ANNALES
UNIVERSITATIS MARIAE CURIE-SKLODOWSKA
LUBLIN — POLONIA

VOL. XVIII, 1 SECTIO A 1964

Z Katedry Statystyki Matematycznej Wydzialu Mat. Fiz. Chem. UMCS
Kierownik: prof. dr Mikolaj Olekiewicz :

DOMINIK SZYNAL

A Note on Qualitative Conditions for the Strong Law of Large Numbers
Uwaga o jakoéciowych warunkach dla mocnego prawa wielkich liczb

JaMeyanne 0 KAYECTBEHHLIX YCI0BHAX O/ YCH/ICHHOIO 3AKOHa 6GobIIKX YHCE

E. Franckx in [1] considers a sequence of uniformly bounded random
variables {X,} and formulates his qualitative criterion: a necessary and
sufficient condition for the strong law of large numbers (S. L. L. N) for
such a sequence is the existence of a characteristic subsequence {S,.k/nk}

of {8,/n}, 8, = 3 X; such that
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In this note a case is considered when random variables are bounded but
from one side, i.e. either X, <1 or X, >>1, where ! is a finite number.
Without loss on generality either case can be reduced to the case of non
negative random variables (X, > 0), for if I is negative and is a lower
bound, we can by adding — to random variables bring them to X, > 0,
and if I is an upper bound we can by substracting ! from random variables
and multiplying by —1 bring them to X, > 0.

Theorem 1. The S. L. L. N. holds for a sequence of non negative random
variables {X,}(X, = 0 for all n) with bounded expectations EX, < L, if
and only if there exists a characleristic subsequence (in Franckxz’s sense).

Proof. The necessity of condition is obvious from the fact that once

a sequence {S,/n— ES,/n} converges to zero a. 8., any subsequence of
this sequence converges to zero a.s.
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Condition is sufficient.

Since X, > 0, it follows that for n, < n < ng .,
(3) S —ESu, | < 8a—ES, < 85, ,— ES,,..
From (2) we have: with probability 1 for sufficiently large k and an arbi-

trary positive constant ¢
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and since EX, < L,
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when k — oo.
Thus we have: with probability 1 for sufficiently large n
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where ¢ and 7 are arbitrary positive constants, i.e.

S8,—ES, as.
— 0

——> 0.

n

Corollary. For a sequence of non negative random variables {X,} with
common finite expectation EX, = u the 8. L. L. N. holds if and only if there
18 a characteristic subsequence (in Franckx’s sense). Proof is immediate.

Theorem 2. The S. L. L. N. holds for a sequence of non negative random
variables if there exists such a subsequence of matural numbers ny 4t oo with
lim 2%+

= ¢ < oo that
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The proof follows directly from (3’) in the Theorem 1.
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Streszczenie

W pracy tej dowodzi sig¢, ze warunkiem koniecznym i dostatecznym
na to, aby ciag zmiennych losowych nieujemnych o ograniczonych wartos-
ciach oczekiwanych spelnial mocne prawo wielkich liczb, jest kryterium
jakoéciowe Franckxa. Podaje sie rowniez jako$ciowe warunki dostateczne
na to, aby cigg zmiennych losowych nienjemnych speilnial mocne prawo
wielkich liczb.

Peswowme

BB craTtbe goKashiBaeTcsd, YTO HEOOXOJIMMBIM M JAOCTAaTOYHBIM YCIOBHEM
VI HCIIOJTHEHMA YCHIIeHHoro 3aKona GoIbIIMX YUCel B cly4yae HeoTpuLa-
TENLHBIX CAYyYalllibiX BCINYUH, MMEIOIMX OrpaHUYeHIlble MaTeMaTU4yecKue
OMiUTaHUA ecTh KayecTBeHHKI Kpurepuit Mpankca. Kpome Toro, gaorca
XOCTAaTOYHble KayeCTBEHHbIE YCIOBUA MCIIOJIHEHUA YCUIEHHOr0 3aKoHa
0oJIbUINX YiiceT B 00LIeM cilydae HeOTPULATENbHBIX CIy4YailHBIX BeTUYHH.






