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A. MACIEJKOWSKA

On Some Mappings Obtained by a Holomorphic Continuation
from R™ into C*™

O pewnych odwzorowaniach powstatych przez przedtuzenie holomorficzne
‘ z R*"w C™

O HekoTOphIX OTOSpAXERNAX NONYIeHHLIX Yepe3 roaomopdgHoe
npomommxenue w3 R s C®

1. Suppose that dowain DC Ra is siaply~-connected. #8 suall

identiry poiats (xq x2)€ D with points 2z = x5 + ix, o the

complex plane, Tnen the uqpping

(1) Blxy 4 x3) = uglxy , x,) + tuplxy , x5)

where u; » U, are harmonic in D can be written in tne foru
(2) F(z) = £(z) + g(z) ,

wiere f , g are holomorpaic ig v .
Let D = {gzq b 2,0€0% s 2, ¢ 16D, T+ 1'2"261)} P
%@ shall identify D witn coe set

and D with the set

L° =
{qu.’y‘l 1 X5 .yz)ea‘* T Axy ,12)€D ' Y9 = ¥, = 0] 1

D= {Lx,' WV 0Zp T RY ¢ (Xgmy, s Xpryq) €D, (Xqtyy , xpmy,eD)
) o
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1ne functions

:1(21,2.2) = %[1‘(z1+iz2)+fL'z',]+15'2)+g(z1+1z2)+g(?.-1+1?.'é)] ,
(3)
:2(21,7.2) = %{[1'(z1+122)-f(?1+1?2)-g(z1+122)+g('2.-1+1'z"2)] r

are holomorphic continuations of u,4,u, from D into D 1i.e,
G; [D = U, k=1,2 .

Lenote
o~ - P "
4) ¥ = (Re GA , Imu; , Be u, , Im W) .

I want vo tind the conditions under which the iapping (4)
#1L1 ve quasiregular or quasiconforual in ‘3’ .
1nere gre aifferent equivalent aefinitions of quasiregular
wapping out in tnis case the following one ia most convenient.
Tne wapping F = (Fq y..., ¥)) ¢ N=—>N (M,N dongins in RP)
is called guasireguler if the following conditions are satisfied
e) Fe #g.loc(m,np) i.0. for every compact subset M,CM funct-
vioas Fj y J=154..,P and their first distributional aeriva-
tives velong to the class L,(, , R) ,
0) "9-1/2‘13-1/p'DF|””,H =K, Lo
wnere |DF|. denotes the noru ol tne watrix L¥ , Jp is a
jacobian of F .,
K., is called the maximal dilatation of F .
Toe wapping ¥ 18 quasiconforwal ir it is quasiregular and

romeouorpuic,

c. fOr uhe wapplug & deiined above by thne formulae (2)=(4)
using Lue Caucuy-Riewann equations we get aiter sowe calculations

tnat

J;taﬁ,yﬂ,aé,;d; =
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DRy, 30,x0,52012 = 20127 (12 ¢ 12712 + 16712+ Wl

3= X4=y, + i(x2+y1) ] n= Xq+y, ¢ i(xz-y,]) &
Thus we arrive at

. - -, .
iheorsm 1. The wavping F : D'—» R* defined by tae formu-

lae (2)-(4) is quasiregular if and only if

2 . 2 . 2 . 2
Kp = 1127 w12 oIS + g (S + g i ] <‘,9 :

£
= sup 3l e S
(3,7) € DxD l’é 27" - 876" W)

I£ P 18 131 4in D then F 48 not 1:1 in D’ general-
1y. For example let

Fz) = 2z + z+z‘ﬁ'-z :

where D = C\ (_.a'o> and W.—._ 1 . Then

1
(z1+122) ]’z,rrizz + (21-iz2)1"z,‘-iz2 ]

2z

Tytaq2p)

Uatzq025)

and }'(‘%,@,0,0):11;(-%,—@,0,0)=(‘2)0’000)

Jarnicki proved [1] that if £ or g is constant and F

2

- ~
dofined by (1) is univalent in D then F is 4:1 4in D°.

Tbus for instance in the case g = const we get the following

Corollary. If F is holomorphic and univalent in D then

-~
F 1s quasiconformal in D’ if and only if

1
2

£ ]
I-,A-Ll = K is f4aite. Then Ki; = [%(K + (1/K))J
()

(er. 2]
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3. Analogous results can be obtained for higher dimensioans,
»9 the foruulae are umuch wore cowplicated I shall restrict wyself

to thu following generalization of Theorea 1.

Theorem 2, Let D = D"I XegoX Dn s Wwhere Dk y K=T1,00090 ,

is a siwply-connected dowain on the plene of variables

(X5._q s Xz ) » polnts (Xp, 4 » X, ) will be identified with
oints X 4 + 1xy, of tne complex plane. If F = (Fg seeey FnJ:

: b —sgh y

Flxg aeeey Xpp) = f(xp g + dx) + Belxgq ¢ dx5)

veing holoworphic in Dk thun the mapping

k-t Br

n

o~

¥ = (le "6'1 y Im Tz"1 yeesy RO '5211 5 Im"ﬁzn)

anere U y J=1yee.42n , are defined as previously, is quasiregu-
o

ier in the douwain

-

D7 = §laFgee e FoniVan) t (KqmTouXgt¥qne e 1 Xop 4=Tons Xop#Vop 1) €
€D, (XqtypaXpYqrecenXyy 1*y2n'x2n_y2n-1) € D}

if and only if

n .
%:-lfiﬂIk)lz*,fé(Qk)la*lsé‘lk’|z*‘8£‘Qk)l2

1/n
[ (1 Ifk(}k)f M) - sk(gk)sktqk)!]

P 1
. = >
(}k"lk € I ka

k=ARE" . , 0

<

Ine proof is analogous to that in the case n=1 .
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STRESZCZENIE

W pracy badana jest quasiregularnos¢ i quasikonforemnos¢é
odwzorowas otrzymanych przez przediuzenle holomorflczne odwzo-
rowar harmonicznychz obszaru D C mz do obazaru Dc c? oraz
Przediuzenie pewnych odwzorowarn plurlharmonicznych z obszaru
bc m2n do obszaru D C ¢2n. Podany jest przykiad réznowartoé~
clowego odwzorowania harmonicznego, ktére po przedtuzeniu nle
leat injekcjq,

PEGIME

B nanmoft paSore uccAeZOBAHN KBA3MPETyAAPHOCTH M KBASUKOHIOD-
MHOCTL oToGpamenuft noxyuexHHx vepea roxomopdroe npoxoAREHNE rapuo-
HMYeCRNX oToGpaxenu#t ma o6xacts DC IR® B o6xacts D C € u nexoro-
EFX z;?PHPapuonuqecxux oro6paxeHuft wa o6aactu DC IR " 3 osxacrs
DccC

« NpencraBxen npumep rapMoOHMYECKOro oTo6paxeHus, KRITOpoe
1

* 1, a nponoxzenzoe oToSpaxenme HENUBEKTHDHO.






