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Harmonic and Quasiconformal Mappings
which Agree on the Boundary

ABSTRACT. In this paper we discuss the deviation between har-
monic and quasiconformal mappings of a given simply connected
domain in the extended plane bounded by a Jordan curve I onto the
unit disc. These mappings are assumed to have the same boundary
values on T, and the deviation is expressed in terms of Euclidean
and hyperbolic distances.

0. Introduction. Let A := {z € C: |z| < 1} and T := {z €
C : |z| = 1}. Suppose £ C C is an arbitrarily fixed simply con-
nected domain bounded by a Jordan curve I' = 0Q2. We will write
Q(K; 2, ) for the class of all K-quasiconformal mappings of {2 onto
the domain Q' ¢ C, K > 1. For any complex-valued function F on
Q we set 5F(z) := limy—, F(u) if the limit exists as u approaches
z in Q and OF(z) := 0 otherwise. It is well known that every
P € QQ,A) := U ckcoo QK; 2, A) has a continuous extension to
I’ and 5(,0 is a sense-preserving homeomorphism of I onto T; cf. [LV,
p. 42]. On the other hand, by the eminent Radé-Kneser-Choquet
theorem for convex domains, there exists a unique 3 € Su(Q, A)
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such that 3y = dp. Here Sy(Q, A) stands for the class of all sense-
preserving univalent harmonic mappings of 2 onto A. It seems natu-
ral to compare the mappings ¢ and 1 in 2. The problem makes sense,
since ¢ and 1 do not differ if ¢ € Q(1;€2, A). The following topic is
discussed: Estimate the distance dist(¢((),%(¢)) for ( € Q. In Sec-
tion 1 we study the case of the Euclidean distance dist(z, w) := |z—w|,
z,w € C. In Section 2 we deal with the case of the hyperbolic dis-
tance dist(z,w) := p(z,w), z,w € A, defined by the metric density
function (1 — |z|?)~! for z € A. In Section 3 we give complemen-
tary remarks on the quantities which appear in two previous sections.
These results were presented by the first named author on the con-
ference "Planar harmonic mappings”, Technion (Haifa), May 8-15,
1995.

1. An estimate of the Euclidean distance. Assume vy : ' —
T is a sense-preserving homeomorphism of I' onto T. Then there
exists the unique solution H, to the Dirichlet problem in © for the
boundary function 7, i.e. H, is a complex-valued harmonic function
on (2 satisfying 3H., = v. If 4 is a conformal mapping of A onto 2
then by the Rado-Kneser-Choquet theorem (cf. [R], (Kn], [C]) Hy o
Y € Sy(A,A) and consequently H, € Sp(2,A). If @ = A then
v is a homeomorphic self-mapping of T and H. has a simple form
given by the Poisson integral

u+z

u-—z

(1.1) H. (2= %/’; v(u)Re ldu|, z2€A.

Lemma 1.1. Suppose that K > 1 and ¢ € Q(K;Q,A). Then for
every ( €

(12) Q) - ()] < r(K)i=2sin (ZM(K))

where 7 := 5<p,

M(K):=28(1/V2)-1, K2>1,
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and @k is the Hersch-Pfluger distortion function; for the definition
of i cf. [LV, p. 63]; also cf. [HP].

Proof. For u € C and z € A write

Uu-—-—2z

h:(u) :=

1—-Zu
Given K > 1 suppose first that ¢ € Q(K; A) := Q(K; A, A). Setting
a:= ¢(0) we get from (1.1)

1 1 -
1H(0) = 90 = |5 [ vl = 5= [ hea(ewlau
1 i0
< [r (1) = h—a(eu)]|dul

for every 6 € R. Hence, by [P1, Th. 1.4],

1 :
H,(0) — (0 <min;—[ u) — h_q(e"%u)||du
LORTOES S RSO
e

< 2sin (= M(K

< 2sin (2M(I\.)) A
Consider now any ( € Q and let ¢ be a conformal mapping of 2 onto
A satisfying $({) = 0. If p € Q(K;Q,A) then p 09~ € Q(K; A),
@ o®71(0) = ¢(¢) and Hpypop-1y = Hy o @~!. Replacing now v by

d(p o ®~!) and ¢ by p 0 ®~! we conclude from (1.3) that

|H(€) = ()l = [Hy($77(0)) = p(27(0))]
= Hp(pop-1)(0) — 9 0 87(0)| < 2sin (FM(K))
which completes the proof of (1.2). O

Lemma 1.2. Suppose that K > 1 and ¢ € Q(K;Q,A). Then for
every ( €

(1.4) |H,(O)] < RK. [o(O))
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where v := 8¢ and

R(K,t) : = cos (2%% arccos P (\%.))
1-t\? 1
<1-2(—) &, (—
<1-2(153) i (3)

for K>1and0<t<1.

(1.5)

Proof. Fix K > 1 and assume first that ¢ € Q(K;A). Setting
a := ¢(0) we see that 3 := hy0p € Q(K;A) and (0) = 0. The

harmonic measure w is quasi-invariant in the sense that the inequality

(1.6) %,u (cos (-;Ew(O,A)[I]))

<u (cos (gw(t,b({]), A)[étl)([)])) <Kp (cos (%w(O, A)[I]))

holds for every subarc I of T; cf. [H]. Here p stands for the module
of the Grotzsch extremal domain A \ [0,7]; cf. [LV, p. 60]. Since
¥(0) = 0 and 27w(0,A)[I] = |I|; for any arc I C T, we conclude
from (1.6) and the definition of ®k that

|I|1 |ha 0’)‘([)'1 |I|1
—_— < LI AT of ’ A L Y
®, /K (cos 2 cos 2 % (cos 1

Hence for every arc I C T of length |I|; =«

and consequently

(Dl = lhoaohaorDl = [ W y(2)lldz]
v haoy(I)

2 (1= la])(1 +lal)™ |ha o ¥(D)ls

> 4(1 — |a])(1 + |a|)~"! arccos Pk (%) .
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By this
[v(u) +v(-u)| <2R(K,la]), uve€T,
which implies, by (1.1),

Ho 01 = =1 [ () + (=)l
a7
< 37 L 1)+ (=)l < RO Jal)

Given ( € Q let & be a conformal mapping of 2 onto A such that
$(()=0. If p € QK;Q,A) then, as in the proof of Lemma 1.1, we
conclude from (1.7) that

|Ho(O)l = [Hy(271(0))] = | Hg(gop-1)(0)]
< R(K,|po @' (0)) = R(K, |¢(Q)]) ,

and the proof of (1.4) is complete. To prove the inequality in (1.5)
we apply the identity

(1.8) % (t) + ¥} (V1-12) =1, 0<t<1;
cf. [AVV, Th. 3.3]. Then for all 0 <t <1 and K > 1 we obtain
1-—1¢

( : 1 2"“,1_tar os<I)»~—1—
cos ‘\.21+tarccos¢;\-(ﬁ =1-2smn (1+t cc K 7

O i s Y pegfy® giloing
S1—2|-1+tsm|\arccos¢’;"(-ﬁ)) _1_2(1+t) Py /k 5

which completes the proof. O

For ( € C and r > 0, write A((,r) == {2 €C:|z—-(| <r} and
T(¢,r) := {z € C: |z = (| = r}. As an immediate conclusion from
Lemmas 1.1 and 1.2 we obtain

Theorem 1.3. Suppose that K > 1, ¢ € Q(K;Q,A) and v := dep.
Then for every ( € Q

H,(C) € A(0, R(K, () N A(e(C), m(K)) -
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This implies

Corollary 1.4. Let K > 1, ¢ and v be as in Theorem 1.3. Then for
every ( € §2

(1.9) |H+(C) = #(¢)| < min{r(K), R(K,

PO + 1 (I} -

In the case 2 = A we have

Corollary 1.5. Suppose that K > 1 and that ¢ € Q(K; A) satisfies
¢(0) = 0. Let 4 := Op. Then for every ( € A

(1.10)  [Hy(¢) — ¢(¢)| < min{r(K), R(K, @k (I(])) + 2x(IC])} -

Proof. Given K > 1 assume that ¢ € Q(K;A) and ¢(0) = 0. By
the counterpart of Schwarz’s lemma for quasiconformal self-mappings
of the unit disk

(1.11) lo(2)] < @k (lz]) » 2z €A
cf. [LV, p. 64]. Combining (1.11) with (1.9) we obtain (1.10). O

2. An estimate of the hyperbolic distance. We recall that the
hyperbolic distance p(-, ) is represented by the formula

1 —Zw| + |z — w|

|1 —Zw| — |z — w|

1
(2.1) o(z,w) = §log , zZ,wEA.

An easy calculation shows that
1-Zw® = (1-z)1 = w)+lz-wf*, zweA.

Thus (2.1) becomes
(2.2)

V(= 1zP)(A = [w]?) + |2 — w]* + |z — w|
V1= V1= wl?

We are now in a position to prove

o(z,w) = log , Z,wE A.
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Theorem 2.1. Suppose that K > 1, p € Q(K;Q, A) and v := dp.
Then for every ( € Q

o(Hy(0), #(0))
(23) VO TQOP = B pOD) + 7(K) +r(K)
- V- OPXL - R (K, PO)D)

In particular,
1. 1—le(Ol 1+ ()] + r(K)
= o(le(O)] + r(K),0) — o(le({)],0)

if [p(¢)| + r(K) < R(K, |p(¢)]), and

ve Lo 14 1p(Q)l 1+ R(K, [#(0)1)

eHHEH P < 3 8 T 001 T= RIE, ol
o(1¢(€)1,0) + e(R(K, Ip(C)]),0)
i Q)] + RUE, [e(O) < r(K),

(2.4)

IN

(2.5)

Proof. Let ¢ € Q(K;Q,A), K > 1, and let ¢ € Q. By (2.2) we have

(2.6)
e(H(€), #(¢))

- 1og YO TP = TP + TH5(Q) = #(OF + [H(O) = #(O]
VI=THQFVT=To(OF

Lemmas 1.1 and 1.2 now yield the estimate (2.3).
If lo(¢)] + 7(K) < R(K,|p(C)]) then Lemma 1.1 gives |H({)] <
lo(O)| + r(K), and the estimate (2.4) follows from (2.6) and (2.1).
If |p(C)] + R(K, [¢(Q)]) < r(K) then Lemma 1.2 gives |H(() -
()] < |p(0)] + R(K,|¢(¢)]), and the estimate (2.5) follows from
(2.6) and (2.1). O

Remark. The estimates (2.3), (2.4) and (2.5) can be deduced in an
alternative way from Theorem 1.3 and from the conformal invariance
of the hyperbolic distance.
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Corollary 2.2. Let K > 1, ¢ and v be as in Theorem 2.1. Then for
every ( € 2
(2.7)

2r(K) '
H.(¢), <log|1 2
e(Hy(€), ¥(()) 8( + V=P - R*(I\,Iv(C)I)))

) r(K) (L+ (N2
< log (1 + B (L) 81/ (Z5) (1=1e(ON*? )

Proof. The first inequality in (2.7) is a consequence of (2.3) and the

trivial inequality va+ b < \/a + Vb for a,b > 0. Combining (1.5)
with (1.8) we obtain

1 — R*(K,t) = sin® (21—;: arccos @ g (—\}—5))

> (ﬁ):in2 (2 arccos ® ( - \))
“\1+1¢ “\V2,

- (5 (@) ()

for all K > 1 and 0 <t < 1. This implies the second inequality in
(2.7). O
In the special case p(() = 0, Theorem 2.1 is reduced to

Corollary 2.3. Supposethat K > 1,( € Q and that ¢ € Q(K;Q, A)
satisfies p(¢) = 0. Let 4 := Op. Then

i (1/V?2) ]
@ x(1/V2) 2

for the definition of the A-distortion function cf. [LV, p. 81].

(2.8) o(Hy(¢),0) < o(R(K,0),0) = log log A(K) ;

Proof. Given K > 1 and ( € Q assume that ¢ € Q(K;Q,A) and
¢(¢) = 0. As observed by J. Zajac (oral communication), from [P2,
Th. 1.1 and (2.3)] it follows that

2M(K) = 20?%@3((\/2) —t)>2 (@3‘.- (%) —~ %) = M(K?).
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Hence
2 1 £ L
R(K,0) = 29% (ﬁ) —1=M(K?) <2M(K)

< 2sm( M(K )) = r(K) .
This shows, by (2.5) and (1.8), that

2
o(F(€),0) < o(R(K0),0) = 3 log YD)
3% o

1 % (1/[) Rt <I>K(1/\/2)

= —log

2 /K(l/\/—) q’l/K(l/\/_)

The identity
2
VD sy
3, (1/V2)
(cf. [AVV, (1.8)]) completes the proof of (2.8). O
If 2 = A we obtain by Corollary 2.2 the following

Corollary 2.4. Suppose that K > 1 and that ¢ € Q(K; A) satisfies
¢(0) = 0. Let v := Op. Then for every ( € A

2sin (2 M(K)) (1+<1>K(|<|))1/2>
Dk (Z5) 21k (Z5) (1— 2k (IC1))*72

1 7rM(K) —3/2 (1—¢]

wM(R) i\ F Shoad )
=log |1+ ® (e :
( i (J5) k() V" ( )

Proof. The first inequality in (2.9) follows from (2.7) and (1.11). To
obtain the second one we apply the identities (1.8) and

1-t 1 — ®g(t)

®, /K - , 0<t<1;"
17K (1+t) 1+ &)

cf. [AVV, Theorem 3.3]. O

MK) =

e(H4({),¢(¢)) < log (1 +
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3. Complementary remarks. For K > 0 and 0 < z < 1, write
h(z) := (1 —z)(1 +z)~! and ¢x(z) := min{4! "1/ Kz1/K 1}, Define
(K, t](z) := Pro ¢k 0 By /e(2)
QI[K,t](z) ::hOQo[l/K,t]Oh(IE) ot g0
min{®[K,t](z), ®[K,t|(z)} , K >1
max{®[K,t](z), & [K,t|(z)} ,0<K <1
for 0 <z <1, t > 0. All estimates obtained so far depend on the
function ®x which can be approximated by the sequence ®[K,2"],

n=20,1,--- , with arbitrarily preassigned accuracy. Furthermore, for
al K >1,0<z<landn=0,1,2,---

(31)  ®x(z) < B[K,2")(z) and &,,k(z) > B[1/K,2")(z),

3K, t)(z) := {

and ®[K, 2"| lies closer to ® step by step as n — oo for any K > 0;
cf. [P1, Remark 1]. Note that ®, are elementary functions for t = 2",
n € Z; cf. [LV, p. 64]. Therefore the inequalities (3.1) enable us to
express any estimate involving the function ®x, K > 0, by means of
elementary functions ®(K,2"|, n =0,1,--- .

For K >1and 0 <t <1, write

- 3/2
: +41 s tl/K\ 1-1/K41/K
p(K,t) = (1_41_1;1{t1f}{ as1 -4 / i / >0 i
o0 otherwise

Applying (3.1) with e.g. n = 0 we can now rephrase Corollary 2.4 as
follows.

Corollary 3.1. Suppose that K > 1 and that ¢ € Q(K; A) satisfies
¢(0) = 0. Let v := Op. Then for every ( € A

o(H(0)rp(0)) < log (1 + C(K) min {p(K, [c1), 2K =Dp¥ (1, ¢])})
< log (1 + 23(""1)C(K)e3’(9(<v°)> ,

where

C(K) < n4K~12K/2(301-1/VK _ 1)91/(2K)

Consider finally two examples.
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Example 3.2. Given K > 1 set k := (K - 1)/(K +1). For ¢ €
A, define px(C) i= (¢ — k)/(1 = k) and px(¢) = ¢[C[KD. An
easy calculation shows that ¢, and ¥k are K-quasiconformal self-
mappings of A and Opi(z) = dpk(z) = z for z € T. Setting a :=
¢k(¢) we have

(—k=a—ak{ and (—-k=a—ak(.

Hence

St a(l — k%) + k(1 — |a|?)
i 1 — |a|2k?
Assume that 0 < a < 1. Then

_k+a (+aeK-1+a
C_1+ka-(1+a)K+1—a'

On the other hand, ¥ (a'/K) = a. Since Héw(z) =2,2 €A, we
obtain the following lower bound for the function R:

(3.2)
ik (1 +laDK —1+ a])
- {' i ‘A +|aDK+1-la|]
<max{|H;, () : (€ A, p € QK;A), ¢(¢) =a} < R(K,|a]) .

In particular,

g

ey S max(lHa (Ol - C € A, ¢ € QUG A), 0(¢) = 0) < M(K?).

Evaluating the maximal value of |z — pk(z)| on A we obtain

VK -1 ,

Furthermore, by (1.5) and (1.8)

1 - |a
1+ |a|

2
R(K,la]) <1+ ( ) (R(K,0)—1).
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Hence by (3.2)

1+ |a]
= 4|a| ARSI 8la|
S0+l K+1)T 0+eE +1)°

and consequently we obtain the following upper bound for the func-
tion R:

1—|a| 2
R(K,|a|) — R(K,0) < (1 L1 ( ) ) (1 — R(K,0))

8lal
(1+al)?(K +1) °

R(K,la]) < M(K?) +

Example 3.3. Fix 0 < t < 1. In [T], (also cf. [Ki, p. 59]), Te-
ichmiiller constructed a K-quasiconformal mapping ¢; of A onto
itself such that

() @1(0) = ~t ;
(i1) Ope(z) =zfor 2 € T ;
(iii) K = coth®(u(t)/2).
Here p stands for the module of the Grotzsch extremal domain A \
[0,7]. Given K > 1 we determine t = ji(2arccoth VK ), where /i
denotes the inverse mapping of . Since Hy_, (0) = 0, we have

i(2arceoth VK ) < sup{|Hy,(() — ¢ ()] : ( € A,
v € QUK; A)} < r(K)

and

1 1 1 + ji(2arccoth VK )
e 1 — f(2arccoth VK)

< sup{o(H;,(¢),¢(C)) : (€ A, p € QK;A)} .

Since h_; 0 9y € Q(K;A), h—t 0 ¢¢(0) = 0 and Hyn_,00)(0) =
h_(0) = t, we obtain

fi(2arccoth VK ) < max{|H;_(¢)|: (€ A, p € Q(K;A),
p(¢) =0} < M(K?) .
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