

1 • ¿uppose that domain DC R2 is simply-connected. <>e snail 

identify points Qx^ , x2)€D with points z = x^ + iXg of the 

complex plane. Then the mapping

U) x2) = ’ x2) + iu2^X1 1 x2) •

where u-| , Ug are harmonic in D can be written in the form

(2) l\z) = f(.z) + g(,z) ,

where f , g are holomorpnic ip D .
Let _ D = £ (.z,, , z2)6 C2 s z^ + iz^e D , + iz^f D J- .

4e shall identify D with che set

{ »yn ,x2 ,y2)e R4 : (,x1-y2 , Xj+y^éD , Qx1+y2 , x^y^feD1

and D with the set

D* = f(,x'i ;,yi >x2 >y2)efi4 5 <xi ix2)£d » y-i = y2 = o? .
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The functions

O)

Z^z^,z2) = |f(,z1+ia2)+f(.a1+ir2)+gQ21+iz2)+6(.TJ+ia2^ » 

u2(.z1,z2) = ^jJi\z1+ia2)-fU1+iz'2)-g(lz1+iz2)+g(71+iz^)J ,

are holoaorphic continuations of u^,u2 from I) into D i.e.

Uir | D = uk , k=1,2

Denote

(.4) i' = (.Re ui, , Xmu^| , Re ui^ , ' Im In,) .

I want to find the conditions under which the mapping (4) 

will oe quasiregular or quasiconformal in D .

There are different equivalent definitions of quasiregular 

mapping out in this case the following one is most convenient.

The mapping ? = (.P^ >••>> Pp) « M—*H (.14,N domains in R-^)

is called quasiregular if the following conditions are satisfied

a) P«»p iccG'*,Rp) i'°' ior everP compact subset funct-

tions P. , j=1,...,P and their first distributional deriva- J
tives oelong to the class 1^(.M^ , R) ,

•<>> f|p’vV1/pMI~ ,u = kp<°° >

where |DP| denotes the norm of the matrix DP , Jy is a 

Jacobian of P .

K- is called the maximal dilatation of P .£ -
The mapping P is quasiconformal if it is quasiregular and 

noiaeomorphic.

_£j_ ¿’or the mapping P defined above by the formulae (,2)-(.4) 

using the Caucny-Riemann equations we get alter some calculations 

that
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|Dïtx1,y1,x2,y2)|2 = 2Ç|f'tj)|2 + |f2 +|g'tj)|2 + U'tQ)|2) ,

3= xi-y2 * 1^2* y1^ » n.= X1+y2 + i^x2"y1^ •

Thus we arrive at

Theorem 1, Tne mapping F : D'----> R4 defined by the formu-

lae is quasiregular if and only if 1
„ 2

KF = sup
(.j ,q) e DxD

4 lf\T)l2_+lf'tq)l2 +lg*tî?l2 + |g'tq),l.
|f\pf\»p - s'ij)e'c«p|

<

If F is 1:1 in D then F is not 1:1 in D* general­

ly. For example let

FQz) = z + z + z Y? - z , 

where D = C \ t-o’.O^ and •/?= 1 . ’lb011

'u1Qz1,z2) = (.z^t-iZg) Yzi+iz2 * + tzi“is2^ ,zl"ia2 ' ’

= 2^2

and Pf- J , , 0 , 0) = Ft- , 0 , 0) = t-2 , 0,0,0)

Jarnicki proved (j^| that if f or g is constant and F 

defined by t1) is univalent in D then F is 1:1 in D .

Thus for instance in the case g = const we -get the following

Corollary, If F is holomorphic and univalent in D then 

Is quasiconformal in D' if and only if 

f\j )
1

12
sup

>q)e DxD f\t|)
= K is finite. Then R + t1/K))j$ =
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Analogous results can be obtained for higher dimensions. 

As the formulae are much more complicated I shall restrict myself 

to the following generalization of Theorem 1.

Theorem 2, Let D = x.,.x DQ , where L)^ , k=1,...,n ,

is a simply-connected domain on the plane of variables 

ix2. _-l » x2k^ ’ P°lnts ^x2k-1 ’ x2k^ wil1 be identified with 

points *2k-1 + ix2k o£ tne coaPlex plan6- If y »•••»

: i)

?k^x1 ’ ‘ ’ x2nx?n) = rtx.kix2k-1 + ix2k> * ®k^x2k-1 + ix2k> •

i being holomorphio in then the mapping

k = (He u^ , In ,..., Re u2n , Im u2a)

./here , j=1,. 

lar in the domain

2n > &PQ defined as previously, is quasiregu-

o' = ,x2n’y2n^ ! ^x1_y2,x2+y1’*’’,x2n-1-y2n,x2n+y2n-1^e 

ei) , (.x1+y2,x2-yi......... ^n-^an’^n-yRn-^ eD}

ii and only if

k=1,...,n

1 S KM2+ KM2+ KM2+ KM2

» • • • ,

» • • • > » • • • ,

<

< «*

Tne proof is analogous to that in the case n=1
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STRESZCZENIE

W pracy badana Jest quasirefiulamość i quasikonforemność 

odwzorowań otrzymanych przez przedłużenie holomorficzne odwzo­

rowań harmonicznych z obszaru DC do obszaru DCC oraz

przedłużenie pewnych odwzorowań piuriharmonicznych z obszaru 
D c Oł2ri do obszaru D C <C2n. Podany jest przykład różnowertoż- 

ciowego odwzorowania harmonicznego, które po przedłużeniu nie 

Jest iniekcją.

PE3IME

B .naHHoii paóOTe uccmeflOBaHii KBa3nperyjiHpH0CTb u KBaaMKowJjop- 
MHocTb OToOpanemiS nomy<ieHHHx Repea rojtouoptJjHoe npoflOJts^nite rapno- 
Hłmecłcjix oToCpaiemifi hs oójibctk D C IR b oómacTb DCI u HeKOTO' 
PHx nmiopjirapMORM^ł6CKHx OTo6paxeHni5 tta oÓmacTM D C IR b oóJiacTb 
D C C . npeflCTaBJleii npzuep rapnoHnuecKoro OTObpaiteHMS, KOTopoe 
1 t 1, a npo,noJuteHHoe OTodpancemie HenHi.eitTKBHO.




