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FRANCISZEK KUDELSKI
On the Univalence of Taylor Sums for a Class of Univalent Functions

O jednolistnosci odcinkow szeregow Taylora pewnej klasy funkcji jednolistnych

O6 0AHOIHCTHOCTH YACTHWX CyMM puaoB Taiinopa 418 HEKOTOPOro KJACCA OAMOJRCTHLIX QyHKOREi

Let R,, ae(0, 1), be the class of functions f(z) = 2+ a,22+ ... regular
and univalent in the unit disc K which satisfy R f(z) > a.

Put f,(2) = 2+ ay22+ ... +a,2". L. A. Axentiev [1] investigated the
univalence of the Taylor sums f,(z) for fe R, and showed that for a fixed
integer n and for any feR, we have Rf,(z) > 0 inside the disc |z| < 7,,,
where 7, is the least positive root of the polynomial 27"+ r—1. In parti-
cular f.(2) is univalent for |2| < r,.

In this paper we deal with an analogous problem for R, and show
the following

Theorem 1. If feR,, then f,(z) is a function whose derivative has a po-
gitive real part inside the disc |2| < 7,(a) i8 the least positive root of the
equation

4a r

(1) 2" +r—1+ - 1+r=0

Proof. From the definition of R, it follows that

2) xf@=a
l—a

Using the Herglotz’s formula we obtain

2n

f(2)—a 1 etz
=L > = — —dl ' .
(8) l1—a 2;1! el —z w(t)
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where x(t) is a function non-decreasing in (0, 2z) which satisfies

2n

[(au(t) = 2a
0
The equation (3) can be brought to the form

1 g P
f'(z) = f i‘j—e(a_zald (t)

This implies

an .
1_2 —1t _2 1_ -ind _n
if e e ,zxd”(t)

(4) fule) = o S

Separating the real part in (4) we obtain

25

g )|

(5) R =5 [ Falr, 0, a)du(t)

where

o=l 1—-(1—2a)r*- 42_a_rrcost9 2(1—a)r”{cosn0—rcos[(n 1)6]}

1—2rcosf+r2
z=re" 0 =¢p—t.
Suppose that 0 <r < r(a). In view of (1) and of the definition of 7, (a)
we obtain after multiplying both sides of (1) by (1 —a)(1+7):

(6) 2r*(1—a)(1+7)+(1—a)r*+4ar+a—1 < 0
From (6) we have

1) »1—(1—2g)r’ 2ar—2(1—a)r (1+r)
(1+7)?

The numerator of (7) is positive for r < r,(a) and less than the numerator
of F,(r, 6, a) whereas the denominator of (7) is greather, or equal to
the denominator of F,(r, 0, a) which means that F,(r, 6, a) > a. Using
(6) we see that Rf,(2) > a on |z| = r which proves the Theorem 1.
Theorem 1'. If feR,, then f,(2) is univalent for |2| < R,(a), where
R,(a) is the least positive root of the equation

a (1—r)

2" r—1— —— =0
(8) T 1—a 1+r

Proof. Let w(r) be for a fixed a the lL.h.s. of (8). For re(0, R,(a)) we
have w(r) < 0 by the definition of R,(a) since w(0) = —1. Obviously



On the univalence of Taylor sums for a class of univalent functions 67

—w(r)/(1+7)2 >0, and also F,(r,0,a) > —w(r)/(1+7)® for r chosen.
In view of (5) we have Rf,(z) > 0 for |2| = r < R,(a) and this proves
Theorem 1’.

Putting « = 0 we obtain some results of Axentiev.

REFERENCES

[1] JI. A. AkcentbeB, O6 OXHONHCTHOCTH OTpPe3KOB CTeneHHHWX pAnos, Wanectusa
BHICINMX Y4eOHHX 3aBefenu#t, Maremaruka, 5 (1960), p. 12-15.

Streszczenie

W pracy tej podaje si¢ promienie k6t jednolistnosci odcinkéw taylo-
rowskich funkeji f(z) = 2+ a,22+ ... regularnych i jednolistnych w kole
|z| < 1 i spelniajgcych tam warunek Nf(z) > a, gdzie 0 < a < 1. Podobne

- zagadnienie w przypadku e« = 0 badal L. A. Aksentiew [1].

Pesome

B sroit paGoTe BhuMcaAeTcA pagMychl KPyIroB OJXHOJMCTHOCTH ‘acT-
HLIX CYMM TeiJIOpOBHIX PANOB AaA QyHKIMit f(2) = 2+ a,2*+ ... roio-
MOP(HBIX M OXHOJIMCTHHX B Kpyre [2| < 1 M YyIOBJIETBOPAIOIIUX B 3TOM
Kpyre yciosuio Rf(z) > a, rae 0 < a <1. Ty-ie camyio npoGiemy
B YacTHOM ciyyae a = 0 (Ho Apyrum MeTonom) ucciaegoBan JI. A. AkceH-
TheB [1].






