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An Ineyuality for Asymmetric Entire Functions
Nierdwnosé dla funkcji catkowitych asymetrycznych

HcpaBeHCTBO s 4CCHMETPHYCCKUX LeNbIX GYHKUHA

It is a simple consequence of the maximum principle (see lS] , P. 346 or [4], p. 158,
problem 111 269) that if p, (z) is a polynomial of degree n, then

max 1Pn@)ISR" max |pa(2)I, 1
121=R >1 12 =1

or equivalently

max_ |pa(z)|< p" max |pn(3)]. )
121=p <1 121=1

More precise estimates can be made if p,(z) has no zeros in | z | < 1. In fact, if
Pa(2)#0injz|<1,then (1]

max  |pa@)ISHB(R" +1) max |pa(@)I, 3
121=aR > 1 |12 |=1

whereas [6]

1+p n
max  |pa(@) |2 (——) Mmax |pa(2)l. 4)
121=p< 2 121=1

Since pn(el‘) is an entire function of exponential type these inequalities suggest
generalizations to such functions. It is indeed well known that if f(z) is an entire



126 Q. I. Rahman

function of exponential type 7 with | f(x) | < ° on the real axis, then for all real y (see
[2].p.82)

swp Ifx+iy)i<e™ sup 1f(0)I, ')
cealx<e ~o{x<e=
or equivalently

wp [ fx+)Ze” N wp 1) )
~e<x <= ~e<Xx<=

These two latter inequalities are generalizations of (1) and (2) respectively.
If pa(z) #0in | z | < 1, then f(2) : = pp(e’*) has no zeros in y > 0. Besides, if

he(8): = lUmsup r~ " log | f(re')|
P a=-

is its indicator function (see [2], Chapter 5) then hg(n/2) = 0. Accordingly, Boas con-
sidered the family '3, of entire functions f of exponential type 7 with | f(x) | < o for
real x, f(z) # 0 for y > 0 and hy (n/2) = 0. He generalized (3) to entire functions of
exponential type by proving 3] that if f€ 3, then fory <0,

wp /G + D) <HE+1)

o< X

up_ 1fx)1. @3)

-<x<
In view of this result one might think that (4) would admit an extension of the form
1+e”? .
mx |fx+p)I2(——) " sp _|f(x)| fory>0sndf€Z,. (4°)
-e<x<= 2 ca<x<e= '

It turns out that (4°) does not hold for all f € ;. For an arbitrary 7 > 0 let

+ e"IT

1
17 Wererery—ar yT

whete T is a positive number such that £T € N. Clearly, fr € ¥, and

sup  Ifr(x)I=1.
cax<e=
Besides, for fixed y

+e 2T

Hrx+iy) I <( e - T — " ("3 T,
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i.c. (4*) cannot hold for f7 if T is large (and, of course, T € N). However, instead of
(4*) we do have
Theorem 1A_Iff€ %, then fory >0

sup | f(x+iy)|>e”(r3) sup | f(x)]. “4)
€ x <= calx<e»

- X -

The above example shows that (4') is best possible.
Proof of Theorem 1A. We shall prove that if f€ §, then fory >0 andall x €ER

e+ i) > 1f(x) | e™ (3 0]
from which (4') would follow immediately.
Case (i). If f is of order < 1 then it must be a constant since otherwise | f(x) | cannot
be bounded on the real axis (see [2], pp. 82—83). Hence (5) is trivially true in this case.
Case (li). Let f be of order 1 type £ < 7. Since hr(m/2) = 0 and | f(x) | isbounded on

the real axis k¢ (— m/2) is necessarily equal to . Let yo be an arbitrary but fixed
positive number and put

8)i=1(z + hiye) exp [~ i) ¢ + % iy0) } -

Then g is of exponential type ¢/2; moreover the indicator  ky of g satislies hy (— n/2) =
= hg(n/2).Since g(z) # 0 for y > — % y, and a fortiori for y > 0, by a theorem of
B. Ya. Levin (see [2], p. 129) we have | g(z) | 2 | g(2) | for Im 2 > 0. In particular
1g(x+%iyo) | 218 (x — %iye)!,or equivalently

1f(x +iyo) 12 1 f(x) 1 e~ Y6 > | f(x) 1 e™ (72 ©)

which is what we wanted to prove.
As an immediate consequence of Theorem 1 A, we have
Corollary 1. Let [ (2) be an entire function of exponential type 1 such that
) sup [f(x)IS],
~ce<x<=
(i) h(m/2) =0,
and
(i) f(z) # 0
Jor y > — k where k is some positive numba. Then for 0>y > —k,
1fx + ly) | <e™D Iyl ™

We can, in fact, prove
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Theorem 2. If f(z) is an entire function of exponential type 7 satisfying the conditions
of Corollary 1, then (7) holds for 0 >y > — 2k.

Proof of Theorem 2. It only remains to prove that (3) holds for — k > y > — 2k.

Again, the result istrivial if f(2) is of order < 1. If f(z) is of order 1 type ¢ < r then we
may apply the theorem of Levin (loc. cit.) to

G @)= f@—ik) exp {—1(/DE—iK)]

to deduce that

1G@)I<|G(Z)| for Imz2<0.

Thus, for§ >0

=ik +8)) | e WK+ 8) = | Gx —16) | < | G(x + i) | = | fix = i(k = 6))e” @E-8),
ie.

=ik +8) IKIfx—i(k—8))|e® .

In particular, if 0 < 5 <k, then from (7) we obtain

e =1 Gk + B)I < 1) | €0 IE82f® = fx) | £NE < E)

from which the desired result follows.
For all T> 0 such that rT € N the function
l+e‘(10ik)/1' T
e = w7
fx, 1@):=( 4o HIT )

satisfies the conditions of Corollary 1, whereas

L +e- ORI

fi )= (—————— )T — (M) T,
' 1+e ¥T

Y

Hence inequality (7) is best possible for all y € [— 2k, 0).
The example

f@) =" + ety (1 + ™)
shows that for a function satisfying the conditions of Corollary 1 inequality (7) may not

hold for y < — 2k.
From Theorem 2 we readily deduce the following generalized version of Theorem 1 A.
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Theorem 1. Let f(2) be an entire function of exponential type 1 such that

@) sup 1f(x)I=1,
€x<e=

(i) he(nr/2)=0,
and
(i) f(z)#0

fory >k >0.Then fory 2 2k,

sup_ [f(x+iy)|>e (7)Y (8)
X -

Inequality (8) is best possible for all y 2 2k and may not hold for y < 2k.
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STRESZCZENIE
Rozwaia si¢ problem znalezienia najlepszego oszacowania od dotu wyraienia

sup 1S+ )1, y>0
—olx<te=

w klasie funk@i catkowitych danego typu wyktadniczego.

PE3IOME
Paccmatpumacerces npoluieMa OTMCKAMUS HRRNYWLER OLUCHKH CHHIY BbipaxcHHS

sup fx+ o)1, y>0
—ml Yt

B xnacce uensix QyHKUMA NAHONO IKCOOHCHUKANMIONO THNA.






