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ABSTRACT. The three goals of this paper are (i) to provide a large number
of examples of holomorphic mappings of the ball that satisfy some geometric
criterion, usually starlikeness, (ii) to introduce a new extension of a mapping
of the ball in dimension n to a mapping of the ball in dimension n + 1 that
preserves the given mapping on an n dimensional affine subspace and (iii)
to study the concept of linear invariant families as it relates to families
generated by these mappings.

1. Introduction. In this paper, we continue the study of linear invariant
families on the unit ball B® = {z € C : }_, |2|* < 1}. A linear
invariant family, hereafter abreviated LIF, on B™ is a family F of locally
biholomorphic mappings f : B® — C such that if f € F then (i) f(0) =0
and Df(0) = I and (ii) Ag(f) € F for all holomorphic automorphisms ¢ of
B™. Here, the Koebe transform, Ag4(f), denotes the composition of f with
¢ followed by a renormalization. That is

As(f(2)) = D(0)~' D f(8(0)) ™' (f(#(2)) — £(4(0))).

The study of LII’s on the unit disk (i.e. » = 1) was initiated by Pom-
merenke in [8] and [9]. He was able to relate the order of an LIF, F, given
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by ord(F) = sup{1|f"(0)| : f € F} to the growth of the function and to
the geometry of the image.

In [4] Pfaltzgraff extended these ideas to LIF’s on the n-ball. Pfaltzgraff
defined the order of an LIF, F, by

trace

ord(F) = sup{

:%sz(o)(w,-)” feF and |u| = 1}.

With this definition, similar distortion results can be proved but some of
the geometric results are different. For example, for n = 1, an LIF of
minimum order must be a subset of the family of mappings of the unit disk
onto convex domains. In addition, the family K of normalized mappings
of the unit disk onto convex domains is an LIF of minimum order (i.e.
ord(K) = 1). Neither of these properties holds for n > 1. That is, for n > 2
there is an LIF of order (n + 1)/2 (the minimum possible order) that does
not consist entirely of convex mappings. In addition, the LIF consisting of
all normalized convex mappings of the ball has order greater than (n +1)/2
(7].

In section 1I, we define an extension of locally biholomorphic mappings
from B™ into C to a locally biholomorphic mapping from B™*! into C"*!
so that the restriction of the new mapping to B™ agrees with the original
mapping (embedded in C"*!). We can find the precise order of an LIF
generated by extending all the mappings in a given LIF. We believe the
extension will preserve convexity. For example, the extension of the Cayley
transform F(z) = 2/(1 — 2;) on B™ extends to the same function on B™"+!.
For n = 1 the extension is identical to the extension in {11} and in that case,
convexity is preserved.

Unlike convexity, starlikeness of a mapping is not a linearly invariant
property since the Koebe transform moves f(0), the center of starlikeness of
the image domain. However, one can begin with a set of starlike mappings,
form the family of all Koebe transforms of this set and thereby generate a
linearly invariant family. All mappings in this LIF have an interesting geo-
metric property that in dimension n = 1 is equivalent to close-to-convexity
(see section III, below). In section III, we show how to generate a large fam-
ily of starlike mappings on the unit ball of a general normed linear space [5].
Then, restricting our attention to the finite dimensional case of B™, we find
the order of the LIF generated by these starlike mappings and correspond-
ing sharp bounds on their volume distortion. This leads us to conjectures
for the sharp distortion bounds on the family of all starlike maps of the unit
ball and of the LIF generated by the family of all starlike maps.

Finally, in section IV, we consider a family of mappings defined by Rosay
and Rudin [12] and show that the LIF generated by these mappings has
minimum order.
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2. An extension theorem. We Assume f : B® — C is locally biholomor-
phic with f(0) =0 and Df(0) = I. Let Js(2) = det[D f(z)] for all z € B™.
Then J;(z) is complex valued and never 0 when 2z € B". We define a locally
biholomorphic extension of f to a function f : B*t1 — C"*! as follows.
Set 2’ = (z1,29,-++ ,2,) € C and 2 = (2, 2,41) € C**!. Then

(1) .f(z): (f{zf)u 3:1+|[J‘f(3,)]7l_[).
It is easy to see that
(2) J3(2) = (o nen

because f,J;H(z') =0forl1<j<nand f,’;‘;"ll(z) = [J;(2"))V/(*+V . Here

the super script 7 indicates the jth coordinate function and the subscript k&
denotes the partial derivative with respect to z,. If G is a set of normalized
locally biholomorphic mappings on B™ then

AlG] = {Ag(f): f € G, € Aut(B™)}

is the LIF generated by G, [4]. We have the following theorem concerning
the order of the extension.

Theorem 1. Let F be a LIF on B™ withord(F)= a and ¥ = {f: f € F}
the corresponding set of functions on B™'. If A[F] is the LIF generated
by F then

n+2

(4) ord(A[F]) = =

.,

Proof. By the distortion bounds in [4, Equation 5.1] we have
(1=l (1+ |1
n4l n+l
(1 + (215 (1= [l =+
for f € F and 2’ € B™. Using (2) we conclude

< W €

n-f-_?_

e N S 14

(1 4 |[2])o+*F (1= |||+

for all f € F. Since the left side of (4) decreases and the right side increases
when ||2'|| is replaced by the larger number ||z||, we may rewrite (4) as

N,
(1+|lz|l/ (1= |fzf)F ~ 2

(1+||z||)°"L~+* 1
S n's Al
1 -l (1- |l21?)*F
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Now assume F € A[F] so that F = A4(f(z)) for some f € F and

¢ € Aut(B™*!). Using (5.3) in [4] with n replaced by n + 1 (since F is a
family on B™*') we have

3 = BRI - lj211%) "+
[ETa log 1l

(6) —Re{trace[ D2 0)(

for z € B**!. Taking logarithms in (5), we get

n+2) _ loa(ld; (z)\(l—uzn )*#*) n+2
(7) ‘”(n+1 log 12 S“(nﬂ)'

x

Finally, (6) and (7) together with (2) and the fact that ord(F) = a yield
(3)-

Remark 1. It is easy to check that if f : B* — Cis given by f(z

then the extended mapping f : B"t! — C*t! is given by f(2) = s zlz
This mapping is extremal for several properties within the family of nor-
malized convex mappings (e.g. it has maximum growth in one direction
and minimum growth in the opposite direction). When n = 1, the exten-
sion (1) was used by Roper and Suffridge [11] to extend convex mappings
of the unit disk to convex mappings of the balls in C?,C3,... ,C". Indeed,
if one begins with a complex valued function f(z;) of z; € B! the exten-
sion to B? is (f(21),224/f'(21)). If this mapping is then extended to B*
then to B*, etc. up to B™ by successive applications of (1) one obtains the
mapping (f(z1),221/f(21),- -, 2n\/f'(21)). These mappings were studied
by Pfaltzgraff in [4, Example 4, Equations 3.7, 3.8] and by Roper and Suf-
fridge [11, Corollary 1, P. 346]. This extension differs from our extension for
n > 1 as the following example shows. Consider the mapping on B? given
by (z,w) — (z,w(1 + bz)) extended to B>. The given mapping is known
to be convex when [b| < —}? (7, Lemma 2.3]. However, our extension, F, to
B3 is given by (z,w,u) — (z,w(1 + bz),u(1 + bz)!/3) and this cannot be
obtained as the extension of a convex mapping of the unit disk in C. The
latter mapping, F',does satisfy the necessary condition for convexity

Re <DF(Z)™' (DF(Z)(Z) + D*F(2)(2,2)), Z> >0

when Z = (z,w,u) € B® but we have not verified that it is convex. With
this evidence we make the following conjecture.
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Conjecture 1. If f : B® — C",f(0) = 0 and Df(0) = I with f(B")

convex, then f is also a convex mapping.

We also believe the property of starlikeness is inherited by the extension
although we do not have as much evidence that that is the case.

3. Generating starlike maps and a related LIF. In C' there is a
plentiful supply of explicit examples of conformal mappings of the unit disk
onto domains with various prescribed geometric characteristics, e.g. polyg-
onal domains, convex domains and many more. In higher dimensions, such
formulas are quite rare. In Theorem 2, we give a formula for generating a
large family of biholomorphic mappings of the unit ball of a normed linear
space X onto starlike domains in X. We define a family S of starlike map-
pings on B™ and then prove a distortion theorem for this family, Theorem 3.
We conjecture that this distortion theorem is valid for all starlike mappings
of B™. We then apply our results to determine the order of A[S:], the LIF
generated by S:.

The term, starlike domain, will mean a domain that contains the origin
and is starlike with respect to 0. A starlike mapping of B™ will mean a
biholomorphic mapping F of B™ onto a starlike domain with F(0) = 0.

Let X be a normed linear space with unit ball B and assume P : B — C.
We consider conditions under which the mapping F : B — X given by
F(z) = P(2)z has a starlike image. This would include, for example, the
case where the function F' is the extension of a starlike function of one
variable in the sense that F(z) = f(A)z where u is a unit vector z = Au+w
and Af(X) is starlike on the unit disk. Thus, F(Au) = Af(X)u [6].

We assume F : B — X is given by F(z) = P(2)z where P is complex
valued and holomorphic with P(0) = 1. Then

(8) DF(z) = P(2)(I + zL(2)(-)),
and
L @O g DPEO)
RET P(z)(I 1+L(z)(z)) A A Plaeya .

We wish to apply the criterion for starlikness given in [14, p. 579], that

9) Re{¢(DF(z)™"(F(2))} >0, 0< ||z]| < 1
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for all linear functionals ¢ = ¢, with ||£|| = 1 and ¢(z) = ||2]|. We find that

(10)  DF(z)(F(z) = (1- —&E ), _ 1

3 L) - T e - )

Now assume ¢, is a linear functional on X with ||€,|| = 1 and ¢,(2) = ||2||
as described above.
The condition for starlikeness (9) is that Re(4,(w(z))) > 0. This clearly

reduces to Re (WLIW) > 0. Finally, we obtain the condition
Re(1 + L(2)(2)) > 0.
We have proved the following theorem.

Theorem 2. Let X be a normed linear space with unit ball B and assume
P : B — C is holomorphic with P(0) = 1. Then the mapping F : B — X
given by F(z) = P(z)z is a starlike mapping if and only if

DP(2)(2))
)

P(z) >0

Re (1 4
for all z € B.

Example. Let X = C? with Euclidean norm and set

DE(Z)( ) gl 422
P(Z) 5 1 + 22 i

L+

This function has positive real part since
(75)
Arg
il + r4]

P(z) = exp(z; lclg-(*-lz-: 22)/22)'

|21 + |z)> <1 =

Solving for P(z) yields

By theorem 2, the function F : B — C? given by F(z) = P(z)z is starlike.

In case X = C with Euclidean norm, the following corollary is easy to
prove.



An extension theorem and linear invariant families ... 199

Corollary 1. For each v = 1,..,n, let f,(¢) be a conformal mapping of
the unit disk onto a starlike domain Q,, in the plane, f,(0) =0, f,(0) = 1.
IfA, >0and ) ;A =1 then

(11) F(z) = z [[(fu(z)/2)™, z€ B"
v=1

is a biholomorphic mapping of B™ onto a starlike domain in C". Equiva-
lently,

(12) F(z) = zexp{—2 Z Ay j{) ' log(1 — z,e"*)dm,(t)}
v=1

where each dm,, v = 1,...,n, is a probability measure on [0, 2r].

Proof of Corollary 1. Denote the product in the statement of the theorem
by P and let L(z) = DP(2)(z)/P(z) as before. Then

L(z):i A(fff(%—l)

v=1

Since Y°I'_, A, = 1, we readily conclude that

1+L(Z Z zuf (zu

fu zu)
Thus, the corollary follows from the starlikeness criterion
zf '(2))
13 Re ( >0
Sk 1)

for starlike mappings on the unit disk {10, p. 42].

The formula (12) with the measure dm, is a direct consequence of (11)
and the standard Herglotz type representation of starlike maps of the unit
disk, [10, p. 43].

Definition. S> is the class of starlike mappings F defined by (11).

Remark 2. Clearly, when n = 1, S} is the full class of normalized starlike
mappings of the unit disk. This is no longer true for n > 1. For example, if
la| < 3v/3/2 then (z,w) — (z,w + az?) is a starlike mapping of B?, [13, p.
150], that does not belong to S;.

In earlier work, the authors have used the construction in the next corol-
lary to construct starlike mappings of B" using the starlike maps of Bl
See examples in [6] and [13].
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Corollary 2. Fix v € C", ||u|]| = 1, and let f(¢) = ( + as(* + --- be
a univalent starlike mapping of the unit disk. Then (with u* denoting
conjugate transpose),

f(u"2)

z, z € B"
is a biholomorphic starlike mapping of B™. In fact F € S.

Proof. Given u, let {uy,u,,...,u,} be an orthonormal basis of C™ with
u; = u. Then for any z € C™ we have a representation z = zju+37_, z;u;.

With Ay =1, fi = f in formula (11) we obtain a function F € S; of the
form

F(z) = zfl(zl) = zf(u‘z).

21 u*z

If f(¢) =C(+ ay(®+--- is a convex mapping of the unit disk then it is
starlike of order 1/2,

Re{C (O/F(Q)} > 5, 16 < 1,

(10, p. 9]. If each f, in the construction (11) of F is a convex mapping
then it seems unlikely that F' is a convex mapping of B™. However, F will
satisfy

<1, 0<||7|]| <1,

. 1 \
= Re(;:"DFf_z T2y, !

which is more restrictive than (9). This follows from (10) since

ZA Zufu Z,,) _1_

fu Z,,) 2

As mentioned earlier, starlikeness of a mapping is not a linearly invariant
property since the Koebe transform translates the point f(0). However, one
can begin with a family F of starlike mappings and pass to the LIF, A(F)
generated by . Each mapping f € A(F) has the interesting geometric
property that the complement of f(B") is the union of noncrossing rays
(any intersection must be the endpoint of some ray). For dimension n = 1,
this means that f is a close-to-convex function [2] and [3]. The authors have
noted that this geometric property is a necessary consequence of close-to-

starlikeness when n > 1, [6]. We shall prove a distortion theorem for the
class of starlike mappings S: and then use this result to determine ordA[S}].
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Theorem 3. If F' € S_ then

1~ |je] L+ |l
14 Wl P ST L1
M) Gy < WO g

and these bounds are sharp.

ll=lf < 1

Proof. Let F € S;. Then as in (11) and (8), F(z) = zg(z) and DF(z) =
9(2){I + zL(2)'}. The matrix zL(z)" has proportional columns, hence rank
= 1 and therefore det{I + zL(2)'} = 1 + trace(zL(z)"). It follows that

Jr(z) = det DF(z) = g(z)" l 1+ Z)‘ ‘,(z,, I

| A
Thus

n

(15) Ir(2) = H(LM\ ZA“LM

In order to obtain the bounds (14) from (15) we first note that the starlike
functions satisfy

1 fv(:‘-"u) 1 1
16 < S < < 2
U8 G eme < Grte? S| | STl S T
(10, p. 9]. Furthermore, for each v = 1,...,n, % is a point lying in

a disk centered on the positive real axis w1th diameter the line segment

[:;: L1, |zu] < r. This follows from (13) and the classical value region

result for functions with positive real part in the unit disk, [10, p. 40].
Hence for the convex combination of points in this disk, we have

1= lzll |5~y 2 fulz)| o
1+ |lzl| ~ z::, * fulz) | T

ikl

(17) T el

The bounds (14) follow from (15)-(17). Equality in (14) holds for the func-
tion F(z) = TI——ITJWZ' We take A\; = 1, fi({) = (1—_%,- which gives, in

(15),
- ] 1+Z|
@)= gy (1— zl)'

‘The precise growth theorem for the full class of biholomorphic starlike
maps of B™ is known, [1], but the distortion theorem for this class is still
an open problem.
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Conjecture 2. The distortion bounds (14) hold for all normalized starlike
mappings of B™.

We now turn to the LIF, A[SZ].
Theorem 4. ordA[S]] = (3n+ 1)/2.

Proof. The proof consists of first showing that (3n + 1)/2 is an upper
bound for the order and then producing a function that proves equality.

Let g € A[S:]. Then g(2) = Ay(F)(z) for some F € S; and ¢ € Aut(B™).
Hence by (5.3) in [4],

o e )} - g

for ||z|| < 1, the distortion bounds (14) for F € S} give

(1= [[z|)im+err
(1 + [[z]])Em+1)/2

< [Ip(2)I(1 ~ [l2||%)m* D72

19
) o (L]t

Tl = 2| R a2

Applying (19) to (18) we obtain

o)~ < - Re (1 { 50%00) (Z5.0) ) < Rata)

where for 0 < r < 1,

l.jfg log(1 + 1) — —'Lsnz Llog(l —r) ! 43"2 L b ﬂng('r)

R(r]= log(1+7')—10g(1—1‘) - l+Q(T)
_3n+1 L (n — 1)Q(r)
o2 L+ Q(r)
and
Lr)= i log+r) - 23 log(l~7) _3ntl  n-—1

log(1 +7) — log(1 —r) e LI, e e T

where Q(r) = —%%E%.
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It is easy to see that 0 < Q(7) < 1 when 0 < r < 1 so that

3n+1 3n+1
2 and L(r) < ’

(21) R(r) < 5

Now, (20) and (21) prove that

(22) ordA[s:] < 3t 1

To show that equality holds in (22) we begin with the Koebe function
k(¢) = ¢/(1 = ¢)? and form the corresponding mapping

K(z) = zk(:ll) i ( 21 22 : A )

(l—zl)z’(l—zl)z" "(1—21)2

in S;. We then form the Koebe transform A K with the automorphism

V1= a? VT = a2
¢(Z)=(zl+a i &),O<a<l.

l1+az;’ 14az, ' ' 14azn

Straightforward calculation yields that

' 21 (14+az)z 14+az
M= (25 e ™)

=24 (22?,(2+ a)z1z9,: - ,(2+ a)z12,) + [za]

where [23] denotes the terms of degree 3 and higher. Writing F(z) = Ay K(2)
for brevity, we see from the second order terms that

]
5|27 1(0)

i=1

1
S+ @+a)+ o+ (2+a)

B 4+ (n—-1)(2+a)
4 2

(2+an+2-a 3n+1
= 4 - asa — 1.
2 2
3In 41

Using (3.2) in [4] we see that ordA(S7) >
completes the proof.

Let S* denote the family of all normalized starlike mappings of B™. We
have the following conjecture.

. Combining this with (22)
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Conjecture 3. ordA[S*] = (3n + 1)2.

IV. Some examples of LIF’s with minimum order. The mapping
F:C* - C?, given by F(z,w) = (ze**, we™*") is a biholomorphic mapping
of C? onto itself that has det(F’) = 1. This is a special case of an interesting
family of mappings defined by Rudin and Rosay in [12, pp. 49, 50]. Assume
n > 2 and choose nonnegative integers a; and complex numbers ¢;, 1 < j <
n with Z;] c;a; = 0. Set P(z) =[], 2z and E;(z) = exp(c; f(P(z))
where f is a given entire function with f(O) 0. Now let w,2z € C be
related by w; = z;Ej(z) for j = 1,2,--- ,n. Writing

(23)
w = Fe(2) = (21 exp(e1 f(P(2))), c2exp(f(P(2))), - , cn exp(f(P(2))))
it is easy to check that F-! = F__ because P(w) = P(z). Now let E(z;c)

be the diagonal matrix with E;; = E;. Then the matrix F/(z) can be
: (=) f!( P

written as E(z;¢)(f + A) where Aj, = r]akzjf (2)/(P(2))
2k

its limit value when z, = 0). Observe that A2 = 0 because the (j,k)

(where Aji is

n
entry in the product is Pf'(P)EJZLZJ Z cia;. Now it is easy to check
k i=1
that F!(2)~! = (I — A)E(z;—c). Since A? = 0, the only eigenvalue for
Ais 0 (Av = dv = A% = A%v = A?v = 0). Thus, det(A] — A) = A"
and hence det(I — A) =det(I + A) = 1. It now follows that det(F'(z)) =
exp(Y", ¢if(P(z))). A caseof particular interest occurs when 3", ¢; = 0
for in this case, det(F'(z)) = 1. One such choice is to choose each a; =1
and c¢; = 7’ where v is an nth root of unity, v # 1.

Now let F be a family of mappings F : B™ — C that have the property
Jr(z) = 1 and let A(F) be the linear invariant family generated by F. Of
course this includes the functions described above with 37, ¢; = 0. We
have the following theorem.

Theorem 5. The LIF A(F) has minimum order. That is ord (A(F)) =
(n+1)/2.

Proof. Using (5.3) in [4] with G = A4(F) for an F € F we have

log(|Jr(w)|(1 = [Jwl[)"*+172)

log (—[HH:;M

— Re(trace{ = D2G'(0) “a )=

It follows that

B : lo -
Re (uaco_{in-(:(o)( : ) }) Sl (rog = P
2 ol 2 \mg il

w]|
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The theorem now follows.
If we now let F, be the family of mappings F. (restricted to B™) with
>.7=y ¢; = 0 as described above, then we have the following corollary.

Corollary 3. The LIF A(Fo) has minimum order (n + 1)/2.

We use the functions in the class Fq defined above to enlarge our supply
of mappings that are known to be starlike.

Example. Let n be a given integer > 2, set v = €™ /n (an nth root of
unity), and assume g is analytic in the disk Q = {|z|] < n~"/2} c C with
9(0) = 0. For z € B", set P(z) = [[]_; 2; so that P(B™) € Q. Let
E be the n x n diagonal matrix with E;; = exp(y’g(P(z))). Let z be a
column vector in C and define F(z) = Fz. Then F is as described above
except that g may not be entire. We want to apply [13, Theorem 1], the
condition Re < DF(z)~!(F(z)),z> > 0 when z € B", to determine when F
is starlike. As above, DF(z)™! = (I — Pg'(P)A)E~! where A i = v7z;/z.
Since the jth coordinate of Az is ny’ Pg'(P)z;, the required condition is
that 3°7_, |z;|*(1 — nRe(y’Pg'(P)) > 0. We now assume |g'| = b =
constant. Then using the fact that we may assume ||z|| = 1 the condition
for starlikeness of F' becomes 1 > nb|P(2) 3 7_, Y*|z;]?|. It is easy to

check that |P(z)| < n~"/? and |2?:1 7™ z;|%| < 1. Thus, the condition
n("=2)/2 > p or alternatively,

(24) n(*=D2 > |g'(w)|

when w € Q is sufficient for F' to be starlike. This result is not sharp
because the two estimates made are never sharp for the same 2. This result
is included in the following theorem.

Theorem 6. For n > 2, the mapping F given in the example is starlike
under the following conditions.

(i) » =2 and 2 > |g'(w)| for all w € Q.

(ii) m = 3 and 25v/5/(102 4+ 7v/21) > |¢'(w)| for all w € Q.

(ili) n =4 and 27/2 > |g'(w)| for all w € Q2.

(iv) n > 5 and n(*=?)/2 > |g'(w)| for all w € Q.

Proof. (iv) was proved in the example above. In order to obtain a sharper
result for n < 4, it is necessary to find a better estimate on the upper bound
of

n

(25) P()S 7"zl

j=1
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under the constraint z:;l |2;]* = 1. If we square the quantity (25) and
replace |z;|? by z; then the problem is to maximize the quantity

(26) P(z) > zzxcos(2(k - j)r/n)

1<j<ksn

under the constraints z; > 0 and ZL] z; = 1. If we complete the square in

the terms of (26) for which j = k, then (26) (the quantity to be maximized)
becomes

(27) P(z)(1-2 Y a;zi(l - cos(2(k - j)r/n))).

1<j<k<n

For n = 2 (27) becomes zy(1 — 4zy) where we have used the variables
(z,y) instead of (z;,z3). It is easy to check that the maximum of this
quantity under the constraints is 1/16 which occurs when zy = 1/8,z+y =
1. Therefore the maximum value of (25) is 1/4 and we conclude that for
n = 2, F is starlike in B? when 2 > |g'(w)] for all w € Q which proves (i).

For n = 3 (27) becomes zyu(1 —3zy—3zu — 3yu) where (z,y,u) replaces
(zy1,22,73). Using Lagrange multipliers, one can show that the maximum
occurs when y = u = (9 — v/21)/30 and = = (6 + v/21)/15. Following the
same computations as before, using n = 3, we conclude that F is starlike
in B® provided 4.83 =~ 25v/5/1/102 + 7v/21 > |g'(w)| for all w €  which is
(ii) above. This compares to the bound v/3 in (24).

For n = 4 (27) becomes P(z)(1-2z 2, — 22273 — 22374 —22421 — 42177 —
4z924). Denote the second factor by Q(z). Use Lagrange multipliers with
K(z,A)=PQ-X1- E: z;). Differentiating with respect toz;,1 < j <4
yields P(z)(—2z;41 — 4z ;42 — 2743+ Q(z)/z;) = — A where the subscripts
are taken modulo 4. Using these equations, one can readily show that if
r; # z3 then Q(z) = 4z,z3. By symmetry, if in addition z, # z4 then
Q(z) = 4z,z4. Then it is easy to show that z, = z; or z; = z4. By
symmetry, we may assume z; = 4 and then we also obtain z; = z3. Easy

computations then show that r; and z, take on the two values 41 (1 + -\—}-;)

and (25) has the value 1/24y/6. The other possibility is (without loss of
generality, because of symmetry) that z; = z4. In this case, it is best to use
(26) with 2o = z4 = (1 — 1 — £3)/2. A routine calculus exercise then shows
that (25) has the value 1/54 which is larger than the other possible extreme
value 1/24v/6. The result is that for n = 4, F is starlike if 27/2 > |g'(w)|
for all w € Q. Compare this value 27/2) with the value 4 given by (24).
The proof is now complete.
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